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Abstract A new guaranteed cost control for asymptotic stability of the neural network with mixed
time-varying delays and feedback control is studied. The considered mixed time-delays are both dis-
crete and distributed time-varying delays. The proposed conditions allow us to design the state feedback
controllers which stabilize the closed-loop system. By constructing an appropriate Lyapunov-Krasovskii
functional includes double integral term and triple integral term, utilizing Writinger-based integral in-
equality, extended reciprocally convex inequality and Jensen integral inequality, new delay-dependent
sufficient conditions for the existence of guaranteed cost control are given in terms of linear matrix in-
equalities (LMIs). Furthermore, we design new quadratic cost functions and minimize their upper bound.
Finally, numerical examples are given to illustrate the effectiveness of the theoretical results.
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1. INTRODUCTION

In the past decades, Neural networks (NNs) have been extensively studied due to their
wide applications in various fields, for instance, associative memory, signal processing and
image processing. The stability of the delayed neural networks (DNNs) has attracted a
large number of researchers [1] and some stability criteria have been reported in [2—1].
The stability criteria improved for DNNs can be separated into delay-dependent ones and
delay-independent ones. Compared to the latter, the delay-dependent stability criteria,
which include the information of time delay, usually have less conservative, especially
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when applied to DNNs with small delay. Thus, more attentions have been paid to delay-
dependent stability analysis and its main objective is to reduce the conservatism of the
obtained stability condition. In the language of control variables, we call the disturbance
functions as control variables. During the last decade, the population models with feed-
back controls have been extensively studied in many articles, which see [5-7]. Guaranteed
cost control problem has the advantage of providing an upper bound on a given system
performance index and thus the system performance degradation incurred by the uncer-
tainties or time delays is guaranteed to be less than this bound. The guaranteed cost
control was first put forward by Chang and Peng [8] and introduced by a lot of authors
[9]. Optimal cost controller for linear system with mixed time-varying delays state and
control has been considered in [10]. Novel criteria for finite-time stabilization and guar-
anteed cost control of delayed neural networks is studied in [11].

For Lyapunov functional approach to delay-dependent stability, the conservatism is
related to the selecting of the Lyapunov-Krasovskii functional (LKF) and attending with
its derivative. By constructing a LKF is an effective way to decrease conservatism of sta-
bility result, and various types of LKF have been reported, for example multiple integrals
based LKF [12, 13], activation function based LKF [14], and so on. The conservatism of
the Jensen inequality has been analyzed in [15]. In addition, an alternative inequality re-
ducing the gap of the Jensen inequality has been proposed in [16] based on the Wirtinger
inequality. The Wirtinger-based integral inequality, combined with the reciprocally con-
vex optimization in [17]. The free-weighting-based inequality in [18].

In this paper, we investigate the problems of asymptotic stability of neural networks
via the feedback control. Moreover, we study the optimal cost control problem for a class
of neural network with mixed time-varying delays. By applying the Lyapunov-Krasovskii
functional includes double integral term, triple integral term are employed. Jensen in-
equality, Wirtinger inequality, convex combination idea, Newton-Leibniz formula and zero
equation are used. A performance measure for the system is considered by a new quadratic
cost function. The main contributions of this paper are given as follows:

e A new quadratic cost function

J < /OOO [xT(t)le(t) + 2T (t — 7(1) Zox(t — 7(t)) + u” (1) Zyu(t)
(L rom)a( [ )l

is first proposed to analyze the problem of guaranteed cost control for a class

of neural network with mixed time-varying delays.

e The upper bound of given quadratic cost functions is minimized by guaranteed
cost control technique.

The feedback controllers are designed to satisfy with asymptotically stable. We provide
the sufficient conditions for existence of the feedback guaranteed cost control in terms of
LMIs, which can be determined by utilizing MATLABs LMI control toolbox. Numerical
examples are presented to illustrate the effectiveness of our method.
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2. PRELIMINARIES

We introduce the following neural network with time-varying delays via feedback con-
trol in the following form

i(t) = —Ax(t)+ Wof(x(t)) + Wig(a(t —7(1)))
t
+Wy / h(x(s))ds + u(t), (2.1)
t—Tl (t)
x(t) = o), tel-7,0],
where x(t) = [21(t), 72(t), ..., z,(t)]T € R™ is the neuron state vector, f(x(t)), g(z(t)),
h(z(t)) € R™ are the neuron activation functions, A = diag{ay,as, - ,a,} is a diagonal
matrix with a; > 0,7 =1,2,--- ,n, Wy, W; and W5 denote the connection weight matrix,

the discretely delayed connection weight matrix, and the distributively delayed connection
weight matrix, respectively, ¢(t) € C[[—7, 0], R"] is the initial function. The state feedback
controller is in the from

u(t) = Kx(t). (2.2)
By substituting equation (2.2) into equation (2.1), we get
i(t) = (K—Az(t)+Wof(z(t))+ Wigla(t —7(t)))

