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Abstract In this paper, we prove some strong and A-convergence theorems for Suzuki generalized
nonexpansive mappings in the setting of Hadamard spaces (or CAT(0) spaces) by using the iteration

process in [12] and [13]. We also give an example to show the efficiency of the proposed process.
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1. INTRODUCTION

Banach contraction theorem is well-known shrinking theory and the iterative process have
been developed to estimate fixed points of different types of mappings. Some of the well-
known iterative processes are those of Mann [3], Ishikawa [1], Agarwal [5], Noor [6], Abbas
[7], SP [38], Picard Mann [9], Picard-S [10], Thakur [11] and so on([22—-

In [12] and [13] introduced the iterative scheme for nonexpansive mappings in a uniformly
convex Banach spaces:
Zn = (1 = 8p)tpn + $p T tn,
wp = (1 —t,)2n + 0T 2p, (1.1)
Tnt1 = (L —vp) Tw, + vy Twy,, VneN,

where {s,}, {t,} and {v,} are sequence in (0, 1).

On the other hand, we know that every Banach space is a CAT(0) space. For details
about CAT(0) spaces, please see [14]. Some results are restored here for the CAT(0)
space 2.

If 7q = q, then a point ¢ is called a fixed point of a mapping 7 and F'(7) represents
the set of all fixed points of the mapping 7. Let € be a nonempty subset of a CAT(0)
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space Z . A mapping J : € — € is called a contraction if there exists 8 € (0,1) such
that

d(Tw,Tz) < fBdw,z), Yw,z€F.
A mapping J : € — € is called nonexpansive if

A Tw,Tz) <dw,z), YVw,z€E.

Suzuki [18] introduced a new condition on a mapping, called condition (%), which is
weaker than nonexpansiveness. A mapping J : € — € is said to satisfy condition (%) if
for all w,z € €, we have

1

id(w, Jw) <d(w,z) implies d(Tw,Tz)<d(w,z). (1.2)

The mapping satisfying condition A mapping 7 : € — € is said to satisfy condition (%)
is called a Suzuki generalized nonexpansive mapping. The following is an example of a
Suzuki generalized nonexpansive mapping which is not nonexpansive.

Motivated by the above, we prove some strong and A-convergence theorems results using
iterative scheme (1.1) for Suzuki generalized nonexpansive mappings in the setting of
CAT(0) space is given by

zn = (1 — $p)un P sn, T up,
Wy = (1 —tn)2n @ tnT 2, (1.3)
Tnt1 =1 =) T2, PvnTw,, VneN,

where {s,}, {t,} and {v,,} are sequence in (0, 1).

2. PRELIMINARIES
Lemma 2.1 (Dhompongsa et al. [15]). Let 2" be a CAT(0) space, y,w,z € 2 and
v € [0,1]. Then

(i) dlvy P (1 —v)w,z) < vd(y, z) + (1 — v)d(w, 2).

(11) d2(l/y @(1 - V)w7z) < I/d2(y,Z) + (1 - V)d2(w7z) - V(l - V)dz(va)’

Lemma 2.2 (Laokul et al. [17]). Let x be a point in a CAT(0) space (Z,d) and {v,}
be a sequence in a closed interval [a,b] for some a,b € (0,1). Assume that {w,} and {z,}
be two sequences in X such that limsup,,_, . d(wy,q) < o, limsup,,_, . d(zn,q) < a and
lim,, oo d(((1 — vp)wn ® vpzn),q) = « for some a > 0. Then lim, o d(wy,, 2,) = 0.

Proposition 2.3 (Suzuki [18]). Let 2" be a CAT(0) space, € be a nonempty subset of
X and T : € — € be any mapping. Then:

(i) If T is nonexpansive then 7 is a Suzuki generalized nonexpansive mapping.

(ii) If 7 is a Suzuki generalized nonexpansive mapping and has a fized point, then T
1S @ qUasSi-nonerpansive mapping.

(i) If 7 is a Suzuki generalized nonexpansive mapping, then d(w, 7 z) < 3d(Tw,w)+
d(w, z) for all w,z € €.
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Lemma 2.4 (Suzuki [18]). Let 2" be a CAT(0) space and € be a weakly compact con-
vexr subset of & . Let T be a mapping on €. Assume that J is a Suzuki generalized
nonexpansive mapping. Then T has a fized point.

