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Abstract The problem of non-differentiable delay-interval-dependent exponentially passive conditions
for certain neutral integro-differential equation with time-varying delays is studied. The time-varying
delays, being continuous functions, are under the allowed interval delays, therefore the lower and upper
bounds of time-varying delays are accessible. But the condition on the derivatives of the distributed and
discrete interval time-varying delays are eliminated. These conditions are interested on distributed and
discrete delays for the equation. By applying decomposition technique of coefficient constant, descriptor
model transformation, new class of augmented Lyapunov-Krasovskii functional, Leibniz-Newton formula,
improved integral inequalities, utilization of zero equation and Peng-Park’s integral inequality, new delay-
interval-dependent exponentially passive conditions are in form of linear matrix inequalities (LMIs).
Furthermore, improved delay-dependent stability conditions for certain neutral differential equation with
time-varying delays are presented. Numerical examples represent the improvement and effectiveness of

results over another research.
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1. INTRODUCTION

During the last few decades, the delay-interval-dependent stability conditions for dif-
ferential neutral systems with time-varying delays were considered by several researchers
since they describe heartbeat, memorization, locomotion, mastication and respiration,
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see [18, 21, 30]. The time-varying delays have the lower and upper bounds as well as the
delay functions are required to be differentiable. Delay-dependent asymptotic stability
criteria for certain neutral differential equations (CNDE) with constant delays have been
discussed in [8, 17, 23] by applying Lyapunov-Krasovskii functional and several model
transformation. In [5, 6, 15], the researchers considered the exponential stability problem
for CNDE with time-varying delays by several methods. In [5], the results were estab-
lished without the use of the bounding technique and the model transformation method,
while researchers have studied it by using radially unboundedness, Lyapunov-Krasovskii
functional approach and model transformation method in [15]. Furthermore, the re-
searchers have shown stability criteria for uncertain neutral systems with distributed and
discrete delays such as [33]. The robust stability of uncertain linear neutral systems with
distributed and discrete delays has been considered in [14]. However, upper bounds of
derivative for neutral and discrete time-varying delays are necessary in existing methods.

On the one hand, the importance of concept for passivity has been popularly applied
in various fields, such as complexity [7], fuzzy control [1], and signal processing [32], since
1970s. Passivity presents more than just stability of systems, which relates the input and
output of the systems to the storage function. Passive properties of systems can maintain
the systems internally stable. In the present, the passivity analysis have been studied
several researchers [20, 29, 34, 36]. The exponentially passivity condition for delayed
neural networks was obtained in [36]. In [34], the issue of robust passivity conditions for
neural networks with distributed and discrete delays has been extensively studied. The
researchers have presented the passivity condition for neural network with norm-bounded
uncertainties and time-varying delays in [20]. The researchers have investigated the issue
of passivity of neutral-type neural networks with mixed and leakage delays in [29]. How-
ever, no result has been obtained for exponentially passive condition of certain neutral
integro-differential equations with non-differentiable interval time-varying delays.

The point of this paper is the delay-interval-dependent stability conditions for dif-
ferential systems with time-varying delays. The restrictions on the derivatives of the
discrete and distributed time-varying delays for the equation are eliminated. Mixed in-
tegral inequalities, the combination of mixed model transformation, application of zero
equation, Lyapunov-Krasovskii functional and separation of coefficient constant are ap-
plied to establish conditions for exponential stability and passivity. Then, improved
delay-dependent exponential stability criteria for certain neutral differential equation with
time-varying delays [0, 15] are presented. Lastly, numerical examples have shown that
the presented conditions are improvement and effective over another researches.

2. PRELIMINARIES

We introduce the following certain neutral integro-differential equation with interval
time-varying delays
t
—az(t) + btanh z(t — o (t)) + c/ z(s)ds
t—p(t)
+du(t), (2.1)

2(t) = ax(t)+ btanhz(t — o(t)) + du(t), (2.2)

D a(t) + ot (1)

for the state vector z(t) € R. z(t) € R is the output of the equation. u(t) € R stands for

the external inputs. a, b, ¢, d, d, p are real numbers with |p| < 1 and a, b are positive real
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numbers. The variables p(t), o(t) and 7(t) are distributed, discrete and neutral interval
time-varying delays,serially,

