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1. Introduction

Let H1 and H2 be real Hilbert spaces with inner product ⟨·, ·⟩ and norm ∥ · ∥. Let
C and Q be nonempty closed convex subsets of H1 and H2, respectively. Let {xn} be
a sequence in H1, then xn → x (respectively, xn ⇀ x) will denote strong (respectively,
weak) convergence of the sequence {xn}. A mapping S : C → C is called nonexpansive if
∥Sx− Sy∥ ≤ ∥x− y∥,∀x, y ∈ C.

The fixed point problem (FPP) for the mapping S is to find x ∈ C such that

Sx = x. (1.1)

We denote Fix(S) := {x ∈ C : Sx = x}, the set of solutions of FPP.
Assume throughout the paper that S is a nonexpansive mapping such that Fix(S) ̸= ∅.

Recall that a self-mapping f : C → C is a contraction on C if there exists a constant
α ∈ (0, 1) and x, y ∈ C such that ∥f(x)− f(y)∥ ≤ α∥x− y∥.
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Given a nonlinear mapping A : C → H1. Then the variational inequality problem
(VIP) is to find u ∈ C such that

⟨Au, v − u⟩ ≥ 0, ∀v ∈ C. (1.2)

The solution of VIP (1.2) is denoted by V I(A,C). It is well known that if A is strongly
monotone and Lipschitz continuous mapping on C then VIP (1.2) has a unique solution.
There are several different approaches towards solving this problem in finite dimensional
and infinite dimensional spaces see [1–3] and the research in this direction is intensively
continued. Then VIP satisfies the following Lemma;

Lemma 1.1. For a given z ∈ H1, u ∈ C satisfies the inequality

⟨u− z, v − u⟩ ≥ 0, ∀v ∈ C, iff u = PCz, (1.3)

where PC is the projection of H1 onto a closed convex set C.

For finding an element of Fix(S) ∩ V I(A,C) when C is closed and convex, S is non-
expansive and A is α-inverse strongly monotone, Takashi and Toyoda [4] introduced the
following Mann-type itereative algorithm:

xn+1 = αnxn + (1− αn)SPC(xn − λnAxn), ∀n ≥ 0, (1.4)

where S is nonexpansive PC is the metric projection of H onto C, x0 = x ∈ C, {αn} is
a sequence in (0, 1) and {λn} is a sequence in (0, 2α). They showed that, if Fix(S) ∩
V I(A,C) ̸= ∅, then the sequence {xn} converges weakly to some z ∈ Fix(S)∩ V I(A,C).
Nadezhkina and Takahashi [5] and Zeng and Yao [6] propose extragardient methods mo-
tivated by Korpelevič [7] for finding a common element of the fixed point set of a nonex-
pansive mapping and the solution set of a variational inequality problem.

Let D1, D2 : C → H be two mappings. Now we consider the following problem of
finding (x∗, y∗) ∈ C × C such that

⟨µ1D1y
∗ + x∗ − y∗, x− x∗⟩ ≥ 0, ∀x ∈ C

⟨µ2D2x
∗ + y∗ − x∗, x− y∗⟩ ≥ 0, ∀x ∈ C,

(1.5)

which is called a general system of variational inequalities where µ1 > 0 and µ2 > 0 are
two constants. The set of solutions of problem (1.5) is denoted by GSV I(D1, D2, C).
In particular, if D1 = D2 = A, then problem (1.5) reduces to the problem of finding
(x∗, y∗) ∈ C × C such that

⟨µ1Ay
∗ + x∗ − y∗, x− x∗⟩ ≥ 0, ∀x ∈ C

⟨µ2Ax∗ + y∗ − x∗, x− y∗⟩ ≥ 0, ∀x ∈ C,
(1.6)

which was defined by Verma [8] and is called the new system of variational inequalities.
Further, if x∗ = y∗ additionally, the problem (1.6) reduces to the classical variational
inequality problem (1.2).

Ceng et al. [9] studied the problem (1.5) by transforming it into a fixed-point problem.
Precisely and for easy reference, we state their results in following lemma and theorem.
Lemma CWY [9] For given x̄, ȳ ∈ C, (x̄, ȳ) is a solution of (1.5) if and only if x̄ is a
fixed point of the mapping G : C → C defined by

G(x) = PC [PC(x− µ1D2x)− µ1D1PC(x− µ2D2x)], ∀x ∈ C, (1.7)
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where ȳ = PC(x̄−µ2D2x̄). In particular, if the mappingDi : C → H is µi-inverse strongly
monotone for i = 1, 2, then the mapping G is nonexpansive provided µi ∈ (0, 2µi) for
i = 1, 2.

Throughout this paper, the fixed-point set of the mapping G is denoted by G. Utilizing
Lemma CWY, they introduced and studied a relaxed extragradient method for solving
problem (1.5).
Theorem CWY [9] Let C be a nonempty closed convex subset of a real Hilbert space
H. Let the mapping Di : C → H be ηi-inverse strongly monotone for i = 1, 2. Let
S : C → H be a nonexpansive mapping with Fix(S) ∩ G ̸= ∅. Suppose x1 = u ∈ C and
{xn} is generated by

yn = PC(xn − µ2D2xn),
xn+1 = αnu+ βnxn + γnSPC(yn − µ1D1yn),

(1.8)

where µi ∈ (0, 2ηi) for i = 1, 2, and {αn}, {βn}, {γn} are three sequences in [0, 1] such
that

(i) αn + βn + γn = 1 for all n ≥ 1;

(ii) lim
n→∞

αn = 0,
∞∑

n=1
αn = ∞ ;

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1.

Then {xn} converges strongly to x̄ = PFix(S)∩Gu and (x̄, ȳ) is a solution of problem (1.5),
where ȳ = PC(x̄− µ2D2x̄).

It is clear that the above result unifies and extends some corresponding result in the
literature.

Based on the relaxed extragradient method and viscosity approximation method, Yao
et al. [10] proposed and analyzed an iterative algorithm for finding a common element of
strictly pseudocontractive mapping in a real Hilbert space H.
Theorem YLK [10] Let C be a nonempty closed convex subset of a real Hilbert space H.
Let the mapping Di : C → H be ηi-inverse strongly monotone for i = 1, 2. Let S : C → H
be a k-strictly pseudocontractive mapping with Fix(S) ∩ G ̸= ∅. Let Q : C → C be a
ρ-contraction with ρ ∈ [0, 1

2 ). For given x0 ∈ C arbitrarily, let {xn}, {yn}, and {zn} be
generated iterative by

zn = PC(xn − µ2D2xn),
yn = αnQxn + (1− αn)PC(zn − µ1D1zn),
xn+1 = βnxn + γnPC(zn − µ1D1zn) + δnSyn, ∀n ≥ 0, .

(1.9)

where µi ∈ (0, 2ηi) for i = 1, 2, and {αn}, {βn}, {γn}, {δn} are four sequences in [0, 1]
such that

(i) βn + γn + δn = 1 and (γn + δn)k ≤ γn < (1− 2ρ)δn for all n ≥ 0;

(ii) lim
n→∞

αn = 0,
∞∑

n=1
αn = ∞ ;

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1 and lim inf
n→∞

δn > 0;

(iv) lim
n→∞

(γn+1/(1− βn+1)− γn/(1− βn)) = 0.