Let 2" be a CAT(0) space, € be a nonempty closed convex subset of 2", and let {u,}
be a bounded sequence in 2. u € 2, we set

r(u, {u,}) = limsup d(u, uy).

n—oo
The asymptotic radius of {u,} relative to € is given by
(€, {un}) = inf{r(u,{u,}) : u € €},

and the asymptotic center of {uy,} relative to ¢ is the set

A (C,{un}) ={ue€:r(u,{uy}) =r(€,{u,})}.

Lemma 2.5 (Kirk and Panyanak[16]). Fvery bounded sequence in a complete CAT(0)
space always has a A-convergent subsequence.

3. MAIN RESULTS

Theorem 3.1. Let 2 be a Hadamard space, € be a nonempty closed convex subset of 2,
and T : € — € be a Suzuki generalized nonexpansive mapping with F () # (). For arbi-
trarily chosen ug € €, let the sequence {u,} be generated by (1.3) then lim, oo d(tn,q)
exists for any g € F(7).

Proof. Let ¢ € F(Z) and p € €. Since  is a Suzuki generalized nonexpansive mapping,
we obtain

%d(q, 7q)=0<d(q,p) implies that d(Zq, Tp) <d(q,p).

Using Lemma 2.1(i) and Proposition 2.3(ii), we have

d(zn,q) = d(((1 = sp)un @snﬂun),q)
< (1= sp)d(un, q) + $,d(Tun, q)

(3.1)
< (1= sn)d(un, q) + snd(un, q)
= d(un, q)-
Using (3.1), we obtain
d(wy,q) = d(((1 —t,) zn@t T 2n),
< (1 —tn)d(zn,q) +tn d(ﬂzn, q)
< (1= ta)d(zn0) + tud(znr0) (32)

1
1
d(2n,q)
d(un, q).

\/\ I/\I
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It follows that

d(@n41:9) = d((1 = v0) T 20 P vn Twn), a)
< (1= vp)d(T 2n, q) + vnd(Twy, q)

< (1= vn)d(2n,q) + Vnd(wn, q) (3:3)
< (1 = vn)d(un, q) + vpd(un, q)
= d(un, q)-
This implies that {d(un,q)} is bounded and non-increasing for all p € F (7). Therefore,
limy, 00 d(un, q) exists. n

Theorem 3.2. Let 27, ¢, .7 and {u,} satisfy the hypotheses of Theorem 3.1, where
{sn}, {tn}, {vn} are sequences of real numbers in [a,b] for some a,b with 0 < a < b < 1.
Then F(Z) # 0 if and only if {un} is bounded and lim,, oo d(tpn, Tuy,) = 0.

Proof. Assume F(7) # () and let ¢ € F(7). Using Theorem 3.1, lim,, 00 d(p, q) exists
and {u,} is bounded. Let

nhﬁ\n;o d(un,q) = a. (3.4)
From (3.1), (3.2) and (3.4), we get
lim sup d(zy,, q) < limsup d(u,,q) < « (3.5)
n—oo n—oo
and
lim sup d(wy,, ¢) < limsup d(un, q) < a. (3.6)
n—oo n—oo

Using Proposition 2.3(ii), we obtain
AT un,q) = d(Tup, 7q) < d(un,q) = limsup d(Tup,q) < limsup d(un,,q) < a.
n—oo n—oo

(3.7)

In the same way,

AT znyq) = d(T 20y Tq) < d(tin,q) = limsup d(T z,, q) < limsupd(u,,q) < «

n—oo n—soo
(3.8)
and
AT wy,q) = d(Twn, 7q) < d(tn,q) = limsup d(T w,, q) < limsup d(un,q) < a.
o o (3.9)
Again,
nh_}ngo d(xpy1,9) = nh_)n;o d((1 —vn)T zn @anwn), q) = a. (3.10)

From (3.8)—(3.10) and using Lemma 2.2, we get
lim d(.7 zp, Twy) = 0. (3.11)
n—oo
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On the other hand,
d(xpi1,q) =d(1 —vp) T 20 B v Twn), q)
< (1 = vp)d(T 2n,q) + vnd( T wn, q)
< (1 = v)d(2n,q) + vnd(wn, q)
=d(zn,q) — Vnd(zn,q) + Vnd(wn, q).
This implies that
d(anrla Q) - d(zna Q)