0<p1 <p(t) < p2, (2.3)
0<o01 <o(t) <oy, (2.4)
0<7 <7(t) <72, 7(t) <74 (2.5)

where 11, T2, T4, 01, 02, p1 and py are given positive real numbers. The initial condition
for equation (2.1) are
l‘o(t) = ((t), te [_”ia 0]7

for ¢ € C([—k,0];R) such that £k = max{r, 09, p2}. We denote the state trajectory of
(2.1) as z(t,<). The Leibniz-Newton equations are considered

t

0=2a(t) —z(t—7(t)) — / x(s)ds, (2.6)
t—7(t)
t
0=2x(t) —z(t—o(t)) — / &(s)ds. (2.7)
t—o(t)
For €1, €5 € R, we utilize the previous Leibniz-Newton equations
t
0=ez(t) —erz(t —7(t)) — &1 / z(s)ds, (2.8)
t—7(t)
t
0 = exx(t) — ea(t — o(t)) — 62/ z(s)ds. (2.9)
t—o(t)

The equation (2.1) is tranformed by descriptor model transformation and (2.6)-(2.9),
t

z(t) = yit)+eaxt) —eazt—7()) —e /t_ o y(s)ds

+eax(t) — eax(t — o(t)) — €2 /t_ o y(s)ds, (2.10)
y(t) = —az(t)+btanhx(t —o(t)) + c/t_ o x(s)ds
—py(t — 7(t)) + du(t). (2.11)

For a = a; + ag 4+ ag with a1, a2, a3 € R, we rewrite the (2.10)-(2.11)
t

z(t) = yit)+eaxt)—eaxit—7101) —e / y(s)ds
t—7(t)
+eox(t) — eax(t — o(t)) — €9 /t_a(t) y(s)ds, (2.12)
yt) = —arz(t) —agx(t — 7(t)) — ag /t_ o y(8)ds — azz(t — o(t))
—a s)ds + btanhx(t — o c z(s)ds
o, s s btanhat—o®) e [ x()
—py(t — 7(¢t)) + du(t). (2.13)
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Definition 2.1. [9] The equation (2.1)-(2.2) is exponentially passive from input u(t) to
output z(¢), if there is a Lyapunov function V' (¢) and a positive real number & satisfy :

V() +kV(t) < 2z(t)u(t), t > to,

for all u(t), all initial conditions z(ty).

Lemma 2.2. [31] For constant symmetric positive definite matriz A € R"*", 0 < o1 <
o(t) < o3 and vector function x : [—o2, —01] — R™ is well defined, then

_[os — o] / T () Aw(s)ds

oy
—o1 —o1 —o(t) —o(t)
< 7/ CIJT(S)dSA/ z(s)dsf/ xT(s)dsA/ x(s)ds.
—o(t) —o(t) o2 —02
Lemma 2.3. [31] For My, My, M3 € R™*™ are constant matrices such that My > 0, M3 >

0, ]\fl %2 >0, 0< 0, <o(t) <oy and vector function i : [—oa, —01] — R™ is well
3

defined, then
- [ ) T 0]

—M; M3 0o -MI 0
* 7M3 - M3 M3 MéT 7M2T
<AT@) | = * —Mj 0 MT | A(),
* * * — M, 0
* * * —M;
where
B ZL’(t — 0'1)
z(t —o(t))
z(t — o2)
t—oq
Alt) = / x(s)ds
t—o(t)
t—o(t)
/ x(s)ds
L) t—os .
Lemma 2.4. [31] For vector function & : [—oq,—01] — R™ is well defined, 0 < o1 <

o(t) <oy and X, M;(i=1,2,...,5) € R"™™ are constant matrices, then

- /tt_al 7 (s) X a(s)ds

—o2

My + M{ —M{T + Ms 0
< BT() % My + ML — My — MF  —MT + My | B(t)
% * —My — My
M M, 0

+[02—01]BT(t) * Mz + Ms My B(t),
* * M5
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X M M, x(t—o1)
where | * Mz Mys| >0 and B(t) := |z(t — o(t))

x  x  Ms z(t — o2)
Lemma 2.5. (Peng-Park’s integral inequality) [26] Let m and s be real constants
such that [T ol > 0, o and o(t) be positive scalars satisfying 0 < o(t) < o, vector
function & : [—0,0] — R™ be well defined. Then

¢ —m m—s s
—cr/ il(s)mi(s)ds < CT(t) | + —2m+s+s m—s|C(t),
t—o * * —-m

x(t)
where C(t) := |z(t —o(t))] .
x(t — o)
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3. MAIN RESULTS

