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Abstract In this paper, we introduce the notion of Almost type Z-contraction and a new fixed point
theorem in frame of metric spaces. We prove existence of fixed points for cyclic mappings. Also, we

obtain fixed point results for weak contraction type mappings.
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1. INTRODUCTION

Banach contraction principle is widely and extensively applied in defferent branches
of Mathematics and is regarded as one of cornerstones in the study of metric fixed point
theory. A lot of authors studied generalizations of this principle.

Theorem 1.1. [1] Let (X, d) be a complete metric space and I' be a self-mapping on the
set X such that 3p € [0,1),

d(I'¢, I'e) < pd(¢,¢), Vo,p€X. (L.1)
Then, I' has a unique fixed point in X.

In addition, Berinde [3] introduce almost contractions which exhibits new features with
respect to the ones of the particular results incorporated as follows:

Theorem 1.2. [3] Let (X,d) be a complete metric space and a self-mapping I on the
set X be an almost contraction, that is, a mapping for which there exist 6 € [0,1) and
dL > 0 such that

d(I'p, L'p) < 6d(¢,p) + Ld(p, '), Vo,p€ X. (1.2)
Then,

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright © 2020 by TJM. All rights reserved.



MODIFIED ALMOST TYPE Z-CONTRACTION 253

(i) Fix(I") # 0, where Fix(I') ={¢p € X : I'p = ¢};

(ii) For any ¢ € X, the Picard iteration {¢,} given by ¢pp11 = I'dy, for eachn >0
converges to some ¢* € Fix(I');

(iii) The following estimate holds

d(¢n+i717¢*) = 1

Subsequently, Babu et al. [5] defined the class of mappings satisfying condition (B) as
follows:

(¢n,¢>n 1), ¥Yn>0,i>1.

Definition 1.3. [5] Let (X, d) be a metric space and a self-mapping I" on X is said to
satisfy condition (B) if there exist a constant § € (0,1) and 3L > 0 such that

d(I'g, I'p) < 6d(¢, ) + LQ(¢, ), Vo, € X, (1.3)
where Q(¢, ) = min{d(¢, I'¢), d(p, I'p),d(¢, I'p),d(p, ['9)}.

They proved a fixed point theorem for such mappings in complete metric spaces. They
also discussed quasi-contraction, almost contraction and the class of mappings that satisfy
condition (B) in detail.

Khojasteh et al. [6] originated the notion of Z-contractions using a specific family of
functions called simulation functions. Subsequently, many researchers generalized this
idea in many ways (see [7—21] and proved many interesting results in the arena of fixed
point theory.

Definition 1.4. [6] A mapping ¢ : [0,00)? — R is called a simulation function if it
satisfies the following conditions:
(¢1) €(0,0) = 0;
((2) C(t,s) <s—tforallt,s>0;
(¢3) if {tn}, {sn} are sequences in (0,00) such that lim, e tn, = lim,_00 8, > 0,
then limsup,,_, o ¢(tn, sn) < 0.

Denoted by Z is the set of all simulation functions.

Example 1.5. [6] The following are some examples of simulation functions.
(i) (,s)—as—tforalltSE[O 00), where a € [0,1);
(i) ¢(t, [0, 00);

= sf( ) —t for all t,s € [0,00), where f : [0,00) — [0,1) such that
(t) <1 forall k> 0.

Definition 1.6. [6] Let (X, d) be a metric space and ¢ € Z. A mapping I' : X — X is
called a Z-contraction with respect to ¢ if

C(d(I'g, I'p),d(d,¢)) 2 0
holds for all ¢, € X.

5) =
(iii) ¢(¢,8) =
f

lim;,

Motivated and inspired by Definition 1.6, Definition 1.3 and Theorem 1.2, we define an
Almost type Z-contraction mappings in metric spaces as follows:

Definition 1.7. Let (X, d) be a metric space and ( € Z. We say that I' : X — X is a
modified almost type Z-contraction if there is a constant L > 0 such that

(L), T'e), P(d,0) + LA(S,9)) 20, Vo,p € X, (1.4)
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where

P(¢,¢) = max {d(gb, ©), [1 +d(¢, I'd)]d(p, I'p) }

1+ d(¢, )
and

(¢, ¢) = min{d(¢, I'9), d(¢, I'p), d(¢, I'p), d(p, ')} .