+W2/t h(x(s))ds, (2.3)

—T1 (t)

where the time-varying delay functions 7(¢) and 7 (¢), satisfy the conditions

0<7(t) <, (2.4)
T(t) < n, (2.5)
0§7’1 t)STl. (26)

Moreover, throughout this research, we define the following new nonlinear quadratic cost
function of the associated system (2.1) as follows:

J < /OOO [xT(t)le(t) + 2l (t — 7(t) Zox(t — 7(t)) + u” (t) Zyu(t)

(Lol sl e

where Z1, Zy, Z3 € R™*™ and Z, € R™*™ are positive definite matrices.

The guaranteed cost control problem to be addressed in this section is formulated as
follows.

Definition 2.1. Consider the control system (2.1). If there exist a continuous stabilizing
state feedback control law u*(t) = Kxz(t) and a positive number J* such that the zero
solution of the closed-loop system (2.3) is asymptotically stable and the value (2.7) satisfies
J(u*) < J* then the cost value J* is a guaranteed cost value, u*(t) is a guaranteed cost
controller of the system.

The following lemmas are introduced for deriving the main result.
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Lemma 2.2. (Cauchy inequality [19]). For any symmetric positive definite matrizx N €
M™ " and z,y € R™ we have

+22Ty < aT'Nax 4+ yT N1y,

Lemma 2.3. (Schur complement lemma [19]). Given constant symmetric matrices X, Y
and Z with appropriate dimensions satisfying X = X7, Y =Y7T >0, then X+ZTY1Z <

0 if and only if
X zT -Y Z
[ v Y } <0 or [ X } < 0.

Lemma 2.4. [20]. For a positive definite matriz R € R™*"™, for any continuously differ-
entiable function x : [a, B] — R™, the following inequality holds:

/j @7 (s)Rir(s)ds > 3 i —X1foa + ﬂ%ngxQ + B_%xp,TRXsn
where
B
x1 = z(8)—z(a), x2=z(8)+z(a)— o /a z(s)ds,
6 (7 12 bop
x3 = z(8) —z(a) + 5*06/a x(s)ds — E 70[)2/a /u x(s)dsdu.
Lemma 2.5. [21]. For a positive definite matriz R € R™*™ scalars 8 > a > 0 and vector

x: [, f] = R™ such that the integration concerned is well-defined, then

2
(6 —a)?

Lemma 2.6. (Wirtinger-based integral inequality [21]). For a positive definite matrix
R € R™*"™ and any differentiable function x : [o, B] — R™, the following inequality holds:

/j i (s)Ri(s)ds > 5 1 - {ZjT [S{ 3(;4 {Z;] :

9 B
5—04/ x(s)ds.

Lemma 2.7. (Extended reciprocally convex inequality [21]). For positive matrices R1, Ry €
R™ "™ if there exist symmetric matrices X1, Xo € R™™*™ and any matrices Y1,Ys € R"*"
such that

/j(s — a)z" (s)Ra(s)ds > /j(s —a)z’ (s)dsR /j(s — a)z(s)ds.

where

pr = z(f) —z(e), @2=x(B)+x(a) -

R1 - X1 *Y1 Rl *YZ
|: * R2:|>07|:>k RQ—X2:|>O7

then the following inequality holds for all a € [0, 1]

1
=Ry 0 Ry O X1 Y5 0 Y
{a* 1R2}>{* R2}+(1_a){* O}+a[* Xg]'

11—«
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Lemma 2.8. [22]. For any constant matriz M > 0, a positive definite matriz R > 0, the
following inequalities hold for all continuously differentiable functions x : [a,b] — R™, the
following inequality holds:

O = / s)ds — / / u)duds.
—a

Lemma 2.9. [22]. For any constant matriz M > 0, a positive definite matriz R > 0, the
following inequality holds for all continuously differentiable functions x : [a,b] — R™, the
following inequality holds:

_(b;“)z /ab / 2T (u) Ma(u)duds

([ o) ([ o) -2

where

o[ [ 2 [ [ [

Lemma 2.10. (Jensen’s Inequality [21]). For a positive definite matriz R € R™"*", scalars
a < B, and vector x : [, B] — R™ such that the integration concerned is well defined, then

(B—a) /j 2T (s)Rx(s)ds > /j J:T(s)dsR/j z(s)ds.