We define a new parameter

Z = [A(i»j)]27><277 (3.1)

for A A

L _ AT
J) T 2,

A(l,l) = 2aky + ng + k7 +n1g + ks + 221 + 224 + 2k1€1 + 2k1€2 — 2q2a1
+k27’22 + kdag + n1722 — 2ﬂ1T2T1 + TL1T12 + TLQO'% — 2’/L20’201 + TLQO’% — k4€
—kse 2992 L 72 f) + 73r) —r3e 202 4 fymd — 2Ty To + TEf4 + 0L fr + 03Ty

2 2 —2a0 2 2 2
+05 fi0 — 20102 f10 + 07 f10 — Te€ 2 4+ nro] + ko, + ngos — 2ngo109

—2aTy

+nsU% + nup% —2n11p1p2 + 7111,0%, Ag2) = qre1 + quea + Tl2f2 + 7227“2
+75 fs — 2T f5 + TLfs + 0L fs + 0375 + 03 f11 — 20102 f11 + 07 fi1 + K

—q2 — qza1, Az =—21+ 22 — ki€1 — qaas — quar + kse 2™ — 5
+r3e 2 Aqa) = —21 + 23 — kier — quaz — gsay,  Aps) = —24+ 25
—kies — qaaz — qeay + kse 27 — sy +ree 272, A1) = —21 + 26 — k162

—q2a3 — qra1, Ay = qb—qza1, Az = qc—qoa1, A9 = —Gp
—goar, A 10y = —T2e 2, A9y = —T5e 22, A7) = s1,

A9 =52, Apon =aqd—ad, Apgg) =ky+ns1i + kats +n4of + ksos
+n57'22 —2n5T1 T2 + n57'12 + ngag — 2ngo109 + ngaf + 7'12f3 + 7'227“3 + 7'22f6
—2T1To fo + Ti.f6 + 01 fo + 05 fro — 20102 fi2 + 07 fi2 — 23 + 0316, Az =
—qi€1 — q3a2 — q4, D) = —qie1 — q3a2 — G5, A5 = —q1€2 — 303
—q6, A6 = —q1€2 —q3az —qr, Ae7 =qb—qs, Apg) = q3¢— qo,
Apoy=—ap—qo, Apor =asd, Az = —220 — 2quas — 2kse” 2™
—2am

+2s1 + 2mq — 2mo + T9m3 — TiM3 + Tomy — TyMs — 2r3€

—2fee 2™, Aga) = —22 — 23 — uaz — Gsaz, (35 = —qaa3 — 60z,
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A(3,6) = —q4a3 — gra2, A(3,7) = qab — qzaz, A(3,8) = q4C — q1002,
A@Go)y = —@p — goaz, A0y =r2e 2, A qy = —rae 27
—fse7207, Aiag) = fse720, As,16) = —my + Mg + Tomy — TiMmy
+fee 2T, A7) = kae Y — 51— my 4+ mo + Tomy — Timy + r3e” 20
+foe 2, Aoy =qud, Ay = —223 —2¢5a2, A = —g¢sa3
—q6a2, A = —qs5a3 — qraz, A7) = qsb—gsaz, Aug) = gsc
—qi0a2, A9y = —qp —qoaz, Auor =qd, Az =w— 225 — 2qeas
—2kse 2992 4 255 + 2mg — 2my 4+ Gamg — o1Ms + TaMiy — TLM10

—2rge 272 = 2f19e7 2 Az = —25 — % — G603 — qra3, Az = qeb
—qsas, A@pg) =q6C— q0a3, A9y = —q6P — Goas, A(z12) = rse 7

—2a0 —2a0 —2a0
Az = —rse” "7 — fu1e” ", Aias) = fue 707,

—2aq0o
;

As18) = —me

oo

—2
+mz + oamg — o1mg + fiae As,19) = ke "7 — 53 —mg +my

+oamg — o1mg + e 27 + f10eT 22 A on = qed,  Dgee) = —2%
—2q7a3, Ay =qrb—qsaz, D) = qrc— quoas,  Ag9) = —qrp
—q9a3, Aar) = qrd, A = —w+2qb, Arg) = gsc+ quob,

A79) = —qsp + qob, A(r27) = qsd — b, As,s) = 2q10¢ — nye >,

A9y = —qop + ¢, A ory = quod, Agg)y = —koe >*™ + kgrq — 2qop,

_ _ —2ar —2ar: _ —2aT
Ag2r)y = qod,  Ago,10) = —koe” 7 —r1e” 7 A1) = —kee T
—2ar: —2ar —2ar: —2ar —2ar:
—nie 2 —rie 2 — fue 2, Apiir =120 2 4+ fee 2
—2a0 —2a0 —2a0 —2a0
A1) = —kze” "7 —r4e7 772, Agsaz) = —kge” "7 —nge” 707