Then the sequence {xn} generated by (1.9) converges strongly to x̄ = PFix(S)∩GQx̄ and
(x̄, ȳ) is a solution of the general system (1.5) of variational inequalities, where ȳ =
PC(x̄− µ2D2x̄).
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Recall also a multi-valued mapping M : H1 → 2H1 is called monotone if, for all
x, y ∈ H1, u ∈ Mx and v ∈ My such that

⟨x− y, u− v⟩ ≥ 0.

A monotone mapping M is maximal if the Graph(M) is not properly contained in the
graph of any other monotone mapping. It is well known that a monotone mapping M is
maximal if and only if for (x, u) ∈ H1×H1, ⟨x−y, u−v⟩ ≥ 0 for every (y, v) ∈ Graph(M)
implies that u ∈ Mx.

Let M : H1 → 2H1 be a multi-valued maximal monotone mapping. Then the resolvent
mapping JM

λ : H1 → H1 associated with M is defined by

JM
λ (x) := (I + λM)−1(x), ∀x ∈ H1,

for some λ > 0, where I stands for the identity operator on H1. Note that for all λ > 0
the resolvent operator JM

λ is single-valued, nonexpansive, and firmly nonexpansive.
In 2011, Moudafi [11] introduced the following split monotone variational inclusion

problem: Find x∗ ∈ H1 such that{
0 ∈ f1(x

∗) +B1(x
∗),

y∗ = Ax∗ ∈ H2 : 0 ∈ f2(y
∗) +B2(y

∗),
(1.10)

where B1 : H1 → 2H1 , B2 : H2 → 2H2 are multi-valued maximal monotone mappings and
A is bounded linear operator, f1 : H1 → H1 and f2 : H2 → H2 are two given operators.

The split monotone variational inclusion problem (1.10) includes as special cases: the
split common fixed point problem, the split variational inequality problem, the split zero
problem, and the split feasibility problem, which have already been studied and used
in practice as a model in intensity-modulated radiation therapy treatment planning, see
[12] This formalism is also at the core of the modeling of many inverse problems arising
for phase retrieval and other real-world problems; for instance, in sensor networks in
computerized tomography and data compression.

If f1 ≡ 0 and f2 ≡ 0, the problem (1.10) reduces to the following split variational
inclusion problem: Find x∗ ∈ H1 such that{

0 ∈ B1(x
∗),

y∗ = Ax∗ ∈ H2 : 0 ∈ B2(y
∗),

(1.11)

which constitutes a pair of variational inclusion problems connected with a bounded linear
operator A in two different Hilbert spaces H1 and H2. The solution set of problem (1.11)
is denoted by Γ̄ = {x∗ ∈ H1 : 0 ∈ B1(x

∗), y∗ = Ax∗ ∈ H2 : 0 ∈ B2(y
∗)}.

Very recently, Byrne et al. [13] studied the weak and strong convergence of the following
iterative method for problem (1.11): For given x0 ∈ H1 and λ > 0, compute iterative
sequence {xn} generated by the following scheme:

xn+1 = JB1

λ (xn + ϵA∗(JB2

λ − I)Axn). (1.12)

In 2013, Kazmi and Rivi [14] modified scheme (1.11) to the case of a split variational
inclusion and the fixed point problem of a nonexpansive mapping. To be more precise,
they proved the following strong convergence theorem.
Theorem KR [14] Let H1 and H2 be two real Hilbert spaces and A : H1 → H2 be
a bounded linear operator. Let f : H1 → H1 be a contraction mapping with constant
ρ ∈ (0, 1) and T : H1 → H1 be a nonexpansive mapping such that Ω = Fix(T ) ∩ Γ̄ ̸= ∅.
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For a given x0 ∈ H1 arbitrarily, let the iterative sequences {un} and {xn} be generated
by {

un = JB1

λ (xn + ϵA∗(JB2

λ − I)Axn),
xn+1 = αnf(xn) + (1− αn)Tun,

(1.13)

where λ > 0 and ϵ ∈ (0, 1
L ), L is the spectral radius of the operator A∗A, and A∗ is

the adjoint of A, {αn} is a sequence in (0, 1) such that lim
n→∞

αn = 0,
∞∑

n=1
αn = ∞ and

∞∑
n=1

|αn − αn−1| < ∞. Then the sequence {un} and {xn} both convergence strongly to

z ∈ Ω, where z = PΩf(z).
Inspired and motivation by research going on in this area, a modified general iterative

method for a split variational inclusion and k-strictly pseudo-contractive mapping, which
is defined in the following way: zn = JB1

λ (xn + ξA∗(JB2

λ − I)Axn),
yn = αnKxn + (1− αn)PC [PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]
xn+1 = βnxn + γnyn + δnSyn, ∀n ≥ 0,

(1.14)

where µi ∈ (0, 2ηi) for i = 1, 2, {αn}, {βn}, {γn} ⊂ [0, 1], λ > 0 and ξ ∈ (0, 1
L ), L is the

spectral radius of the operator A∗A, A∗ is the adjoint of bounded linear operation A,
Di : C → H1 are ηi-inverse strongly monotone for i = 1, 2, S : C → C is a k-strictly
pseudocontractive mapping and K : C → C be ρ-contraction with ρ ∈ [0, 1

2 ).
Furthermore, we prove that the sequences generated by the iterative scheme converge

strongly to a common solution set of split variational inclusion problem, a general system
of variational inequalities and fixed point set of a strictly pseudocontractive mapping in
real Hilbert space.

2. Preliminaries

In this section, we collect some notations and lemmas. Let C be a nonempty closed
convex subset of a real Hilbert space H1. A mapping D : C → H1 is called monotone if

⟨Dx−Dy, x− y⟩ ≥ 0, ∀x, y ∈ C. (2.1)

A mapping D : C → H1 is called Lipschitz continuous if there exists a real number L > 0
such that

∥Dx−Dy∥ ≤ L∥x− y∥, ∀x, y ∈ C. (2.2)

Recall that a mapping D : C → H1 is called α-inverse strongly monotone if there exists
a real number α > 0 such that

⟨Dx−Dy, x− y⟩ ≥ α∥Dx−Dy∥2, ∀x, y ∈ C. (2.3)

It is clear that every inverse strongly monotone mapping is a monotone and Lipschitz con-
tinuous mapping. Also, recall that a mapping S : C → C is said to be k-strictly pseudocontractive
if there exists a constant 0 ≤ k < 1 such that

∥Sx− Sy∥2 ≤ ∥x− y∥2 + k∥(I − S)x− (I − S)y∥2, ∀x, y ∈ C. (2.4)
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For such a case, we also say that S is a k-strict pseudo-contraction [15]. It is clear that,
in a real Hilbert space H1, inequality (2.4) is equivalent to the following:

⟨Sx− Sy, x− y⟩ ≤ ∥x− y∥2 − 1− k

2
∥(I − S)x− (I − S)y∥2, ∀x, y ∈ C. (2.5)

This immediately implies that if S is a k-strictly pseudocontractive mapping, then I − S
is 1−k

2 -inverse strongly monotone.
Let H1 be a real Hilbert space. Then

∥x− y∥2 = ∥x∥2 − ∥y∥2 − 2⟨x− y, y⟩, (2.6)

∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩, (2.7)

and

∥λx+ (1− λ)y∥2 = λ∥x∥2 + (1− λ)∥y∥2 − λ(1− λ)∥x− y∥2, (2.8)

for all x, y ∈ H1 and y ∈ [0, 1].
We recall some concepts and results which are needed in sequel. A mapping PC is said

to be metric projection of H1 onto C if for every point x ∈ H1, there exists a unique
nearest point in C denoted by PCx such that

∥x− PCx∥ ≤ ∥x− y∥, ∀y ∈ C. (2.9)