Vn

S d(wn7 Q) - d(zn7 q)
Then,
d(anrlv q) — d(znv q)

Un

d(.’ﬂn+1, Q) - d(zna Q) S S d(wna Q) - d(zna Q)

implies that

d($n+1a q) < d(wna q)
Hence,

a < liminf d(w,,, q).

n—oo

From (3.6) and (3.16), we get

a = d(wn,q)

=d(((1 —tn)zn @tnﬂzn), q)

From (3.5), (3.8), (3.17) and using Lemma 2.2, we get

lim d(zn, 7 z,) =0.

n—oo
From (3.1) and (3.2), we get

d(wn,q) < d(zn,q) < d(un,q).

This gives
oy Ao €)=
Using Lemma 2.1(ii),
A(2n,9)* = d((1 = sp)tn @ 50 T un), q)°
< (1= 80)d(Un, @) + 8$0d(Tun, @) — sn(1 — 5,)d(Un, Tup)?
< (1= 80)d(Un, @) + $pd(tn, q)* — 5, (1 — 5,)d(Up, Tuy)?
= d(tn,q)? — 5, (1 = 8)d(tp, Tuy)?.
So,
s T0)? = s 0,0 = (e )°)

Using (3.4) and (3.20), limsup,,_, . d(:7 up, u,) < 0 and hence,
lim d(uy, Tuy) =0.
n—oo

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Conversely, assume {u,} is bounded and lim, o d(upn, Tu,) = 0. Let g € & (€, {un}).
By Proposition 2.3(iii), we obtain

(T q, {un}) = limsup d(uyn, .7q)
n—oo

< limsup(3d(T up, un) + d(tn, q))
o0 (3.24)
< limsup d(uy, q)

n—oo
= 7(g; {un}).
This implies that ¢ € &(€,{u,}). Since 2 is uniformly convex, o7 (%, {un,}) is a
singleton and hence we have ¢ = q. Thus F(7) # 0. =

Theorem 3.3. Let ¢, %', 7 and {u,} be as in Theorem 3.2 with F(J) # 0. Then
{un}, A-converges to a fized point of .

Proof. The proof of the following A-convergence theorem is similar to the proof of [19]. m

Theorem 3.4. Let €, ', T and {un} be as in Theorem 3.2 such that € is compact
subset of Z". Then {u,} converges strongly to a fixed point of 7.

Proof. Using Lemma 2.4, we have F/(.9) # () and Theorem 3.1 we have lim,,_, oo d(:T up, uy) =
0. Since % is compact, there exists a subsequence {uy,, } of {u,} such that {u,, } converges
strongly to p for some ¢ € €. From Proposition 2.3(iii), we have

A(Un,, Tq) < 3d( T tn,, un,) + d(tn,,q), VYn>1.

Tanking | — oo, we obtain Jq = g, i.e., ¢ € F(Z). From Theorem 3.1, lim,,_, d(uy, q)
exists for every ¢ € F(7) and hence the {u,,} converge strongly to q. n

A mapping 7 : € — € is said to satisfy Condition (I) [20] if there exists a non-decreasing
function f : [0,00) — [0,00) with f(0) =0 and f(a) > 0 for all & > 0 such that

d(u, Tu) > f(d(u, F(T)), YueF.

Theorem 3.5. Let ¢, %', 7 and {u,} be as in Theorem 3.2 with F(7) # 0. If T
satisfies condition (I), then {u,} converges strongly to a fized point of .

Proof. Using Theorem 3.1, we have lim,,_, oo d(uy,, ¢) exists for all ¢ € F(.7) and lim,,_, oo d(tp, F'(T))
exists. Suppose lim, o d(un,q) = « for some a > 0. If @« = 0 then the result follows.
Assume a > 0, from the hypothesis and condition (I),

F(d(un, F(T))) < d(Tun, un)- (3.25)
Since F(T) # (), using Theorem 3.2, we have lim,,_, oo d(:F un, upn) = 0. Thus (3.25) implies
that

lim f(d(u,, F(7))) =0. (3.26)

n—oo

Since f is a nondecreasing function, from (3.26) we have lim,,_,cod(un, F(7)) = 0. Hence,
we have a subsequence {uy, } of {u,} and a sequence {w;} C F(.7) such that

1
A(tn,, wp) < =

g Vizl
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Using (3.4), we obtain

d(tn,, s wi) < d(tn,, wy) < o0 Vi>1.
Thus,
d(wiy1,wr) < d(wigr, uien) + d(ugg, wr)
1 1
< 9l+1 + ol
1
< 2171

—0 as [ — oo.