3. MAIN RESULTS

In this section, based on LyapunovKrasovskii stability theory, the guaranteed cost
control of asymptotic stability for a neural network with mixed time-varying delays is
studied. The following theorem presents a sufficient condition for the existence of the
guaranteed cost control laws for the asymptotically stable of the neural network (2.3). To
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simplify the representation, we introduce some notations as follows:

vI(t) = L /t 2T(s)ds, vi(t)= _ /tT(t) z7(s)ds,

T = T(t) -7

Ty = / / u)dud
“i () 72 t—7(t) Jt T(t) e

JO = o /) / o duds, (1) = /;x%)ds,

il = / /xT Jsdu, (1) = [7(t) T () al )7,

() = [ﬂcT(t) 2t —7(t) 2T(t) «"(t-7) (1) v (1) w(t) wi(t)
m () mg () fr@) ffat-r) g"@®) g (=t-7@) AT (x(t)

T

/t RGO

I, = [eip,eg,e{o]T,Hg = [e?eip eZ,Teir — eg] I3 = e — ey,
2 6 12
Hy = e1+es——eglls=e1—es+ —eg— —ei0,llg =e1 —e5,1I7 = €2 — eq,
T T T
g = [ef —ej,ef +e5 —2e5],
My = [el —el el +el —2el el —el el el —2eL )7 1o = e5 — e,
1
i1 = es—eg,Il12 =e5 —ea,Il13 =€ —e4,1114 = €1 +e5 — 567
1 3
II;s = §€2+66—§€8,H16 =e1 —e5,1l17 = eg —eg, 1115 = €2 — ey,
Iy = e —ep Moo =[ef,ef)]" Tar = [e] ,efy]" Moo = [e] , e]5]",
€ = [Onx(ifl)na In, Onx(lﬁfi)n] fO’f‘ i=1,2,...,16, A\ = Amin(P))a
- -3
)\2 = (1 + 77+ Z))\max(P) + T)\max(M) + T/\max(Q) + ?)\max(R)
3 3 72 3 -3
+§)\max(s) + ?Amax(U) + ?Amax(v) - g)\max(z) - E)\max(W)

2
—Amax(FLL1F) + TAmax(GT Lo G) + %)\max(HTLgH).

Theorem 3.1. Consider scalars T > 0,71 > 0 and p > 0. If there exist symmetric
positive definite matrices P € R3*3" M Q,R,S,U,V,Z W, L1, Ly, L3, N;, Ny € R"*"
and positive diagonal matrices D1, Do, D3 € R™*™ such that the following LMIs hold:

Gj > 0, (j:1,2>,

Gi—Jh —Js 0 G —Ji | 0
* Go - ok Go— Jo| — ’
TEs+ 23 < 0, (31)

TEi+35 < 0, (3.2)
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where
& _ [2s+U 0
1= * 6S +3U|"’
- U 0
Gy = L 3U] ’
_ 1 [0 !
_ 1 o[ J 1
Es = 2] P +ef Mey — (1 — p)ey Mey + ef Qer — e Qeq + 723 Re —

T2 Rl — 3101 RIL, — 511 RIT5 4 72e3 Sey — ATIE STl — 4117 ST,

~ 2
117 [Qf 605} Mg — 17 [Cil C?Q] o + 72T Ues + 7T Ve + %egzeg

72

—L 210, — 052105 — 2117, 211y, — 215, 2105 + ZegTWeg — T Wy
7H?7WH17 - 2H¥14WH14 - 2H¥15WH15 + 6?1111611 - 6’{2[/1612 + 6?3[12613

7(1 — /1,)6?41/2614 + 7'16{5[/3615 — 6?6.[/3616 — 26TN163 — 2€?N1A61
+26?N1W0611 + 26,{N1W1€14 + 2€{N1W2616 + 26{N1K61 - 2€§N263
—26?]\[21461 + 26?N2W0611 + 26§N2W1614 + 26§N2W2616 + 26§N2K61

* _Dl * —D2
H{Ds HyD
+113, { *1 ’ —2D33] 1I2o

Then, the system (2.3) is asymptotically stable.
The upper bound of the quadratic cost function (2.7) is as follows:

J* =X o]|2. (3.3)