It is well known that PC is a nonexpansive mapping and is characterized by the fol-
lowing property:

∥PCx− PCy∥2 ≤ ⟨x− y, PCx− PCy⟩, ∀x, y ∈ H1. (2.10)

Moreover, PCx is characterized by the following properties:

⟨x− PCx, y − PCx⟩ ≤ 0, (2.11)

∥x− y∥2 ≥ ∥x− PCx∥2 + ∥y − PCx∥2, ∀x ∈ H1, y ∈ C, (2.12)

and

∥(x− y)− (PCx− PCy)∥2 ≥ ∥x− y∥2 − ∥PCx− PCy∥2, ∀x, y ∈ H1. (2.13)

It is known that every nonexpansive operator S : H1 → H1 satisfies, for all (x, y) ∈
H1 ×H1, the inequality

⟨(x− S(x))− (y − S(y)), S(y)− S(x)⟩ ≤ 1

2
∥(S(x)− x)− (S(y)− y)∥2, (2.14)

and therefore, we get, for all (x, y) ∈ H1 × Fix(S),

⟨x− S(x), y − S(x)⟩ ≤ 1

2
∥S(x)− x∥2. (2.15)

Lemma 2.1. [16] Let {xn} and {zn} be bounded sequences in a Banach space X and
let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose
xn+1 = (1− βn)zn + βnxn for all integers n ≥ 0 and

lim sup
n→∞

(∥zn+1 − zn∥ − ∥xn+1 − xn∥) ≤ 0.

Then, limn→∞ ∥zn − xn∥ = 0.
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Lemma 2.2. [17] Let {an} be a sequence of nonnegative numbers satisfying the condition

an+1 ≤ (1− δn)an + δnσn, ∀n ≥ 1,

where {δn}, {σn} are sequences of real numbers such that

(i) {δn} ⊂ [0, 1] and
∞∑

n=1
δn = ∞, or equivalently,

∞
Π

n=1
(1− δn) = lim

n→∞

∞
Π

k=1
(1− δk) =

0;

(ii) lim sup
n→∞

σn ≤ 0 or
∞∑

n=1
δnσn is convergent.

Then, lim
n→∞

an = 0.

Lemma 2.3. [18] Assume that T is nonexpansive self mapping of a closed convex subset
C of a Hilbert space H1. If T has a fixed point, then I − T is demiclosed, i.e., whenever
{xn} converges strongly to some y, it follows that (I − T )x = y. Here I is the identity
mapping on H1.

Lemma 2.4. [19] Let C be a nonempty closed convex subset of a real Hilbert space H
and S : C → C be a self-mapping of C.

(i) If S is a k-strict pseudocontractive mapping, then S satisfies the Lipschitz
condition

∥Sx− Sy∥ ≤ 1 + k

1− k
∥x− y∥, ∀x, y ∈ C. (2.16)

(ii) If S is a k-strict pseudocontractive mapping, then the mapping I − S is demi-
closed at 0, that is, if {xn} is a sequence in C such that xn → x̃ weakly and
(I − S)xn → 0 strongly, then (I − S)x̃ = 0.

(iii) If S is k-(quasi)strict pseudo-contraction, then the fixed-point set Fix(S) of S
is closed and convex so thst the projection PFix(S) is well defined.

Lemma 2.5. [10] Let C be a nonempty closed convex subset of a real Hilbert space H.
Let S : C → C be a k strictly pseudocontractive mapping. Let γ and δ be two nonnegative
real numbers. Assume (γ + δ)k ≤ γ. Then

∥γ(x− y) + δ(Sx− Sy)∥ ≤ (γ + δ)∥x− y∥, ∀x, y ∈ C. (2.17)

3. Main Result

Theorem 3.1. Let H1 and H2 be two real Hilbert spaces and let C ⊆ H1 and Q ⊆ H2

be nonempty closed convex subsets. Let A : H1 → H2 be a bounded linear operator and
Di : C → H be ηi-inverse strongly monotone for i = 1, 2. Let S : C → C be a k-strictly
pseudocontractive mapping such that Fix(S)∩ Γ̄∩G ̸= ∅. Let K : C → C be ρ-contraction
with ρ ∈ [0, 1

2 ). For given x0 ∈ C arbitrarily, let the sequences {xn}, {yn} and {zn} be
generated iteratively by

 zn = JB1

λ (xn + ξA∗(JB2

λ − I)Axn),
yn = αnKxn + (1− αn)PC [PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]
xn+1 = βnxn + γnyn + δnSyn, ∀n ≥ 0,

(3.1)
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where µi ∈ (0, 2ηi) for i = 1, 2, {αn}, {βn}, {γn}, {δn} ⊂ [0, 1], λ > 0 and ξ ∈ (0, 1
L ), L is

the spectral radius of the operator A∗A, A∗ is the adjoint of A. Assume that the following
conditions are satisfied:

(i) βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;

(ii) lim
n→∞

αn = 0,
∞∑

n=1
αn = ∞;

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1; and lim inf
n→∞

δn > 0;

(iv) lim
n→∞

(γn+1/(1− βn+1)− γn/(1− βn)) = 0.

Then, the sequence {xn} generated by (3.1) converges strongly to x̄ ∈ PFix(S)∩Γ̄∩GKx̄ if

and only if lim
n→∞

∥yn − zn∥ = 0. Furthermore (x̄, ȳ) is a solution of the general system

(1.5) of variational inequalities, where ȳ = PC(x̄− µ2D2x̄).

Proof. We devide the proof into 6 steps.
Step 1. First we will prove that {xn} is bounded.
Indeed, take x∗ ∈ Fix(S) ∩ Γ̄ ∩ G arbitrarily. Then Sx∗ = x∗, x∗ ∈ Γ̄, and x∗ =

PC [PC(x
∗ − µ2D2x

∗)− µ1D1PC(x
∗ − µ2D2x

∗)].

From x∗ ∈ Γ̄, we have x∗ = JB1

λ x∗, Ax∗ = JB2

λ (Ax∗). We estimate

∥zn − x∗∥2

= ∥JB1

λ (xn + ξA∗(JB2

λ − I)Axn)− x∗∥2

= ∥JB1

λ (xn + ξA∗(JB2

λ − I)Axn)− JB1

λ x∗∥2

≤ ∥xn + ξA∗(JB2

λ − I)Axn − x∗∥2

≤ ∥xn − x∗∥2 + ξ2∥A∗(JB2

λ − I)Axn∥2

+2ξ⟨xn − x∗, A∗(JB2

λ − I)Axn⟩. (3.2)

Thus, we have

∥zn − x∗∥2 ≤ ∥xn − x∗∥2 + ξ2⟨(JB2

λ − I)Axn, AA
∗(JB2

λ − I)Axn⟩
+2ξ⟨xn − x∗, A∗(JB2

λ − I)Axn⟩. (3.3)

Now, we have

ξ2⟨(JB2

λ − I)Axn, AA
∗(JB2

λ − I)Axn⟩ ≤ Lξ2⟨(JB2

λ − I)Axn, (J
B2

λ − I)Axn⟩
= Lξ2∥(JB2

λ − I)Axn∥2. (3.4)