—2a0 —2a0 —2ao0: —2a0
—Trae > — fioe %, Aasig) =756 *+ fue % Apgu =

—n1e ? — f1e72 0 Agaae) = —fse 2, Aps s = —nge 27
—f10e72%%% ) Agisas) = —fi1e 22, Ag6) = —nge 2*™ 4 2my + mams
—mimz — fee 2, Aqrin = —kre 20T — ke 2T — 2my + Toms — Tims
—r3e 20T — foe T2 A(1g18) = —n1oe 2*7! + 2mg + oams — o1ms
—f1267%% A(ig19) = —kse **7* — kse 27 — 2my + 09mig — o1m1g
—ree 2 — f10e7772 A(gg00) = —nge 2T — fse 2T Apyga9) =
—f2e72T Aggr 01y = —nae” 27t — foe 2, A1,23) = — fse ™27,
Ao2) = —f1e72%T, Aoz o) = —fre 27, Ao oa) = —nge 27,
Aws sy = —kee 272, Apgae) = —nse 22, Ararn = —2d,

and other terms are 0.
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Theorem 3.1. Let o, T1,73,T4,76, f47 fGa flOa f127 w, kl<z = 17 27 ey
be pOSitiU@ real numbers and 51,82,T2,T5, fla f27 f37 f57 f77 fSa f97 f117 dk, mk(k' = 1a 2a ey
be real numbers such that satisfy the following symmetric linear matriz inequalities

|:k4e—2a7'2

*

*

|:k5€2a02

ns(mo — 71 )e 227

> <o,

S1
k4e—2arg
52
k5672a02

|:f_10 f11
*  fi2

Then equations (2.1)-(2.2) are exponentially passive.

P’I"OOf. Let aarlar?nrélarﬁaf47f6af10af12awa kz(z = 1a25 s
itive real numbers and 31782ar27r57f1af27f37f55f77f8af97f117qk7mk(k = 1a27 R

,9),n;(i=1,2,...,11

9),n;(j =1,2,...,1

real numbers. The Lyapunov-Krasovskii functional is defined by (2.12)-(2.13)

where

Vi(t)

Va(t)

kll‘

1)
10)

(3.2)

(3.3)

(3.4)

) be pos-
10) be

(3.11)

koTs / / 20D 22(0)d0ds + k3o / / 20~ 42(0)dfds
—19 Jt+s —og Jt+s

+nq(me —11)

+na(

/771
—oy
02 — 01 /

t

/ e22(0=122(0)dhds
t

+s
¢
/ e22(0=122(0)dbds,
+s
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= mngm / / e2*0=0y2(0)d0ds + kars / / e2*(=Dy2(0)dds
—711 Jt+s —T9 Jit+s
+n401/ / e2al0=1) 2(9)d9ds+krag/ / 220129 dhds
—o1 Ji+s —o2 Ji+s
+ns(me — 7 / / e 0=92(9)dhds
t+s
+ng(oe — 01 / / a0— t (0)dbds,
t+s
2(0)
Vaul(t - r 2a(0 t)|: ):| |:f1 f2:| x( :| dOds
a0 / / " ©) [+ %) lvo
0) ro| [x(6)
+ e20(0-1) {‘”( ] { [ dfds
E / /HS O] [+ 73 v

- /41 /t+s (2a(6-1) [Z Zﬂ J:l ﬂ Bgzg] dods
0

o[ Je ) e 2] i) e
oo [ ) T ] G e

- -7 e20(0—1) z(0) Jio fui| |z(0) dod
oz / / e [y J [ ha] [p@)] T
Vs(t) = n701/ / 0= tanh? 2(0)dfds
—01 +s
0 t
+k602/ / e20(0=1) tanh? x(0)dbds
—og Jt+s
—0o1 t
+ng(oe — 01 / / e2e(0-1) tanh2x(9)d0ds,
+s
t
Vs(t) = ng/ e25=t 2 (s )ds+k7/ 2= 22 (5)ds
t—71 t—To
t t
n1o/ eQa(s_t):CQ(s)ds—i—kg/ e22(= 22 (5)ds
t—oq t—o2
t
—|—I<:9/ 2572 (5)ds,
V7(t) = N1 pg—pl / / 2a(0 t) 2(9)d9d8
t+s

Computing the differential of V'(¢) on the solution of (2.12)-(2.13)