Proof. Consider a LyapunovKrasovskii functional candidate

V(t,x) = ZVi(t,xt),
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where

Vl(tvmt) =

Va(t,xy) =
Va(t,xy) =
Valt,zy) =
Vs(t, ) =

V6(t,$t> =

V?(t,.’l?t) =

X () Px(),

SN

/t
t—7

27 (s)Qux(s d8+T/ / s)dsdu,
t—7 Ju

/t_ (1 — t+ )27 (5)Si(s)ds

T/ (1 —t + )il (s)Ui(s)ds,

/ / NOVx(0)dods + = / / / s)dsdfdu
—7 Ji+s t—1 Jt—71

/ / / s)dsdfdu,
t—7 Jt—71

t

t—7

ST () L f (a(s))ds + / "D Laglals)ds

+/0 t hY (z(6))Lsh(z(6))dAds.
—T1 Ji+s

Taking the derivative of V;(¢, x;) along the solution of system (2.3) yields

‘/Zl(t7 :Et)

A

2" (1) PX(t),

e (OMaz(t) — (1 — 7))t (t — 7(t)) Mz(t — 7(t))
" () Mx(t) — (1 — )z’ (¢ — (1)) Ma(t — 7(t)),
z" (t)

Qx(t) — 2T (t — 7)Qu(t — 1) + 722 (t) Rix(t)
—7'/ &7 (s)Ri(s)ds,

t—7

i /t 4 i (5)Si(s)ds + 7T ()80
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t—7(t)
= 2T )Sa() — 2 /t 9T ()Si(s)ds
-2 T—t+ 527 (s)Si(s)ds + 2 t T(t)iT (s)S%(s)ds
/”@( + 5)a (s) St (s)ds + /”@ (1) ()i (s)
-2 ()27 (s)Sz(s)ds
/ T )36
t—7(t)
= 72T (t)Sa(t) 72/ (1 —t+ s)iT (s)Si(s)ds

— t 7 — 72T (s)Si(s)ds
2 [ E TS

N

-2 . (7(t) —t + 8)2T (s)Si(s)ds, (3.7
t t—7(t)
Vs(t,xy) = -7 #T(s)Ui(s)ds — T T (s)Ux(s)ds
(t,20) [ e = [ @)
+724T () U() (3.8)
Vs(t,zr) = 72T (t)Va(t) —/ T (0)Va(0)do + TZQQ'CT(t)Zj:(t)
“/t /t s)dsdd + 42 TWie)

1 /t T / §)dsdo, (3.9)

Vi(t,e) = fT(x(t))Lof(a(t) — [T (2t — 7)) Lif(x(t — 7))

+g" (a(t ))ng(ﬂf(t)) (1= 7(1)g" (a(t — 7(t))) L2g(x(t — (1))
+7mhT (2(t)) Lsh(z(t)) — /ti hT (x(s))Lsh(x(s))ds. (3.10)
Utilizing Lemma 2.4, we obtain that
—T/t_ 7 (s)Ri(s)ds

< —lz(t) —=(t — T)]TR[x(t) —z(t—7)] -3 [Jc(t) +at—1)— f_nl(t)} R x

{xm balt— 1) — 72_771(25)} _5 [x(t) Calt—1)+ gm () — gng(o] " R

[x(t) _a(t—1) + gm(t) _ gng(o] . (3.11)

Applying Lemma 2.5, we have

t—7(t) t
— T — 5)2T (5)Si(s)ds — T(t) — 5)iT (5)Si(s)ds
2 [t i ids =2 [ () 49T (0)5(5)d
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S M;@ (r—t+ 5)¢(s)ds}

s { /t ;T(t)(r . s)x’(s)ds] (3.12)

4 T

(1) UU (r— 4 )it
wfia»z[/:(t)“‘”s)“s)ds}

It follows from Lemma 2.6 that

S_

" e 2Ar =) [ s -at-r@) 1"
—2(r —7(t)) /tT(t) il (s)Sa(s)ds < — . [m(t) bt — () — 2u1(t)] X
S 0 z(t) —x(t —7(t))
[0 35} L: t)+x(t—7(t) — 21 (t }

_ [ 2(t) — x(t — 7(t)) rx
T(t) |x(t) +2(t —7(t)) — 201 (t)
[25 0 { x(t) —z(t —7(t)) }
x(t) + z(t — 7(t)) — 2v1(¢)
)

2(t) — z(t — 7(t)) t)}TFés* 6(39]

Y ovsads < T | a®—at—r@) 1"
/”@) @Uee)ds <~ [x@)”(t_f(t))_%l(tﬂ

5 Lttt ] o

and
t—7(t) T
. T (VUi (s)ds T z(t—7(t) —x(t—71)
[, i < - ol 0) *

{U 0Hx< z(t—71(t) —z(t—7) ]