Setting Λ := 2ξ⟨xn − x∗, A∗(JB2

λ − I)Axn⟩ and using (2.15), we have

Λ = 2ξ⟨xn − x∗, A∗(JB2

λ − I)Axn⟩
= 2ξ⟨A(xn − x∗), (JB2

λ − I)Axn⟩
= 2ξ⟨A(xn − x∗) + (JB2

λ − I)Axn − (JB2

λ − I)Axn, (J
B2

λ − I)Axn⟩

= 2ξ

{
⟨JB2

λ Axn −Ax∗, (JB2

λ − I)Axn⟩ − ∥(JB2

λ − I)Axn∥2
}

≤ 2ξ

{
1

2
∥(JB2

λ − I)Axn∥2 − ∥(JB2

λ − I)Axn∥2
}

≤ −ξ∥(JB2

λ − I)Axn∥2. (3.5)
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Using (3.3), (3.4) and (3.5), we obtain

∥zn − x∗∥2 ≤ ∥xn − x∗∥2 + ξ(Lξ − 1)∥(JB2

λ − I)Axn∥2. (3.6)

Since ξ ∈ (0, 1
L ), we obtain

∥zn − x∗∥2 ≤ ∥xn − x∗∥2. (3.7)

For simplicity, we write y∗ = PC(x
∗ − µ2D2x

∗) and un = PC(zn − µ2D2zn) for all
n ≥ 0. Since Di : C → H1 be ηi-inverse strongly monotone for i = 1, 2 and 0 < µi < 2ηi
for i = 1, 2, we know that for all n ≥ 0,

∥PC [PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]− x∗∥2

= ∥PC [PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]

−PC [PC(x
∗ − µ2D2x

∗)− µ1D1PC(x
∗ − µ2D2x

∗)]∥2

≤ ∥[PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]

−[PC(x
∗ − µ2D2x

∗)− µ1D1PC(x
∗ − µ2D2x

∗)]∥2

= ∥[PC(zn − µ2D2zn)− PC(x
∗ − µ2D2x

∗)]

−µ1[D1PC(zn − µ2D2zn)−D1PC(x
∗ − µ2D2x

∗)]∥2

≤ ∥PC(zn − µ2D2zn)− PC(x
∗ − µ2D2x

∗)∥2

−µ1(2η1 − µ1)∥D1PC(zn − µ2D2zn)−D1PC(x
∗ − µ2D2x

∗)∥2

≤ ∥(zn − µ2D2zn)− (x∗ − µ2D2x
∗)∥2 − µ1(2η1 − µ1)∥D1un −D1y

∗∥2

= ∥(zn − x∗)− µ2(D2zn −D2x
∗)∥2 − µ1(2η1 − µ1)∥D1un −D1y

∗∥2

≤ ∥zn − x∗∥2 − µ2(2η2 − µ2)∥D2zn −D2x
∗∥2 − µ1(2η1 − µ1)∥D1un −D1y

∗∥2

≤ ∥zn − x∗∥2

≤ ∥xn − x∗∥2. (3.8)

Hence, we get

∥yn − x∗∥
= ∥αn(Kxn − x∗) + (1− αn)(PC [PC(zn − µ2D2zn)

−µ1D1PC(zn − µ2D2zn)]− x∗)∥
≤ αn∥Kxn − x∗∥+ (1− αn)∥PC [PC(zn − µ2D2zn)

−µ1D1PC(zn − µ2D2zn)]− x∗)∥
≤ αn(ρ∥xn − x∗∥+ ∥Kx∗ − x∗∥) + (1− αn)∥xn − x∗∥

= (1− (1− ρ)αn)∥xn − x∗∥+ (1− ρ)αn
∥Kx∗ − x∗∥

1− ρ

≤ max

{
∥xn − x∗∥, ∥Kx∗ − x∗∥

1− ρ

}
. (3.9)

Since (γn + δn)k ≤ γn for all n ≥ 0, utilizing Lemma 2.5, we obtain from (3.9)
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∥xn+1 − x∗∥ = ∥βn(xn − x∗) + γn(yn − x∗) + δn(Syn − x∗)∥
≤ βn∥xn − x∗∥+ ∥γn(yn − x∗) + δn(Syn − x∗)∥
≤ βn∥xn − x∗∥+ (γn + δn)∥yn − x∗∥

≤ βn∥xn − x∗∥+ (γn + δn)max

{
∥xn − x∗∥, ∥Kx∗ − x∗∥

1− ρ

}
≤ max

{
∥xn − x∗∥, ∥Kx∗ − x∗∥

1− ρ

}
. (3.10)

By induction, we obtain that for all n ≥ 0,

∥xn − x∗∥ ≤ max

{
∥x0 − x∗∥, ∥Kx∗ − x∗∥

1− ρ

}
. (3.11)

Hence, {xn} is bounded. Consequently, we deduce immediately that {zn}, {yn}, {Syn}
and {un} are bounded, where un = PC(zn − µ2D2zn) for all n ≥ 0.

Now, put

tn := PC [PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)], ∀n ≥ 0. (3.12)

Then it is easy to see that {tn} is bounded because PC , D1, and D2 are Lipschitz contin-
uous and {zn} is bounded.

Step 2. We will prove that lim
n→∞

∥xn+1 − xn∥ = 0.

Indeed, define xn+1 = βnxn + (1− βn)wn for all n ≥ 0, so we get wn = xn+1−βnxn

1−βn
. It

follows that

wn+1 − wn =
γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)

1− βn+1
+

(
γn+1

1− βn+1
− γn

1− βn

)
yn

+

(
δn+1

1− βn+1
− δn

1− βn

)
Syn. (3.13)

Since (γn + δn)k ≤ γn for all n ≥ 0, utilizing Lemma 2.5 we have

∥γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)∥ ≤ (γn+1 + δn+1)∥yn+1 − yn∥. (3.14)

Next, we estimate ∥yn+1 − yn∥. Observe that

∥zn+1 − zn∥
= ∥JB1

λ (xn+1 + γA∗(JB2

λ − I)Axn+1 − JB1

λ (xn + γA∗(JB2

λ − I)Axn∥
≤ ∥JB1

λ (I + γA∗(JB2

λ − I)A)xn+1 − JB1

λ (I + γA∗(JB2

λ − I)A)xn∥
≤ ∥xn+1 − xn∥. (3.15)
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And

∥tn+1 − tn∥2

= ∥PC [PC(zn+1 − µ2D2zn+1)− µ1D1PC(zn+1 − µ2D2zn+1)]

−PC [PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]∥2

≤ ∥[PC(zn+1 − µ2D2zn+1)− µ1D1PC(zn+1 − µ2D2zn+1)]

−[PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]∥2

= ∥[PC(zn+1 − µ2D2zn+1)− PC(zn − µ2D2zn)]

−µ1[D1PC(zn+1 − µ2D2zn+1)−D1PC(zn − µ2D2zn)]∥2

≤ ∥PC(zn+1 − µ2D2zn+1)− PC(zn − µ2D2zn)∥2

−µ1(2η1 − µ1)∥D1PC(zn+1 − µ2D2zn+1)−D1PC(zn − µ2D2zn)∥2

≤ ∥PC(zn+1 − µ2D2zn+1)− PC(zn − µ2D2zn)∥2

≤ ∥(zn+1 − µ2D2zn+1)− (zn − µ2D2zn)∥2

= ∥(zn+1 − zn)− µ2(D2zn+1 −D2zn)∥2

≤ ∥zn+1 − zn∥2 − µ2(2η2 − µ2)∥D2zn+1 −D2zn∥2

≤ ∥zn+1 − zn∥2. (3.16)

Comblining (3.15) with (3.16), we get

∥tn+1 − tn∥ ≤ ∥xn+1 − xn∥ (3.17)