V(t) = Z Vi(t). (3.12)
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The differential of V;(¢) is computed
Vi(t) = 2kix(t)i(t)

= 2kiz(t) [y(t) +eaz(t) —axt—1() —a / y(s)ds + eax(t)
t—7(t)
—ex(t —o(t)) — €3 s)ds 2q1y(t) |e1x(t) — erx(t — 7(t
o) = [ y(s)ds] + 20900 [x(t) ~csatt — 1)

—€ /t_T(t) y(s)ds + eaz(t) — eax(t — o(t)) — 62/t

o y(s)ds}

+2 [qgac(t) + q3y(t) + qua(t — 7(t)) + g5 /t o y(s)ds + qsx(t — o (t))
tar [ y(s)ds + g tanha(t — o(6) + quu -~ 7(6)
t—o(t)

t
+a10 / x(s)ds} My (t) + 20k, 22 () — 2aVi (1),
t—p(t)

where M (t) = [— y(t) — a12(t) — agx(t — 7(¢)) — ag/1t o y(s)ds — azz(t — o(t))

t t
—a3 / y(s)ds + btanhx(t — o(t)) + c/ x(s)ds — py(t — 7(t)) + du(t)].
t—o(t) t—p(t)
Since s € [t — To,t] and s € [t — 02,1], we have 72072 < e2¢(s78) < 1 and e72072 <

e?*(s=t) < 1. Computing the differential of V3(t) and Lemma 2.2, we obtain

Vg(t) < k2(72)2332(t) + k:3(02)2$2(t) +ni(re—71 22(t) + na(og — 0‘1)2.’172(t>
t— T(t)

)
e /() sisgas)” e ([ atoyas)’

t 2 t*ﬂ(t) 2
x(s)ds) — kge 2202 / m(s)ds)
t—o(t) t
2
) —nie :c(s)ds)

o2

(/.
t—r(t)
(.
(

We use Lemma 2.2, 2.4 and 2.5 to compute the differential of V5(t)

Vg(t) < ng(1)2W2 () + ka(m0) 292 (t) + na(o1)?y?(t) + ks(02)?y2(t)
+n5(ma — 71)%Y7 (1) + n6(02 — 01)%y°(t)

t 2 t
—nge20M </ y(s)ds) — nye 2001 (/ y(s)ds>
t*Tl t*U’l

2
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_7]{46720”—2 k4ef2o¢‘rg — 51 s1
+MT(t) * —2k4e729T2 4 251 kye 20T — 51| My(t)
* * —kye—20m
_7k5672a02 k5€72a62 — So So
+Mg(t) * —2k5€72a02 + 259 k5672a02 — So Mg(t)
| * * —kse 202
x(t—11)) " Tomy  —my +ma 0 x(t—711))
+ |zt —7(¢)) x  2mg — 2m2 —my +meo| |zt —T7(¢))
x(t — 12) * —2me x(t — 72)
a(t—m))]" [ms 2(t—m))
+r — 1] |x(t — 7(¢)) * Mgy + ms myg| |z(t—T7(t))
z(t — 12) * x(t — 12)
z(t —oq) r 2mg —mg +mz x(t — 01
+ |z(t —o(t)) x  2mg — 2m7 —mg —|— mr| |z(t — o
z(t — o3) * —2my x(t — 02
x(t—o1) T Tms x(t — 01
+log — o] |z(t — o(t)) g —I— mio0 z(t—o(t
x(t — 02) * x(t — 02
—2aVs(t),
x(t) x(t)
where Ms(t) = |z(t —7(t)) | , M3(t) = |z(t —o(t))].
SC(t*TQ) ZL’(t*O'Q)
We compute the differential of V4(¢) with Lemma 2.2 and 2.3
—Tr3 T3 0 —T9 0
. * —Tr3 —7T3 T3 T2 —T9
Vat,zy) < +e 202MI(t) | * * —r3 0 ro | My(t)
* * * —r; 0
* * * -
—fe fe 0 —fs 0
x —fe—fo fo s —fs
+€_2aT2MT(t) * * 7f6 0 f5 M5(t)
* * x  —f4 0
| * * * —f4_
T
9 [z(t) 1 fg] [m(t)} 9 [m(t)} [rl ro :C(t):|
d d
n [y(t)} {* B @] T y0] [ o) )]

y |
(e [ A )
)
)