By using Lemma 2.7, we get
T w(t) —a(t—7) 1" [25+U 0
7(h) [x(t) +a(t—7(t) - 2V1(t)] [ 0 65+ BU} %
{ x(t) —z(t — 7(t)) }
x(t) + x(t — 7(t)) — 2v1(¢)
T w(t—r) —a(t—1) 1" [U 0
1) L«(t —r@t) —a(t—7)— 21/2(t)] {o 3U] x

{ z(t—7(t) —alt—7) }
x(t—71(t) —x(t—7) — 2va(t)
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x(t—7(t)) —x(t —71) T x(t—7(t)) —x(t —71)
(z(t —7(t)) + 2t —7) — 2v2(t) x(t—7()) + 2t —7) — 2ua(t

2(t) — z(t — 7(t)) 2(t) — z(t — 7(t)) T
x(t) + x(t — 7(t)) — 2v1(¢) T 7(t) x(t) + x(t — 7(t)) — 2v1(¢) o
( )

[+ 0 x(t—7(t)) —x(t —71) T

) 2(t) —a(t — (1))
J1 J4] w(t) +x(t —7(t) —21(t) | 7(1)
z(t—7(t) +z(t — 7) — 21a(t)

x(t—71(t) —z(t—71) x  Jo x(t—71(t)) —z(t—71)
|zt —7(t)) +2(t — 1) — 2vo(t x(t—7(t)) +x(t —7) — 219(t)

w(t) — z(t — 7(t)) ’ w(t) — z(t — 7(t))
x(t) + x(t — 7(t)) — 201 (t) [0 J3:| w(t) +a(t —7(t) =21 (t) |
) (

By Lemma 2.8, we have

/t T (0)Vz(0)do
< —(r = T(OWE(O)Va(t) = 3(r = 7(1)) [va(t) — wa(t)] TV [va(t) — wa(t)]
—r (T OV in(t) = 3r(t) [ (t) — wr (8)] V [ (£) — wi (8)]. (3.14)

Applying Lemma 2.9, we have

—f// s)dsdf
t—1 Jt—71
t—7(t) 7(t)
T N T
(t) Jt—1 t—7(t) Jt—7(t)

< falt— (1) — alt—7)]" {7(2’5)2] [o(t — () — 2t — 7)]

T

and

—7/ / s)dsdf
t—1
t—7(t) t—7(t) pt—7(t)
= / L Lt L st
t—7(t) t—7 t—7( t—7
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< = [ot0) — (e = 7)) | T ) = ate = )
—[a(t) = ()] W [z(t) = n(8)] = [w(t = 7(£)) — va(®)] W [(t — 7(t)) — va(t)]
z(t) 3 T Ta(t) 3
_ 7 —+ 141 (t) — 50]1 (t>:| 2W |:2 =+ 141 (t) — 5(.4}1 (t):|
T 1
- [m(t —7(8) + va(t) — wg(t)} oW {Zx(t — () + va(t) — Mt)} (3.16)

By Lemma 2.10, we get
—/t_ hT (x(s))Lsh(x(s))ds < — hT (x(s))dsLs /_ h(z(s))ds.  (3.17)

It follows from (H1) that [f;(z;(t)) — F; x;(t)] [fi(zi(t)) — Fitai(t)] < 0 for every i =
1,2,...,n, which are equivalent to

il
f(z(t))

for every i = 1,2,...,n.
Define Dy = diag{d;,ds,...,d,} > 0, then

z::y [féffZ»]T

- +
F Freel ——t——t ¢l

* €;€

2 K3
T

i

F~+ FF
Fi_F;_@ieZT meieT] |: J,‘(t) ] <0,

* €;e

which is equivalent to

[ﬂxx(fz»r S I R (3.15)

Similarly, from (H2) and (H3), define Dy = diag{d,,ds, ..., dp} >0,
D5 = diag{d;,ds,. .., dn} > 0 we have

{gﬁ?t)»] T [_Gi b2 (izll)?;] [g(mx((tt)»} =0, (3.19)
P R AN (320)
Consider the equation
0 = —i(t) - Ax(t) + Wof((t) + Wig(a(t — 7(t)))

+Ws /t_n(t) h(z(s))ds + BKx(t).
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Multiplying both sides with 227 (t)N; and 27 (t) Ny, respectively, we obtain
0 = —22T(t)Ny&(t) — 227 (t) Ny Ax(t) + 227 () N1 Wo f (x(t))