This together with (3.17) implies that

∥yn+1 − yn∥
= ∥(tn+1 − tn) + αn+1(Kxn+1 − tn+1)− αn(Kxn − tn)∥
≤ ∥tn+1 − tn∥+ αn+1∥Kxn+1 − tn+1∥+ αn∥Kxn − tn∥
≤ ∥xn+1 − xn∥+ αn+1∥Kxn+1 − tn+1∥+ αn∥Kxn − tn∥. (3.18)
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From wn = γnyn+δnSyn

1−βn
, and it follows from (3.13) , (3.14) and (3.18) that

∥wn+1 − wn∥

=

∥∥∥∥γn+1yn+1 + δn+1Syn+1

1− βn+1
− γnyn + δnSyn

1− βn

∥∥∥∥
=

∥∥∥∥γn+1yn+1 + δn+1Syn+1

1− βn+1
+

γn+1yn
1− βn+1

− γn+1yn
1− βn+1

+
δn+1Syn
1− βn+1

− δn+1Syn
1− βn+1

− γnyn + δnSyn
1− βn

∥∥∥∥
=

∥∥∥∥(γn+1yn+1

1− βn+1
− γn+1yn

1− βn+1

)
+

(
δn+1Syn+1

1− βn+1
− δn+1Syn

1− βn+1

)
+

γn+1yn
1− βn+1

− γnyn
1− βn

+
δn+1Syn
1− βn+1

− δnSyn
1− βn

∥∥∥∥
≤

∥∥∥∥γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)

1− βn+1

∥∥∥∥
+

∣∣∣∣ γn+1

1− βn+1
− γn

1− βn

∣∣∣∣∥yn∥+ ∣∣∣∣ δn+1

1− βn+1
− δn

1− βn

∣∣∣∣∥Syn∥
≤ γn+1 + δn+1

1− βn+1
∥yn+1 − yn∥+

∣∣∣∣ γn+1

1− βn+1
− γn

1− βn

∣∣∣∣∥yn∥
+

∣∣∣∣ δn+1

1− βn+1
− δn

1− βn

∣∣∣∣∥Syn∥
≤ γn+1 + δn+1

1− βn+1
∥yn+1 − yn∥+

∣∣∣∣ γn+1

1− βn+1
− γn

1− βn

∣∣∣∣(∥yn∥+ ∥Syn∥)

= ∥yn+1 − yn∥+
∣∣∣∣ γn+1

1− βn+1
− γn

1− βn

∣∣∣∣(∥yn∥+ ∥Syn∥)

≤ ∥xn+1 − xn∥+ αn+1∥Kxn+1 − tn+1∥+ αn∥Kxn − tn∥

+

∣∣∣∣ γn+1

1− βn+1
− γn

1− βn

∣∣∣∣(∥yn∥+ ∥Syn∥). (3.19)

Since {xn}, {yn} and {tn} are bounded, it follows from conditions (ii) and (iv) that

lim sup
n→∞

(∥wn+1 − wn∥ − ∥xn+1 − xn∥)

≤ lim sup
n→∞

{
αn+1∥Kxn+1 − tn+1∥+ αn∥Kxn − tn∥

+

∣∣∣∣ γn+1

1− βn+1
− γn

1− βn

∣∣∣∣(∥yn∥+ ∥Syn∥)
}

= 0. (3.20)

By Lemma 2.1 , we get

lim
n→∞

∥wn − xn∥ = 0. (3.21)

From xn+1 = (1− βn)wn + βnxn we get ∥xn+1 − xn∥ = (1− βn)∥wn − xn∥ so

lim
n→∞

∥xn+1 − xn∥ = lim
n→∞

(1− βn)∥wn − xn∥ = 0. (3.22)
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Step 3. We will prove that lim
n→∞

∥D2zn −D2x
∗∥ = 0, lim

n→∞
∥D1un −D1y

∗∥ = 0 where

y∗ = PC(x
∗ − µ2D2x

∗).
Indeed, utilizing Lemma 2.5 and the convexity of ∥ · ∥2, we get from (3.1) and (3.8)

∥xn+1 − x∗∥2

= ∥βn(xn − x∗) + γn(yn − x∗) + δn(Syn − x∗)∥2

≤ βn∥xn − x∗∥2 + (γn + δn)

∥∥∥∥ 1

γn + δn
[γn(yn − x∗) + δn(Syn − x∗)]

∥∥∥∥2
≤ βn∥xn − x∗∥2 + (γn + δn)∥yn − x∗∥2

≤ βn∥xn − x∗∥2 + (γn + δn)[αn∥Kxn − x∗∥2 + (1− αn)∥tn − x∗∥2]
≤ βn∥xn − x∗∥2 + αn∥Kxn − x∗∥2 + (γn + δn)∥tn − x∗∥2

≤ βn∥xn − x∗∥2 + αn∥Kxn − x∗∥2 + (γn + δn)

×[∥zn − x∗∥2 − µ2(2η2 − µ2)∥D2zn −D2x
∗∥2

−µ1(2η1 − µ1)∥D1un −D1y
∗∥2]

≤ βn∥xn − x∗∥2 + αn∥Kxn − x∗∥2 + (γn + δn)

×[∥xn − x∗∥2 − µ2(2η2 − µ2)∥D2zn −D2x
∗∥2

−µ1(2η1 − µ1)∥D1un −D1y
∗∥2]

= ∥xn − x∗∥2 + αn∥Kxn − x∗∥2

−(γn + δn)[µ2(2η2 − µ2)∥D2zn −D2x
∗∥2

+µ1(2η1 − µ1)∥D1un −D1y
∗∥2]. (3.23)

Therefore,

(γn + δn)[µ2(2η2 − µ2)∥D2zn −D2x
∗∥2 + µ1(2η1 − µ1)∥D1un −D1y

∗∥2]
≤ ∥xn − x∗∥2 − ∥xn+1 − x∗∥2 + αn∥Kxn − x∗∥2

≤ (∥xn − x∗∥+ ∥xn+1 − x∗∥)∥xn − xn+1∥+ αn∥Kxn − x∗∥2. (3.24)

Since αn → 0, ∥xn − xn+1∥ → 0 and lim
n→∞

(γn + δn) > 0, we have

lim
n→∞

∥D1un −D1y
∗∥ = 0, lim

n→∞
∥D2zn −D2x

∗∥ = 0. (3.25)

Step 4. We will prove that lim
n→∞

∥Syn − yn∥ = 0.



156 Thai J. Math. Vol. 18, No. 1 (2020) / Deepho

From (3.1), we obtain

∥un − y∗∥2

= ∥PC(zn − µ2D2zn)− PC(x
∗ − µ2D2x

∗)∥2

≤ ⟨(zn − µ2D2zn)− (x∗ − µ2D2x
∗), un − y∗⟩

=
1

2
[∥zn − x∗ − µ2(D2zn −D2x

∗)∥2 + ∥un − y∗∥2

−∥(zn − x∗)− µ2(D2zn −D2x
∗)− (un − y∗)∥2]

≤ 1

2
[∥zn − x∗∥2 + ∥un − y∗∥2

−∥(zn − un)− µ2(D2zn −D2x
∗)− (x∗ − y∗)∥2]

=
1

2
[∥zn − x∗∥2 + ∥un − y∗∥2 − ∥zn − un − (x∗ − y∗)∥2

+2µ2⟨zn − un − (x∗ − y∗), D2zn −D2x
∗⟩

−µ2
2∥D2zn −D2x

∗∥2], (3.26)

that is

∥un − y∗∥2 ≤ ∥zn − x∗∥2 − ∥zn − un − (x∗ − y∗)∥2

+2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥. (3.27)

Substituting (3.6) in (3.27), we have

∥un − y∗∥2

≤ ∥xn − x∗∥2 + ξ(Lξ − 1)∥(JB2

λ − I)Axn∥2 − ∥zn − un − (x∗ − y∗)∥2

+2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥. (3.28)

Further, similarly to above argument, we derive

∥tn − x∗∥2

= ∥PC(un − µ1D1un)− PC(y
∗ − µ1D1y

∗)∥2

≤ ⟨(un − µ1D1un)− (y∗ − µ1D1y
∗), tn − x∗⟩

=
1

2
[∥un − y∗ − µ1(D1un −D1y

∗)∥2 + ∥tn − x∗∥2

−∥(un − y∗)− µ1(D1un −D1y
∗)− (tn − x∗)∥2]

≤ 1

2
[∥un − y∗∥2 + ∥tn − x∗∥2 − ∥(un − tn)

−µ1(D1un −D1y
∗) + (x∗ − y∗)∥2]

=
1

2
[∥un − y∗∥2 + ∥tn − x∗∥2 − ∥un − tn + (x∗ − y∗)∥2

+2µ1⟨un − tn + (x∗ − y∗), D1un −D1y
∗⟩

−µ2
1∥D1un −D1y

∗∥2] (3.29)

that is,

∥tn − x∗∥2 ≤ ∥un − y∗∥2 − ∥un − tn + (x∗ − y∗)∥2

+2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥. (3.30)



HYBRID EXTRAGRADIENT SCHEME FOR SPLIT VARIATIONAL INCLUSION . . . 157

Substituting (3.28) in (3.30), we have

∥tn − x∗∥2

≤ ∥xn − x∗∥2 + ξ(Lξ − 1)∥(JB2

λ − I)Axn∥2

−∥zn − un − (x∗ − y∗)∥2 + 2µ2∥zn − un − (x∗ − y∗)∥
×∥D2zn −D2x

∗∥ − ∥un − tn + (x∗ − y∗)∥2

+2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥. (3.31)

Thus from (3.1) and (3.31), it follows that

∥xn+1 − x∗∥2

≤ βn∥xn − x∗∥2 + (γn + δn)∥yn − x∗∥2

≤ βn∥xn − x∗∥2 + (1− βn)[αn∥Kxn − x∗∥2 + (1− αn)∥tn − x∗∥2]
≤ βn∥xn − x∗∥2 + αn∥Kxn − x∗∥2 + (1− βn)∥tn − x∗∥2

≤ βn∥xn − x∗∥2 + αn∥Kxn − x∗∥2

+(1− βn)[∥xn − x∗∥2 + ξ(Lξ − 1)∥(JB2

λ − I)Axn∥2

−∥zn − un − (x∗ − y∗)∥2 + 2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥

−∥un − tn + (x∗ − y∗)∥2 + 2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥]

= ∥xn − x∗∥2 + αn∥Kxn − x∗∥2

+(1− βn)[ξ(Lξ − 1)∥(JB2

λ − I)Axn∥2 − ∥zn − un − (x∗ − y∗)∥2

+2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥ (3.32)

−∥un − tn + (x∗ − y∗)∥2 + 2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥]

which hence implies that

(1− βn)[ξ(1− Lξ)∥(JB2

λ − I)Axn∥2

+∥zn − un − (x∗ − y∗)∥2 + ∥un − tn + (x∗ − y∗)∥2]
≤ ∥xn − x∗∥2 − ∥xn+1 − x∗∥2 + αn∥Kxn − x∗∥2

+(1− βn)[2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥]

+2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥. (3.33)

Since ξ(1 − Lξ) > 0, αn → 0, lim sup
n→∞

βn < 1, ∥D2zn − D2x
∗∥ → 0, ∥D1un − D1y

∗∥ →

0, ∥xn+1 − xn∥ → 0, it follows from the boundedness of {xn}, {zn}, {un} and {tn} that

(1− βn)[ξ(1− Lξ)∥(JB2

λ − I)Axn∥2]
+(1− βn)[∥zn − un − (x∗ − y∗)∥2 + ∥un − tn + (x∗ − y∗)∥2]

≤ (∥xn − x∗∥+ ∥xn+1 − x∗∥)∥xn − xn+1∥+ αn∥Kxn − x∗∥2

+(1− βn)[2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥]

+2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥. (3.34)

We get

lim
n→∞

∥(JB1

λ − I)Axn∥ = 0, (3.35)

lim
n→∞

∥un − tn + (x∗ − y∗)∥ = 0, (3.36)
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lim
n→∞

∥zn − un − (x∗ − y∗)∥ = 0. (3.37)

Furthermore, using (3.1) and γ ∈ (0, 1
L ), we observe that

∥zn − x∗∥2

= ∥JB1

λ (xn + ξA∗(JB2

λ − I)Axn)− JB1

λ x∗∥2

≤ ⟨zn − x∗, xn + γA∗(JB2

λ − I)Axn − x∗⟩

=
1

2
{∥zn − x∗∥2 + ∥xn + ξA∗(JB2

λ − I)Axn − x∗∥2

−∥(zn − x∗)− [xn + ξA∗(JB2

λ − I)Axn − x∗]∥2}

=
1

2
{∥zn − x∗∥2 + ∥xn − x∗∥2 + ξ(Lγ − 1)∥(JB2

λ − I)Axn∥2

−∥zn − xn − ξA∗(JB2

λ − I)Axn∥2}

≤ 1

2
{∥zn − x∗∥2 + ∥xn − x∗∥2 − [∥zn − xn∥2 + ξ2∥A∗(JB2

λ − I)Axn∥2

−2ξ⟨zn − xn, A
∗(JB2

λ − I)Axn⟩]}

≤ 1

2
{∥zn − x∗∥2 + ∥xn − x∗∥2 − ∥zn − xn∥2

+2ξ∥A(zn − xn)∥∥(JB2

λ − I)Axn∥}.

Hence, we obtain

∥zn − x∗∥2 ≤ ∥xn − x∗∥2 − ∥zn − xn∥2 + 2ξ∥A(zn − xn)∥∥(JB2

λ − I)Axn∥. (3.38)

Substituting (3.38) in (3.27), we get

∥un − y∗∥2

≤ ∥xn − x∗∥2 − ∥zn − xn∥2 + 2ξ∥A(zn − xn)∥∥(JB2

λ − I)Axn∥
−∥zn − un − (x∗ − y∗)∥2 + 2µ2∥zn − un − (x∗ − y∗)∥
×∥D2zn −D2x

∗∥. (3.39)

Substituting (3.39) in (3.30), we get

∥tn − x∗∥2

≤ ∥xn − x∗∥2 − ∥zn − xn∥2 + 2ξ∥A(zn − xn)∥∥(JB2

λ − I)Axn∥
−∥zn − un − (x∗ − y∗)∥2 + 2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x

∗∥
−∥un − tn + (x∗ − y∗)∥2 + 2µ1∥un − tn + (x∗ − y∗)∥
×∥D1un −D1y

∗∥. (3.40)
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From (3.23) and (3.40), we get

∥xn+1 − x∗∥2

≤ βn∥xn − x∗∥2 + (γn + δn)∥yn − x∗∥2

= βn∥xn − x∗∥2 + (1− βn)∥yn − x∗∥2

≤ βn∥xn − x∗∥2 + (1− βn)[αn∥Kxn − x∗∥2 + (1− αn)∥tn − x∗∥2]
≤ βn∥xn − x∗∥2 + αn∥Kxn − x∗∥2 + (1− βn)∥tn − x∗∥2