| [2 ][] o
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_77”6 Te 0 —Ts 0
ES —T¢ — T¢ T6 s —Ts
fe 22 MI () | % * —rg 0 rs | Me(t)
* * * -7y 0
* * * * —ry
—fi2 fi2 0 —fir O
* —fiz2—fi2  fi2 fir —fu
+€_2a02M7T(LL) * * —f12 0 f11 M7(t)
* *  —fio 0
* * * * —f10

ot lie] 2 AL e[ [ TIGE]
e (L e [ 2L B

+(og — 01)? [”““(t)r [flo f”} [“"(t)] ds — 2aV,(t),

y(t) x  fiz| |y(%)
where
z(t) ] [ z(t—7)
z(t —7(t)) z(t —71(t))
Myt) = tx(t —T2) , Ms(t) = tﬂ_c(Tt — T9) :
Jo—riy @(s)ds i) T(5)ds
i tt__;(t) (s)ds | I tt__;(t) (s)ds|
at) ] C a(t—on) ]
z(t —o(t)) z(t — o(t))
Mg(t) = taj(t —02) My (t) = ggt —02)
Sy (s)ds o) T(s)ds
i tt__;(t) a(s)ds | I tt__;z(t) (s)ds |

By tanh® z(t) < 2%(t) and Lemma 2.2, we get the differential of Vi ()

. t 2
Vs(t) < ngo?a’(t) — nge 2001 (/ tanh a:(s)ds)
t—o1

t

2
+kgosx?(t) — kge 22 (/ tanh x(s)ds)

t—o2

t*G’l

2
+ng(oy — o1)222(t) — nge 2272 (/ tanh x(s)ds) — 2aV;s(t).
¢

o
The differential of Vi(¢) and Vz(t) are computed
Vs(t) = (ng+ ky +nyo + ks)2?(t) — nge 2222 (t — 1)
—k:ye_go‘”xz(t —Ta) — n106_2“”1x2(t —o01)
—kge 222 (t — o) + koy?(t)
—kge 2292 (t — 7(1)) + koray? (t — (1)) — 2aV(t),
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and
t

V() < nnpe - g1V~ nne 2 ([ ao)ds)

t—p(t)
—204V7 (t) .

By the utilization of zero equations, for real constants z,,(m = 1,2, ...,6)

t

2z1x zox(t — T z s)ds

[10(6) + 2aa(t — 7(0)) + 25 /Hm y(s)ds]
< [a(t) — 2(t — (1)) - /t ;T(t) y(s)ds] =0, (3.13)

2|z zsx(t—o z s)ds

i)+ zoatt o) 20 [ yto)as]
< [a(t) — a(t — o(1))) - /t i y(s)ds| =0. (3.14)

Since tanh® z(s) < x%(s) for all s € R, we get

0 < wz?(t — o(t)) — wtanh® z(t — o(t)), w > 0. (3.15)

We can conclude the following inequality by (3.12)-(3.15) and (2.2)

V(t) +2aV(t) — 2z(t)u(t) < fT(t) Zg(t), (3.16)
for

£(t) = col{a(t), y(t), a(t —7(1)), /

t—7(t)

t t

s)ds, att =) [ s
t—7(t)

x(s)ds, y(t — 7(t)), /ti (t)x(s)ds, /t x(s)ds,

t

tanh z(t — o (1)), /

t—p(t)

t t—o(t) t—71 t—o1
/ x(s)ds,/ x(s)ds,/ x(s)ds,/ x(s)ds, x(t — ),
t—o(t) t—og t—7(t) t—o(t)
t

z(t — 19), x(t — 01), x(t — 02), /t y(s)ds, /tg1 y(s)ds, /t75 x(s)ds,

t*‘l’l —T1

t t i t—o1
/ x(s)ds, / tanh x(s)ds, / tanh x(s)ds, / tanh z(s)ds, u(t)}.
t—oq t—oq t

—0o2 t—o2

—Ta

Since ) is negative definite, then

V(t) +2aV(t) < 2z(t)u(t), t>0. (3.17)
Therefore, the equations (2.1)-(2.2) are guaranteed to be exponentially passive from Def-

inition 2.1. The proof is completed. ]

Now the equation (2.1) when d = 0 is demonstrated. We define a new parameter

> = [B6.5) ] aexas: (3.18)

where A(h]) = A(h])
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COI'OllaI‘y 3.2. Let T17T3,T47T6,f4 fGaflOaleaw k (7’ - 1 2 9) ( 172’