+22T ()N W g(z(t — 7(t))) + 22T () N Wy /i o h(z(s))ds

+227 ()N K (t), (3.21)
0 = —2&T(t)Noi(t) — 227 (t)NaAx(t) 4+ 22T (1) NI Wo f (x(t))
+2&T () NoWig(z(t — 7(t))) + 22T (£) Ny Wy / h(z(s))ds

t*‘l’l(t)
+227 () Ny K (t). (3.22)
Adding the right-hand sides of (3.21) - (3.22) to V (t,z), we get
o(t,ze) < ET(OY(r(1))E(L),

where

P(r(t) = 7(t)Z1 + (1 — 7(1))Z2 + s, (3.23)
where Z;(i = 1,2, 3) are given in Theorem 3.1. Noting that the ¢(7(¢)) is convex com-
bination about 7(t), with (3.23), (3.1) and (3.2). Thus system (2.3) with (2.4) - (2.6) is

asymptotically stable. We let
t

L(t, 2(t), 2(t—7(1)), / 2(s)ds, u(t))

t—71(t)
< 2T () Z1x(t) + 2T (t — 7(t)) Zox(t — 7(1))

n ( /;M xT(s)d8> Z3( /t iﬁ(t)x(s)ds) T () Zault).  (3.24)

From (3.4) - (3.24), we obtain
t

V(t,a) < ET(WE() — Lt x(t), a(t — T(t)%/ z(s)ds, u(t)). (3.25)

t—71 (t)
To find the upper bound of the cost function (2.7), we consider the derived condition
(3.25) and V (¢,2¢) > 0, we have

t

Vit z) < T ()eEt) — L(t, x(t), x(t — T(t)),/ x(s)ds, u(t)). (3.26)

t—Tl (t)
Integrating both sides of (3.26) from 0 to ¢, we obtain

/O L(t, (t), 2(t T(t)),/t 2(s)ds, u())dt < V(0,20) — V(£ 2,) < V(0,20),

—T1 (t)
because of V (¢, z;) > 0. Hence, letting ¢ — oo, we finally obtain that
t

_ [ z(t), z(t — 1 z(s)ds,u o Sllol? = J*.
J—/O L(t, x(t), x(t (t)),/t (s)ds, u(t))dt <V (0,20) <Aool = J

—T1 (t)
This completes the proof of the theorem. ]

Based on Theorem 3.1, the feedback controller design, ensuring the asymptotic stability
of the neural network with mixed time-varying delays is explained.
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Theorem 3.2. The neural network system (2.3) with the quadratic cost function (2.7) is
asymptotically stabilized if there exist symmetric positive definite matrices P € R3™"*3™ M,
Q,R,S, UV, Z W, Ly, Loy, L3, N1, No € R"™ "™ positive diagonal matrices Dy, Do, D3 €
R™™ and B is an appropriately dimensioned matriz such that the following LMIs hold:

Gj

G- —Js
* G2

TEQ+53

Tél+33
where
G = 25 +U 0
L= * 6S + 35|’
~ U 0
Ge = L 3U]’

* J2

{Jl Ju

Lo
- . 0

T

>

>

0,

(j=1,2),
G1 ~7J4 >0
* Go— Jo| — ’

1 1
— {0 J?’} My — el Ves — 317, VI o — 2—H1T8ZH18,
T T

1
} My — eg Veg — 31T, VI — EHITQZHH;,

201{ Py + el Mey — (1 — p)ed Mey + €] Qe — el Qey + 722 Res —

I3 R — 310 RI1, — 5112 RIT5 + 7%e] Ses — 4113 ST — 41172 STI;

118 69

25 0 T [G4
7 s [

0
G2

2
] IIy + 7263TU63 + T@?Vel + %6?263

7_2

—NL, 71, — M, 2105 — 217, 210,y — 20, 21015 + —el Wes — 1 Wlig

4

—TE Wy, — 20, WLy — 205 W5 4 €f) Lieny — efyLiers + elyLoers
—(1 — p)elyLoers + TielsLaers — elgLaers — 2¢] Nies — 2el Ny Aey
+2ef Ny Woherr + 2T NiWiers + 2el NyWaeys + 281ef Bey — 2eX Nyes
72@?]\[21461 + QegNQWOeH + 263TN2W1614 + 263TN2W2616 + 2526§Bel

v [_FiDl }12511] Thyo + I, {—G;Dz (izDDﬂ Iy,
I [HiDg 1{2&3} Ty
Meanwhile, the designed controller gains are given in the following:
K=Q !'B. (3.29)
Proof. Denote
N1 =51Q, N2=pQ. (3.30)

Similarly to Theorem 3.1, the LMIs (3.27)-(3.28) can be achieved. This completes the

proof.
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4. NUMERICAL EXAMPLES

In this section, we present two examples to illustrate the effectiveness and the reduced

conservatism of our proposed methods.