Remark 1.8. If I' is a modified almost type Z-contraction with respect to ( € Z, then
Ao, I'p) <P(d, ) + L), 0), Yoo X. (1.5)

2. MAIN RESULTS

Lemma 2.1. If I' is a modified almost type Z-contraction in and I' has a fixed point,
then the fixed point is unique.

Proof. Let (X,d) be a metric space and I' : X — X be a modified almost type Z-
contraction with respect to ( € Z. Suppose that there are two distinct fixed points
@*, o* € X of the mapping I'. Then, d(¢*, ¢*) > 0. Thus, it follows from equation (1.4)
and ({2) that

0 < C(d(I'¢", I'p*), P(¢", ") + LQ(¢", ")), (2.1)
where
d(¢*, I'o™)|d(p*, I'p*
Pl o) = maxtaer, ), L AELOMELEN, g, o)
and

Q¢",¢") = min{d(¢", I'¢"), d(¢", I'¢"), d(¢", I'¢"), d(¢", I'¢") } = 0.
This together with (2.1) shows that
0 < (", I'¢"), P(¢", ") + LO(47, ¢)
=((d(¢", ¢"),d(¢", ¢"))

<d(¢", ") —d(¢", ")
=0
which is a contradiction. Hence, the fixed point of I" in X is unique. ]

Theorem 2.2. Let (X,d) be a complete metric space and I' : X — X be a modified
almost type Z-contraction with respect to ¢ € Z. Let {¢,} be a sequence of Picard of
initial point at g € X. Then

Jim d(¢n, ¢nt1) = 0. (2.3)

Proof. Let ¢y € X and consider the Picard sequence {¢, = T"¢g = T'dp_1}, n > 0. If
Dny = Pny+1 for some ng, then ¢,, is a fixed point of I'. Therefore, for the rest of the
proof, we assume that d(¢y,, ¢n+1) > 0 for all n > 0. From equation (1.4), for all n > 1,
we obtain

0 S C(d(F(bn—la F¢n)7p(¢n—la ¢n) + LQ(¢n—la ¢n))a (24)
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where
P(¢n—1a ¢n) = max {d((bn—la ¢n)a [1 i d<¢7{i’;;:;n_ll)]qj(;bn’ F(bn) }
_ [1 +d(¢n—1a¢n)}d(¢n7¢n+l) (25)
= maX{d(¢n—la¢n)a 1 +d(¢n717¢n) }
= max{d@bnfla ¢n)a d(¢’l’b7 ¢n+1)}
and

Q(¢n717 (bn) = min{d((f)n71, F(bnfl)a d(¢n7 F(bn)’ d<¢’ﬂ*1’ qu)")’ d((b”’ F(bn*l)}
= min{d(dn_1,Pn), d(Pn_1,Pns1)}
=0.

This together with (2.4) shows that
0 < Cd(I'dn-1,T'0n), P(¢n-1,0n) + LQ(dn-1, 7))
= ((d(dn; Pnt1), max{d(Pn—1,Pn), d(¢n, Prn+1)}) (2.7)
< max{d(¢n—1,Pn), d(dn, Pns1)} — d(dn; dnt)-
By inequality (2.7) shows that

P(dn—1,0n) = d(¢n-1,0n), Yn=>1 (2.8)
which implies that
d(¢na ¢n+1) < d(¢n—1a ¢n)a Vn > 1. (29)

Therefore, the sequence {d(¢y,, pn+1)} is decreasing, so there is some k > 0 such that
lim d(¢n_1,Pn) = K.
n—oo

If o > 0 then since I" is a modified almost type Z-contraction with respect to ( € Z and
0 < limsup ((d(¢n, Pnt1), d(Pn—1,6n)) <0

n—oo

which is a contradiction. Hence, k = 0, that is, equation (2.3) holds. [ ]

Theorem 2.3. Let (X, d) be a complete metric space and I' : X — X be a modified almost
type Z-contraction with respect to ¢ € Z. Then the Picard sequence {¢n} generated by I’
such that I'¢pp_1 = ¢p, for all n > 1 with initial value xo € X is a bounded sequence.