This shows that {w;} is a Cauchy sequence in F'(.7) and it converges to a point g. Since
F(7) is closed, g € F(7) and then {u,, } converges strongly to ¢. Since limy,_cod(un, q)
exists, we have u,, — q € F(.7). n

4. NUMERICAL ILLUSTRATIONS

Define a mapping 7 : [4,5] — [4,5] by

9 —w, ifwe{él,?g),
Tw =
w+40 . [37 5]

9 , ifwe 9

Next, we show that .7 is a Suzuki generalized nonexpansive mapping but not nonexpan-
sive.
411 37
Take w = 100 and z = 9 then
A Tw,Tz)=|Tw— Tz|

409 397
o

Thus, 7 is not a nonexpansive mapping.

Now, we verify that .7 is a Suzuki generalized nonexpansive mapping.

Case I. Let w € [4,3]), then $d(w, Tw) = 222 € (&, 3]. For id(w, Tw) < d(w, z)
we must have 2% < z —w, i.e., 3 < z, hence z € [2,5] . We have

Jw — 41 1
(g_w)’: z—&—w’

z+ 40

A Tw, Tz) = 5 <3
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and
37 9 7 1
Thus, 3d(w, Tw) < d(w, 2) = d(Tw, Tz) < d(w, 2).
Case II. Let w € [27,5], then fd(w, Tw) = §|%+20 — w| = 298 ¢ [0,%]. For

2d(w, Zw) < d(w, z), we must have 19-8% < |z — |, which gives two possibilities:
(a). Let w < z, then 19589 < 7 — @ = » < 2040w — 5 ¢ [I30 5]  [37 5] So

1627
40 40 1
w+9 - Z+9 = §d(w,z) < d(w, z).
Thus, id(w, Tw) < d(w, z) = d(Tw, Tz) < d(w, 2).
(b) . Letw >z, then 0589 <z —w = 2 <w — 10530 = 20040 — 5 ¢ [802 5], Since
z € [4,5]. So z < 2890 — 4 € [L2 5] the case is w € [L2,5] and 2 € [4,5].
Now, w € [42,5] and € [2[ 5] is already included in (a). So, let w € [42,5] and

26
z € [4,37) then

A Tw, Tz) = ‘

d(yw,yz):‘“’;40_(9_2)’:‘“}4”;_‘“’.

For convenience, first we consider w € [L12,39] and z € [4,3), then d(Tw, 72) < &
and d(w,z) > 2. Thus, d(Tw, Tz) < d(w, 2).

Next consider w € [2,5] and z € [4,2]), then d(Fw, 72) < ¢ and d(z,y) > 22. Thus,
d(Tw, T z) < d(w,z). Hence, 1d(w, Tw) < d(w,z) = d(Tw, Tz) < d(w, 2).

Therefore, 7 is a Suzuki generalized nonexpansive mapping. With help of Matlab Pro-
gram Software, we obtain the comparison Table 1 and Figure 1 for various iterative
schemes with control sequences v,, = 0.65,t, = 0.35,s,, = 0.95 and initial guess u; = 4.2.

TABLE 1. Results comparison

n Algorithm (1.3) Thakur S

1 4.2000 4.2000 4.2000
2 4.9890 4.9627 4.9291
3 4.9998 4.9983 4.9937
4 5.0000 4.9999 4.9994
5 5.0000 5.0000 5.0000
6 5.0000 5.0000 5.0000
7 5.0000 5.0000 5.0000
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W

—— Algorithm (1.3)
----- Thakur 1
—S

b
o
:

||un+1 — Un“?
L h =~ & &
I W (=)} e | [oe]

R
w
T
|

L L ! L

3 4 5 6 7
Number of iterations

R
o

—_
[\

F1GURE 1. Graph of results comparison

5. CONCLUSIONS

The extension of the linear version of the fixed point results to nonlinear domains has its
own significance. We extend a linear version of convergence results to the fixed point of a
mapping satisfying Suzuki generalized nonexpansive mappings for iteration process [12]
and [13] to nonlinear Hadamard spaces.
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