11)

beposztwe real numbers and81752a7a277ﬁ57f1 f27f37f57f77f8af97f117qk77mk(k 1527 10)
be real numbers satisfying the following symmetric linear matriz inequalities
Y <o, (3.19)
k 6—2047'2 s T
{ o k4e_12m >0, (3.20)
k5672a02 S9
|: % k5e—2a02 2 07 (321)
ns(mo — 71)e72%™  my mo]
* m3 my| >0, (3.22)
* * m5_
TL6(O'2 - 0'1) 2002 me mry i
* ms mg > 07 (323)
* * mio
L2l s, (3.24)
L * T3
T S, (3.25)
L * 7"6_
fa  fs]
>0, 3.26
L fe| T ( )
Jio fu
> 0. 3.27
[ *  fi2] T ( )

Then the equation (2.1) when d = 0 is exponential stability.

Now the equation (2.1) when 74 = 07 = ¢ = d = 0 is presented. We define a new
parameter

> = [Ben)isus (3.28)

where A(i, j) = A(i, j), except

A(1,1) = 2aky + k7 + kg + 2k1e1 + 2k1€n — 2qaay + ko2 + kgo? — kye™ 297
—kge 2002 4 r1722 — rge 2072 4 7’405 — rge 292 4 kgag + 221 + 224,

A(l, 2) =qrer +qrea + 7’27'22 + T5a§ + k1 — ¢ — q3a1, A(1,8) = —qop
—qoar, A(1,9) = —rge2%72 A(1,10) =0, A(1,11) = —rze 2002,
A(1,12) =0, A(1,13) =51, A(1,14) =59, A(2,2) = kg — 2q3 + ka7
+ks502 + 7372 + 1602, A(2,8) = —qsp —qo, A(2,9) =0, A(3,3) =
—2quas — 2kqe 22 4 25) — 2r3e 22 — 22z, A(37 8) = —qup — qoas,

A(3,9) =rpe7 29 A(3,10) = —rge 2072 A(3,11) =0, A(3,13) =
kye 20 — g +rse720™ A(3,14) =0, A(4,8) = —gsp — qoaz, A(4,9)
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=0, A(5,5) = w—2gsas — 2kse 2972 4 259 — 2rge 2992 — 225 A(5,8)

= —qp — qoas, A(5,9)=0, A(5,11) =rse 2272 A(5,12) =

—rse 2292 A(5,13) =0, A(5,14) = kse 2992 — 55 + rge 2992 A(5,15)
=0, A(6,8)=—qrp—qoas, A(6,9)=0, A(7,8) = —qsp+ qob,

A(7,9) =0, A(8,8) = —koe 2™ 4 kod — 2qop, A(8,9) =0, A(9,9) =
—koe™20T2 _ pleT2aT2, A(lO, 10) = —kge 2972 — pie7 2072 A(lO, 13) =
roe 2072, A(ll 11) = —kge 2092 —pye72002  A(12,12) = —kge 2902
—rge 2992 A(12,14) = rse 2292 A(13,13) = —kre 2972 — ke 0™
—r3e”20T2 A(14,14) = —kge 2992 — fze 202 _pgem2002  A(15,15) =

7]'{}66720(02 .
Corollary 3.3. Let rq,r3,r4,76,w, ki (i =1,2,...,9) be positive real numbers and rq, 75,
s1,82,¢;( =1,2,...,9) be real numbers satisfying the following symmetric linear matric
iequalities

> <o, (3.29)

k4672a72 S1 1
|: % k4ef2om'2_ > 07 (330)

k56_2a02 S2 |
[ % k5e—2a02_ 2 07 (331)
{“ 21 >, (3.32)

* 7“3_
{” 7"5} > 0. (3.33)

* Te

Then the equation (2.1) when 71 = 01 = ¢ =d = 0 is exponential stability.

4. NUMERICAL EXAMPLES

Example 4.1. The certain neutral integro-differential equations (4.1)-(4.2) are consid-
ered

d t
a[x(t) +0.1z(t —7(t))] = —1.5z(t)+btanhx(t —o(t)) + 0.5/t o x(s)ds
+du(t), (4.1)
2(t) = 0.5z(t) + 0.5tanhz(t — o(t)) + 0.1u(t), (4.2)
| cos(?)]

in(t
for o(t) = 0.2 + w and p(t) =0.2 + 3
Decompose constants a as a = a1 + az + a3, where a; = 0.5 for all ¢ € {1, 2, 3}.
‘2
t
Solving the LMIs (3.2)-(3.10) when d = 0.1, a = 0.4, and 7(t) = 0.1+ S
least upper bound of b which ensures the exponentially passive is 0.6117. Furthermore,

Table 1 presents the least upper bound of b that guarantees the exponentially passive of
this example with d = 0.1, 71 = 0.1 and 75 = 0.6 for various values of «, 74. Also the

, we have the



248 Thai J. Math. Vol. 18, No. 1 (2020) / Chartbupapan et al.

least upper bound of b for exponentially passive of Example 4.1 with 74 = 0.5, 7, = 0.1
and 75 = 0.6 are represented in Table 2 for various values of «, d.