Example 4.1. We consider the neural networks (2.3) with 7 = 1.2, 7y = 1.3, u = 0.9,

/Bl = 09, BQ = 077

0.1 0 2 0.1 -1.5 —0.1 0.6 0.15
4 = | 0 0.1]’ Wo = [—5 1.5}’W1_ [—0.2 —1]’W2_ [—1.8 —0.12}’
7 _ [0:2000 0.0003]  _ [0.2000 0.0003] , _ [0.2000 0.0003
Y7 [0.0003 0.1996] 7T |0.0003 0.1996] " * ~ [0.0003 0.1996]
[0.0031  0.0002 -1 0 00
Z = 10.0002 0.0039} fi=Gi=H [o —1} Fe=CGr=Hy = [0 0}’
t
e
T(t) = 0.2+m,71(t):1.2|cost|,
o(t) = [-0.2,0.2]7,and fi(z;) = gi(z;) = hi(z;) = tanh(z;).

LMIs of (3.27), (3.28) in Theorem 3.2 are solved. We obtain

[ 1.5873  —0.0456 —0.0000 —0.0000 —0.0000 —0.0000
—0.0456  1.6638 —0.0000 0.0000 —0.0000  0.0000
p — |—00000 —0.0000 0.0340 —0.0003 0.0111  —0.0006
~ |-0.0000 0.0000 —0.0003 0.0313 —0.0007 0.0121 |’
—0.0000 —0.0000 0.0111  —0.0007 0.0067 —0.0016
|—0.0000 0.0000 —0.0006 0.0121 —0.0016 0.0113
A = [0-2644 0.0005 o [0-2831 0.0022
~]0.0005 0.2471] " ~ |0.0022 0.3323]°
R [ 000000792 —0.00000445] o _ [ 0.000002331  —0.000000858
~|-0.00000445  0.00002151 |*7 ~ |-0.000000858  0.000004917 |’
[ — [ 0000002331  —0.000000857] | _ [ 0.0567 —0.0001
~|-0.000000857  0.000004917 |*" ~ [-0.0001  0.0600 |’
5 [ 000001735  —0.00000685] .. _ [ 0.00001735  —0.00000685
~|—0.00000685  0.00003802 | ' ~ |—0.00000685  0.00003802 |’
;o _ [02115 0.0021] . [0.0007607  —0.0000197
Y7 00021 0.2187] 7% T |-0.0000197  0.0008268 |’
L. — [0.2886  0.0000] B | 22676 0.0651
7 ]0.0000 0.2880]'" " | 0.0651 —2.3770]"
(04211 0 ] 0.0019 0
Dy = 0 0.4211_’D2[ 0 0.0019}’
. — [0-5605 0 ) . [0.0015 —0.0002
7 | 0 05605 [-0.0002 0.0022 |
N, _ [ 0.00003768  —0.00001650
> 7 |-0.00001650 0.00008745 |-
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The state feedback control is obtained by

a1 _|—8.0125  0.2844
u(t) = Q7 Balt) = [ 02477 —7.1542| 1 1= 0-
We take the initial condition ¢(t) = coost ] , élle =1
Then, the upper bound on the cost function value is
J* =6.1725.
50
><1(t) B
X,(0)
40t
30t
10
ot |
-10 L L 1 1 1 1 1 1 1

Time t

FIGURE 1. The trajectories of x1(t) and x5 (t) without feedback control

(4.1) in Example 4.1.

(4.1)
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x x
o

Time t

FIGURE 2. The trajectories of x1(t) and z2(t) with feedback control (4.1)
in Example 4.1.