≤ βn∥xn − x∗∥2 + αn∥Kxn − x∗∥2 + (1− βn)

[
∥xn − x∗∥2 − ∥zn − xn∥2

+2ξ∥A(zn − xn)∥∥(JB2

λ − I)Axn∥ − ∥zn − un − (x∗ − y∗)∥2

+2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥ − ∥un − tn + (x∗ − y∗)∥2

+2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥
]

= ∥xn − x∗∥2 + αn∥Kxn − x∗∥2 + (1− βn)

[
2ξ∥A(zn − xn)∥∥(JB2

λ − I)Axn∥

+2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥

+2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥
]

−(1− βn)

[
∥xn − zn∥2 + ∥zn − un − (x∗ − y∗)∥2

+∥un − tn + (x∗ − y∗)∥2
]
, (3.41)

which hence implies that

(1− βn)

[
∥xn − zn∥2 + ∥zn − un − (x∗ − y∗)∥2 + ∥un − tn + (x∗ − y∗)∥2

]
≤ ∥xn − x∗∥2 − ∥xn+1 − x∗∥2 + αn∥Kxn − x∗∥2

+(1− βn)

[
2ξ∥A(zn − xn)∥∥(JB2

λ − I)Axn∥

+2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥

+2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥
]

≤ (∥xn − x∗∥+ ∥xn+1 − x∗∥)∥xn − xn+1∥+ αn∥Kxn − x∗∥2

+(1− βn)

[
2ξ∥A(zn − xn)∥∥(JB2

λ − I)Axn∥

+2µ2∥zn − un − (x∗ − y∗)∥∥D2zn −D2x
∗∥

+2µ1∥un − tn + (x∗ − y∗)∥∥D1un −D1y
∗∥
]
. (3.42)

Since αn → 0, ∥xn − xn+1∥ → 0, ∥(JB2

λ − I)Axn∥ → 0, ∥D2zn − D2x
∗∥ → 0, ∥D1un −

D1y
∗∥ → 0, ∥un − tn + (x∗ − y∗)∥ → 0 and ∥zn − un − (x∗ − y∗)∥ → 0 implies that

lim
n→∞

∥xn − zn∥ = 0. (3.43)
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Also since yn = αnKxn + (1− αn)tn and αn → 0 and ∥yn − zn∥ → 0 thus

∥yn − tn∥ ≤ αn∥Kxn − tn∥,

implies that

lim
n→∞

∥yn − tn∥ = 0. (3.44)

And

(1− αn)∥tn − zn∥ = ∥yn − zn − αn(Kxn − zn)∥ ≤ ∥yn − zn∥+ αn∥Kxn − zn∥,

since αn → 0 and ∥yn − zn∥ → 0 implies that

lim
n→∞

∥tn − zn∥ = 0. (3.45)

Observe that

∥tn − xn∥ ≤ ∥tn − zn∥+ ∥zn − xn∥,

since (3.43) and (3.45), we get

lim
n→∞

∥tn − xn∥ = 0. (3.46)

And

∥yn − xn∥ ≤ ∥yn − tn∥+ ∥tn − xn∥,

since (3.44) and (3.46), we get

lim
n→∞

∥yn − xn∥ = 0. (3.47)

Note that from xn+1 = βnxn + γnyn + δnSyn,

∥δn(Syn − xn)∥ ≤ ∥xn+1 − xn∥+ γn∥yn − xn∥.

Since (3.22) and (3.47), it follows that

lim
n→∞

∥Syn − xn∥ = 0. (3.48)

Note that

∥Syn − yn∥ ≤ ∥Syn − xn∥+ ∥xn − yn∥,

from (3.47) and (3.48), we get

lim
n→∞

∥Syn − yn∥ = 0. (3.49)

Step 5. We will prove that lim sup
n→∞

⟨Kx̄− x̄, xn − x̄⟩ ≤ 0, where x̄ = PFix(S)∩Γ̄∩GKx̄

Indeed, since {xn} is bounded, there exists a bounded {xni
} of {xn} such that

lim sup
n→∞

⟨Kx̄− x̄, xn − x̄⟩ = lim
i→∞

⟨Kx̄− x̄, xni − x̄⟩. (3.50)

Also, since H is reflexive and {yn} is bounded, without loss generality we may assume
that yni → p weakly for some p ∈ C. First, it is clear from Lemma 2.4 that p ∈ Fix(S).
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Now let us show that p ∈ G. We note that

∥yn −G(yn)∥
≤ αn∥Kxn −G(yn)∥+ (1− αn)∥PC [PC(zn − µ2D2zn)

−µ1D1PC(zn − µ2D2zn)]−G(yn)∥
= αn∥Kxn −G(yn)∥+ (1− αn)∥G(zn)−G(yn)∥
≤ αn∥Kxn −G(yn)∥+ (1− αn)∥xn − yn∥
−→ 0. (3.51)

According to Lemma 2.4 we obtain p ∈ G. Further, let us show that p ∈ Γ̄. On the other
hand znk

= JB1

λ (xnk
+ ξA∗(JB2

λ − I)Axnk
) can be rewritten as

(xnk
− znk

) + ξA∗(JB2

λ − I)Axnk

λ
∈ B1znk

. (3.52)

By passing to limit k → ∞ in (3.52) and by taking into account (3.35) and (3.43) and
the fact that the graph of a maximal monotone operator is weakly-strongly closed, we
obtain 0 ∈ B1(p), i.e., p ∈ SOLVIP(B1). Furthermore, since {xn} and {zn} have the
same asymptotical behavior, {Axnk

} weakly converges to Ap. Again, by (3.35) and the

fact that the resolvent JB2

λ is nonexpansive and Lemma 2.3, we obtain that Ap ∈ B2(Ap),
i.e., Ap ∈ SOLVIP(B2). Thus, p ∈ Fix(S) ∩ Γ̄ ∩ G.

Hence it follows from (2.11) and (3.50) that

lim sup
n→∞

⟨Kx̄− x̄, xn − x̄⟩ = lim
i→∞

⟨Kx̄− x̄, xni
− x̄⟩

= ⟨Kx̄− x̄, p− x̄⟩
≤ 0. (3.53)

Step 6. We will prove that lim
n→∞

xn = x̄.

Indeed, since G : C → C is nonexpansive, we have

∥tn − x̄∥ = ∥G(zn)−G(x̄)∥ ≤ ∥xn − x̄∥. (3.54)

Note that

⟨Kxn − x̄, yn − x̄⟩
= ⟨Kxn − x̄, xn − x̄⟩+ ⟨Kxn − x̄, yn − xn⟩
= ⟨Kxn −Kx̄, xn − x̄⟩+ ⟨Kx̄− x̄, xn − x̄⟩+ ⟨Kxn − x̄, yn − xn⟩
≤ ρ∥xn − x̄∥2 + ⟨Kx̄− x̄, xn − x̄⟩+ ∥Kxn − x̄∥∥yn − xn∥. (3.55)
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Utilizing (2.7) and Lemma 2.5, we obtain from (3.54), (3.55) and the convexity of ∥ · ∥2

∥xn+1 − x̄∥2

= ∥βn(xn − x̄) + γn(yn − x̄) + δn(Syn − x̄)∥2

≤ βn∥xn − x̄∥2 + (γn + δn)

∥∥∥∥ 1

γn + δn
[γn(yn − x̄) + δn(Syn − x̄)]