Proof. Let ¢ € X and {¢,,} be the Picard sequence. Assume that {¢,} is not bounded.
Then there is a subsequence {¢,, } such that n; = 1 and for each k¥ € N,ny1; is the
minimum integer greater than ny such that

d(¢nk+17¢nk) >1
and
APy Pny,) < 1forng <m < ngyq — 1
Therefore, by the triangle inequality, we get
1 <d(@npyy Oni) < d(Dnyyys Prgsr—1) + APy —15 Oy )
S d(Drgyrs Prigsr—1) + 1.
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Taking kK — oo and by using Theorem 2.2, we get
lim d(¢n,,,,dn,) = 1. (2.10)
k—o0
Since I' is a modified almost type Z-contraction with respect to ( € Z, we have
d(¢n1«+1 ’ ¢nk) < P(¢nk:+1*17 (bnk*l)
which
1< d(¢nk+17¢nk) < 'P((bnk+1*17 (bﬂk*l)

1+d Mkt1— 1) Pk d(Pry—1; Py,

Taking k — oo, we get
1 S hm P(¢nk+1—1;¢)nk—l) S ]-7
k—o0
that is,
lim P(gi)nHl,l,gbnk,l) =1. (2.11)
k—o0
Since
Q(ank_*_l,l, ¢TL}C71)
= min{d(¢nk+171) ¢nk+1)a d(¢’nk71? ¢nk)7 d(¢nk+1717 (b’ﬂk)? d(¢nk71? ¢nk+1)}~

Taking kK — oo and using Theorem 2.2, we get
hHl Q(d)nkJrl_l, ¢nk—1) = 0 (212)
k—o0

By equation (1.4), we have
0 S C(d(F¢nk+1—17F¢nk—1)7p(¢nk+1—1a (bnk—l) + LQ(¢nk+1—1a ¢)nk—1))

< P(¢nk+1—17 ¢nk—1) + LQ(¢nk+1—17 ¢nk_1) - d(¢nk+1 ) gf)nk)
which implies that

d(¢n1«+1 ) ¢nk) < P(¢nk:+1*17 (bnk*l) + LQ(¢nk:+1*17 (bnk*l)'

Moreover, by using ({3), we get
hm Sup C(d(¢7lk+1 bl ¢Tbk)a P(¢7Lk+1—1) ¢nk—1) + LQ(QS?L)H,l—l) ¢nk—1)) < O (214)
n—oo

which contradicts equation (2.13). This contradiction proves that {¢,} is a bounded
sequence. L]

(2.13)

Theorem 2.4. Let (X,d) be a complete metric space and I' : X — X be a modified
almost type Z-contraction with respect to ¢ € Z. Then the Picard sequence {¢n} is a
Cauchy sequence.

Proof. From Theorem 2.3, we claim that sequence {¢, } is a Cauchy sequence. Consider
the sequence {C,,} C [0, 0) given by

C,, = sup{d(¢i, ¢;) : i, >n}, neN. (2.15)
It is clear that {C,} is a positive decreasing sequence. So, there is some C > 0 such that

lim, o C,, = C. If C > 0, then, by definition of C,,, for every k € N, n; and my, exist
such that my > ng > k and

1
Cr — E < d(¢mka¢nk) < Ck.
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Hence,
klim d(Pmys Py ) = C. (2.16)
—00

Using equation (1.4) and the triangular inequality, we get

APy, Pni) < d(Dmys dmi—1) + A(Pmy—15 bny—1) + APny—1, Py )
and

A(Prmi—1, Pni—1) < d(Dmp—1, Omy.) + Ay, D) + d(Dny, Prj—1)
Taking k£ — oo, using Theorem 2.2 and equation (2.16), we get

lim d(¢mk—1a (bnk—l) =C. (217)
k—o00

Since I' is a modified almost type Z-contraction with respect to ( € Z, we can deduce
that

d(¢mka¢nk) = d(Fd)mk—lquSnk—l) < P(¢mk—1a (bnk—l) + LQ(¢mk—17 ¢nk—1)
which

P(¢mk—1,¢nk—1) _ max{d((bmk—la@ﬁnk—l)y [1 + d(¢mk—17¢7nk)]d(¢nk—la¢nk) } )