Figure 1 demonstrates the trajectories of solution x1(¢) and x2(t) of neural networks
with various activation functions and mixed time-varying delays without feedback control
(u(t) = 0). Figure 2 illustrates the trajectories of solution x;(¢) and zo(t) of neural
networks with various activation functions and mixed time-varying delays with feedback
control

(1) = [3.0125 0.2844 ®
W =1 02477 —7.1542| P\

Example 4.2. We consider the neural networks (2.3) with 7 = 0.8, 7 = 1.3, p = 0.9,
B1=0.7, B2 = 0.9,

(0.1 0 1.188  0.09 0.09 0.14
A= |0 0.1}’ WO_[O.O9 1.188]’W1_{0.05 0.09}’
W, - |t 02] , _[01561 —0.0005] , _ [0.1561 —0.0005
> 7 |-1.8 —02]"7" 7 [-0.0005 0.1555 |'“* " |-0.0005 0.1555 |’
7. _ [01561  —0.0005] _ _ [0.0024 —0.0001] . _[-0.04 0
7 |-0.0005 0.1555 [*7* T |-0.0001 0.0028 [*"T T | 0 —0.04]"
[—0.16 0 —-0.04 0 0 0
G = 0 —0.16}’H1{ 0 —0.04]’F2G2H2[0 o]’
() = 0.2+0.2sin10t, 7y () = 1.2|sint|, #(t) = [-0.2,0.2],

=

—~

8

N>
|

0.2tanh(x;), gi(x;) = 0.2(|z; + 1| — |z; — 1]) and h;(x;) = tanh(x;).
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LMIs of (3.27), (3.28) in Theorem 3.2 are solved. We obtain

[ 1.5301 0.0548 —0.0008 0.0021 0.0045
0.0548 1.6175  0.0013 —0.0035 —0.0073
—0.0008 0.0013  0.0477 —0.0026 0.0216
0.0021  —0.0035 —0.0026 0.0459  0.0003
0.0045 —0.0073 0.0216  0.0003  0.1626
|—0.0076  0.0122  0.0008  0.0183  —0.0060

Mo - [ 0.2013  —0.0012 0= 0.2097 0.0039
~|—-0.0012 0.1892 |7~ [0.0039 0.2428]"’

R _ [0.0002278  —0.0000194] o _[0.0046 —0.0070
= |-0.0000194  0.0002500 |7~ |~0.0070  0.0115
y o _ [ 00049 —0.0076] | _ [0.0642 0.0113
= |-0.0076  0.0125 |*° T |0.0113 0.0539]°

[ 0.0073  —0.0089 W= 0.0064 —0.0076
|—0.0089 0.0162 |’ ~ |-0.0076 0.0140 |’

Lo [0.2155  0.0127] 7., _ [0.0002446  0.0001083
L= 727 10.0001083  0.0003451]°

—1.7014 —0.0590
—0.0589 —1.7997|"

00127 0.1997]

[0.3541  0.0068]
Ly = 0.0068 0.3039_’3 _[

p _ [04634 0 ] o [0.0009109 0
YTl 0 0463477 0 0.0009109 *
D. — [0.5885 0 ] N — [ 00170 —0.0137
P 0 05885 """~ [-0.0137 0.0319 |’

Ny =

[ 0.0145 —0.0212
|—0.0212  0.0356 |

The state feedback control is obtained by
—8.1112 —0.1447

u(t) = Q"' Ba(t) = {—0.1134 —7.4096} z(t), t=0.

0
ot |+ 16l =1.

Then, the upper bound on the cost function value is
J* =3.5152.

We take the initial condition ¢(t) = {

(4.2)
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o 1 2 3 4 5 & 7 8 s 10
Time t
FIGURE 3. The trajectories of x;(t) and xz5(¢t) without feedback control
(4.2) in Example 4.2.

0.2

X X

0.15

0.1

02 I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10

Time t
FIGURE 4. The trajectories of x1(t) and x5 (¢) with feedback control (4.2)
in Example 4.2.

Figure 3 demonstrates the trajectories of solution x(t) and x2(t) of neural networks
with various activation functions and mixed time-varying delays without feedback control
(u(t) = 0). Figure 4 illustrates the trajectories of solution x;(¢) and xo(t) of neural
networks with various activation functions and mixed time-varying delays with feedback
control
—8.1112 —0.1447
“M =1 01134 —7.4006] *®-



294 Thai J. Math. Vol. 18, No. 1 (2020) / Phanlert et al.

5. CONCLUSIONS

In this paper, we have investigated the problem of guaranteed cost control for asymp-
totic stability of neural network with discrete and distributed time-varying delays. A
Lyapunov-Krasovskii functional includes double integral term and triple integral term,
using Wirtinger-based integral inequality, Jensen’s integral inequality and to extended
reciprocally convex inequality, new delay-dependent sufficient conditions for the existence
of guaranteed cost feedback control for the system are given in terms of linear matrix
inequalities. Finally, numerical examples are given to demonstrate the effectiveness of
our results. Our goal in the future is to apply the nonlinear quadratic cost functions to
other systems or networks that arise in other areas of science.
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