∥∥∥∥2
≤ βn∥xn − x̄∥2 + (γn + δn)∥yn − x̄∥2

≤ βn∥xn − x̄∥2 + (γn + δn)[(1− αn)
2∥tn − x̄∥2 + 2αn⟨Kxn − x̄, yn − x̄⟩]

≤ βn∥xn − x̄∥2 + (γn + δn)[(1− αn)∥xn − x̄∥2 + 2αn⟨Kxn − x̄, yn − x̄⟩]
= (1− (γn + δn)αn)∥xn − x̄∥2 + (γn + δn)2αn⟨Kxn − x̄, yn − x̄⟩
≤ (1− (γn + δn)αn)∥xn − x̄∥2

+(γn + δn)2αn[ρ∥xn − x̄∥2 + ⟨Kx̄− x̄, xn − x̄⟩+ ∥Kxn − x̄∥∥yn − x̄∥]
≤ [1− (1− 2ρ)(γn + δn)αn]∥xn − x̄∥2

+(γn + δn)2αn[⟨Kx̄− x̄, xn − x̄⟩+ ∥Kxn − x̄∥∥yn − x̄∥]
= [1− (1− 2ρ)(γn + δn)αn]∥xn − x̄∥2

+(1− 2ρ)(γn + δn)αn
2[⟨Kx̄− x̄, xn − x̄⟩+ ∥Kxn − x̄∥∥yn − x̄∥]

1− 2ρ
. (3.56)

Note that lim inf
n→∞

(1− 2ρ)(γn + δn) > 0. It follows that
∞∑

n=0
(1− 2ρ)(γn + δn)αn = ∞. It is

clear that

lim sup
n→∞

2[⟨Kx̄− x̄, xn − x̄⟩+ ∥Kxn − x̄∥∥yn − x̄∥]
1− 2ρ

≤ 0 (3.57)

because lim sup
n→∞

⟨Kx̄ − x̄, xn − x̄⟩ ≤ 0 and lim
n→∞

∥xn − yn∥ = 0. Therefore, all conditions

of Lemma 2.2 are satisfied. Consequently, we immediately deduce that xn → x̄. This
completes the proof.

4. Consequently results

* Let H1 and H2 be two real Hilbert spaces and let C ⊆ H1 and Q ⊆ H2 be nonempty
closed convex subsets. Let A : H1 → H2 be a bounded linear operator and Di : C → H be
ηi-inverse strongly monotone for i = 1, 2. Let S : C → C be a k-strictly pseudocontractive
mapping such that Fix(S) ∩ Γ̄ ∩ G ̸= ∅. Let K : C → C be ρ-contraction with ρ ∈ [0, 1

2 ).
For fixed u ∈ C and given x0 ∈ C arbitrarily, let the sequences {xn}, {yn} and {zn} be
generated iteratively by zn = JB1

λ (xn + ξA∗(JB2

λ − I)Axn),
yn = αnu+ (1− αn)PC [PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]
xn+1 = βnxn + γnyn + δnSyn, ∀n ≥ 0,

(4.1)

where µi ∈ (0, 2ηi) for i = 1, 2, {αn}, {βn}, {γn} ⊂ [0, 1], λ > 0 and ξ ∈ (0, 1
L ), L is the

spectral radius of the operator A∗A, A∗ is the adjoint of A. Assume that the following
conditions are satisfied:

(i) βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;
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(ii) lim
n→∞

αn = 0,
∞∑

n=1
αn = ∞;

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1; and lim inf
n→∞

δn > 0;

(iv) lim
n→∞

(γn+1/(1− βn+1)− γn/(1− βn)) = 0.

Then, the sequence {xn} generated by (4.1) converges strongly to x̄ ∈ PFix(S)∩Γ̄∩Gu if

and only if lim
n→∞

∥yn − zn∥ = 0. Furthermore (x̄, ȳ) is a solution of the general system

(1.5) of variational inequalities, where ȳ = PC(x̄− µ2D2x̄).
* Let H1 and H2 be two real Hilbert spaces and let C ⊆ H1 and Q ⊆ H2 be nonempty

closed convex subsets. Let A : H1 → H2 be a bounded linear operator and Di : C → H
be ηi-inverse strongly monotone for i = 1, 2. Let S : C → C be a nonexpansive mapping
such that Fix(S)∩ Γ̄∩G ̸= ∅. Let K : C → C be ρ-contraction with ρ ∈ [0, 1

2 ). For given
x0 ∈ C arbitrarily, let the sequences {xn}, {yn} and {zn} be generated iteratively by

 zn = JB1

λ (xn + ξA∗(JB2

λ − I)Axn),
yn = αnKxn + (1− αn)PC [PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]
xn+1 = βnxn + γnyn + δnSyn, ∀n ≥ 0,

(4.2)

where µi ∈ (0, 2ηi) for i = 1, 2, {αn}, {βn}, {γn} ⊂ [0, 1], λ > 0 and ξ ∈ (0, 1
L ), L is the

spectral radius of the operator A∗A, A∗ is the adjoint of A. Assume that the following
conditions are satisfied:

(i) βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;

(ii) lim
n→∞

αn = 0,
∞∑

n=1
αn = ∞;

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1; and lim inf
n→∞

δn > 0;

(iv) lim
n→∞

(γn+1/(1− βn+1)− γn/(1− βn)) = 0.

Then, the sequence {xn} generated by (4.2) converges strongly to x̄ ∈ PFix(S)∩Γ̄∩GKx̄ if

and only if lim
n→∞

∥yn − zn∥ = 0. Furthermore (x̄, ȳ) is a solution of the general system

(1.5) of variational inequalities, where ȳ = PC(x̄− µ2D2x̄).

Corollary 4.1. Let H1 and H2 be two real Hilbert spaces and let C ⊆ H1 and Q ⊆ H2

be nonempty closed convex subsets. Let A : H1 → H2 be a bounded linear operator
and Di : C → H be ηi-inverse strongly monotone for i = 1, 2. Let S : C → C be a
nonexpansive mapping such that Fix(S) ∩ Γ̄ ∩ G ̸= ∅. Let K : C → C be ρ-contraction
with ρ ∈ [0, 1

2 ). For fixed u ∈ C and given x0 ∈ C arbitrarily, let the sequences {xn}, {yn}
and {zn} be generated iteratively by

 zn = JB1

λ (xn + ξA∗(JB2

λ − I)Axn),
yn = αnu+ (1− αn)PC [PC(zn − µ2D2zn)− µ1D1PC(zn − µ2D2zn)]
xn+1 = βnxn + γnyn + δnSyn, ∀n ≥ 0,

(4.3)

where µi ∈ (0, 2ηi) for i = 1, 2, {αn}, {βn}, {γn} ⊂ [0, 1], λ > 0 and ξ ∈ (0, 1
L ), L is the

spectral radius of the operator A∗A, A∗ is the adjoint of A. Assume that the following
conditions are satisfied:

(i) βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;
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(ii) lim
n→∞

αn = 0,
∞∑

n=1
αn = ∞;

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1; and lim inf
n→∞

δn > 0;

(iv) lim
n→∞

(γn+1/(1− βn+1)− γn/(1− βn)) = 0.

Then, the sequence {xn} generated by (4.3) converges strongly to x̄ ∈ PFix(S)∩Γ̄∩Gu if and

only if lim
n→∞

∥yn − zn∥ = 0. Furthermore (x̄, ȳ) is a solution of the general system (1.5)

of variational inequalities, where ȳ = PC(x̄− µ2D2x̄).
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