1 + d(¢mk717 ¢’I’Lk71)
Taking k — oo and using Theorem 2.2 and equation (2.16), we get

lim P(dmy, -1, Pnp—1) = C. (2.18)
k—o0

Additionally, with the aid of equation (1.4), we have
lim Q(ém, —1,6n, 1) = 0. (2.19)
k—o0

By (2.17),(2.18),(2.19) and ({3), we get
0 é lim sup C(d((bmkv ¢nk)v P(¢mkf1» ¢nk71) + LQ(QSmk*l? (bnk*l)) <0

k—oco

which is a contradiction and so C = 0. That is, {¢,,} is a Cauchy sequence. ]

Theorem 2.5. Let (X, d) be a complete metric space and I' : X — X be a modified almost
type Z-contraction with respect to ( € Z. Then the Picard sequence {¢,} converges to
fixed point.

Proof. Since (X, d) is a complete metric space, there is a ¢* € X such that lim, o ¢, =
¢*. We will show that the point ¢* is a fixed point of I'. Suppose that I'¢* # ¢*. Then
d(¢, I'¢*) > 0. By equation (1.4), ({2) and ({3), we get

0 < Hmsup ((d(I'6n, T6"), P(dn, &) + LQ(bn, 7))
< limsup[P(¢n, ¢*) + LQ(¢n, ¢*) — d(ppn+1, ['¢")] (2.20)

n—oQ

= _d(¢*7F¢*)

which implies that d(¢*, I'¢*) = 0, that is, ¢* is a fixed point of I". The uniqueness of
the fixed point follows from Lemma 2.1. [ ]
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Example 2.6. Let X = [0,3] be endowed with the usual metric. Then (X,d) is a
complete metric space. Define a mapping I' : X — X as I'¢ = 3 — ¢ for all ¢ € X. Then,
I' is not a Z-contraction with respect to ¢ where for all ¢, s € [0, 00)

C(t,s) =as—t, a€l0,1).
In fact, for all ¢ # ¢, we have
Cd(I'¢, I'p),d(d, ) = al¢p =@l = 3—=¢ = (39|
=alp—ol—lo—¢l
<|p—ol—lo—¢l|
=0.
Now, we show that I" is a modified almost Z-contraction with respect to (.
C(d(I'g, I'), P(d, ) + LA(¢, @) = al|P(, ) + LA(d,0)l| = 13— ¢ — (3 - ¢)|
= of[P(¢,0) + LR, )] — [ — ¢l

where
P(6,0) = max{|¢_ T (f;@mi'— (3- S0>|}
= o [+ [20 - 3[][2¢ — 3
_max{|¢ o, T p— }
and

¢, ) =min{l¢ = 3-¢), lp =B -9, le - B -9, l¢ - B -9}
= min{|2¢ — 3], [2¢ — 3], [2¢ — 3|, |¢ + ¢ — 3|}
=min{|2¢ — 3|, [2¢ — 3|, |6+ ¢ — 3|} .

We deduce that

C(d(L'p, I'e), P(d, ) + L4, )

[1+12¢ — 3]} [2¢ — 3]

ot o=l S E

+ Lmin{|2¢ =3[, |2p =3[, [0+ ¢ = 3[}] - [¢ — ¢
Hence, we get two cases:
Case(i): If ¢ = ¢, then

Cd(I'¢, I'p), P(¢,0) + LR, ¢)) = a[l + [2¢ — 3] [2¢ — 3] + L[2¢ — 3[] = 0.
Case(ii): Without loss of generality, assume that ¢ > . Then

Cd(T6, '), P(6,9) + L6, 9))

[1+ 26— 3))[2¢ — 3]

=« +al|2¢—3|—|¢—¢].
+o-9 2edlomy

1
2

C(d(Ip, '), P(¢, ) + LQ(¢, ¢))

11429 —3[][2¢ — 3]
= +4120—3|—|¢— .
5 T p— 20 = 3| = ¢ — ¢

If we especially choose o = 5 and L = 8, then we get
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Thus, all of the conditions of Theorem 2.5 are satisfied. Hence, I" has a unique fixed

point ¢* = %
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