TABLE 1. The least upper bounds of b for Example 4.1.

7 a=0 a=01 a=02 a=03 a=04
0.3 1.1627 1.0386 0.9155 0.7930 0.6666
0.4 1.1556 1.0310 0.9060 0.7785  0.6498
0.5 1.1463 1.0190 0.8889 0.7559  0.6117

TABLE 2. The least upper bounds of b for Example 4.1.

d a=0 a=01 a=02 a=03 a=04
0.05 1.1518 1.0231 0.8941 0.7608 0.6170

0.1 1.1463 1.0190 0.8889 0.7559  0.6117
0.2 1.1318 1.0031 0.8733 0.7391 0.5907

Example 4.2. The certain neutral integro-differential equation (4.3) is considered

d
a[m(t) +0.1z(t —7(t))] = —1.5z(t)+btanhz(t —o(t))
t
+c/ x(s)ds. (4.3)
t—p(t)
in(t t
for o(t) = 0.2 + [sin(t) and p(t) = 0.2 + |CO;( )|
Decompose constants a as a = a1 + az + a3, where a; = 0.5 for all ¢ € {1, 2, 3}.
.2
t
Solving the LMIs (3.19)-(3.27) when ¢ = 0.5, a = 0.4 and 7(¢) = 0.1 4+ sin ( ), we have

the least upper bound of b that ensures the asymptotic and exponential stabilities are
2.4310 and 1.5220, respectively. Moreover, the least upper bound of b that ensures the
asymptotic and exponential stabilities for this example with ¢ = 0.5, 71 = 0.1 and 75 = 0.6
are presented in Table 3 for various values of «, 74. Also the least upper bound of b for
ensures the asymptotic and exponential stabilities of Example 4.2 with 7; = 0.5, 7, = 0.1
and 75 = 0.6 are represented in Table 4 for various values of «, c.

TABLE 3. The least upper bounds of b for Example 4.2.

7w a=0 a=01 a=02 a=03 a=04
0.3 2.4807 2.2920 2.1060 1.9354 1.7611

0.4 24640 2.2529 2.0690 1.8760 1.6860
0.5 2.4310 22112 2.0002 1.7749  1.5220
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TABLE 4. The least upper bounds of b for Example 4.2.

c a=0 a=01 a=02 a=03 a=04
0.5 2.4310 2.2112 2.0002 1.7749  1.5220
1 24243 2.2310 2.0110 1.7719 1.5170
2 24256 2.2210 2.0004 1.7786 1.5151

Example 4.3. The certain neutral differential equation (4.4), investigated in [6, 15], is
considered
d
%[x(t) +0.22(t — 7(t))] = —0.62(t) + 0.5 tanh z(t — o (¢)), (4.4)
.2
sin”(t)
f t) = .
or 7(t) 10

We separate constant a as a = a1 + as + a3, where a; = 0.2 for all ¢ € {1,2,3}.

By using the linear matrix inequalities (3.29)-(3.33), the least upper bound of o (¢) which
ensures exponential stability of this example are presented in the comparison in Table 5
for various values of a.

TABLE 5. The least upper bounds of time delay o(t) for Example 4.3

Methods a=0.02 o=0.028
Chen and Meng (2011) [6] infeasible infeasible
Keadnarmol and Rojsiraphisal (2014)[15]  0.5234 0.0321
(6(t) <0.2)
Corollary 3.3 (no (t)) 1.0883 0.9723

5. CONCLUSIONS

In this paper, we propose the non-differentiable delay-interval-dependent exponentially
passive conditions for certain neutral integro-differential equation with time-varying de-
lays by using decomposition technique of coefficient constant, descriptor model trans-
formation, new class of augmented Lyapunov-Krasovskii functional, Leibniz-Newton for-
mula, improved integral inequalities, utilization of zero equation and Peng-Park’s integral
inequality. Then, we represented the delay-dependent exponential stability criteria for
certain neutral differential equation with time-varying delays. Finally, three numerical
examples represent that the proposed conditions are less conservative than another sta-
bility criteria.
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