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1. INTRODUCTION AND PRELIMINARIES

The existence of the fixed point theorem in Banach space was first investigated by
Banach himself who established the well known Banach contraction principle in 1922
[6]. Applications of the discovery play a major role in the existence theory of differential,
integral, partial differential and functional equations [11]. This theorem is a principle tool
for providing the existence of solutions in games theory, mathematical economic and some
biological models [3, 11]. Ever since the idea of the fixed point theorem was proposed,
many mathematicians have developed and extended a number of theories related to it.

In 1989, Bakhtin[5] (see also Czerwik [7]) introduced the concept of a b-metric space
and proved some fixed point theorems for some contraction mapping in b-metric spaces.
This apprehension generalizes Banach’s contraction principle in metric space. After that
Matthews[12] introduced the notion of a partial metric space and prolonged the con-
traction principle of Banach in that new framework in 1994. Shukla[20] combined both
concepts of b—metric and partial metric spaces and proposed the partial b—metric space
in 2014. The Kannan type fixed point theorem in partial b—metric spaces, which is an
analog of Banach contraction principle, was also suggested as well.
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In 2014, Asadi et al.[2] introduced M-metric space, which extends the partial metric
space and certain fixed point theorems obtained therein. In the later year, Khojasteh et
al.[10] established the concept of a simulation functions with a view to consider a new
class of the contractions, called Z-contractions. In 2016, Mlaiki et al. generalized concept
of M-metric spaces to Mp-metric spaces. The properties of Mj,-metric space and the fixed
point results based on the space were presented [13]. In 2017, Mongkolkeha et al.[14]
proved some fixed point theorems for simulation functions in complete b-metric spaces
with partially ordered by using wt-distance. very recently, Abdullahi and Kumam [1]
introduced the concept of a partial b,(s)-metric space as a generalization of a partial
metric space and a b,(s)-metric space and established some topological properties of
the space and some fixed point results. Such understandings generalized, extended and
improved several results that have been developed in the previous years.

The main ambition proposed in this article is to extend some results of Mlaiki[l3].
The concept of Z,,,-contraction was introduced. The theorems which have results on the
existence and uniqueness of the fixed point in My-metric spaces were also explored.

2. PRELIMINARIES

We begin with giving some notations and preliminaries that we shall need to state
our results. This section provides definitions, examples and some theorems related with
metric space, b-metric space, partial metric space, partial b-metric space, M-metric space,
Mp, metric space and Z-contraction. From now on the letters R and N denote the set of
all real numbers and the set of all natural numbers, respectively.

Definition 2.1. (Metric space)[3] Let X be a nonempty set. A functiond : X x X —
[0, 00) is said to be a metric on X if it satisfies the following conditions for all z,y, z € X.

(ml) d(z,y) =0 if and only if x = y;
(m2) d(z,y) = d(y, z);
(m3) d(z,y) < d(x,2) +d(z,y).

Here the pair (X, d) is called a metric space.

Definition 2.2. (b-Metric space)[5] Let X be a nonempty set and let a real number s > 1
be given. A function d : X x X — [0, 00) is said to be a b-metric if for all x,y,z € X the
following conditions are satisfied:

(bl) d(z,y) =0 if and only if x = y;

(b2) d(z,y) = d(y,»);

(b3) d(z,y) < s[d(z,2) + d(z,y)].
The pair (X, d) is called a b-metric space.

The given definition provides that every metric space is b-metric for s = 1 but not vice
versa.

Example 2.3. [15] Let the function d : R x R — [0, 00) be defined by d(z,y) = |z — y/|*.
It is quite easy to figure out that d is a b-metric on R with s = 2. However it is not a
metric on R, as

d(1,3) =4>2=4d(1,2) + d(2,3).
Definition 2.4. (Partial metric space)[l2] Let X be a nonempty set. A function p :

X x X — [0,00) is said to be a partial metric if for all z,y, z € X the following conditions
are satisfied:
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(pl) p(z,z) = p(y,y) = p(z,y) if and only if x = y;
(p2) p(z,z) < p(x,y);

(p3) p(z,y) = p(y, v);

(p4) p(z,y) < p(x,2) +pz,9) — p(2, 2).

The pair (X, p) is called a partial metric space.
Remark 2.5. [12] Any metric space is always a partial metric space.

Example 2.6. Let function p : [0, 00) x [0, 00) — [0, 00) be defined by p(z,y) = max{x,y}
for all z,y € [0,00). One can verify that p is a partial metric on [0, 00). However for any
x > 0 we have p(z,z) = x # 0 then p is not a metric.

Definition 2.7. (Partial b-metric space)[20] Let X be a nonempty set. A function py :
X xX — [0,00) is said to be a partial b-metric if for all 2, y, z € X the following conditions
are satisfied:

(pbl) py(x,x) = ps(y,y) = po(z,y) if and only if z = y;
Y);

(pb2) po(z, ) < po(,y);
(0b3) ol ) = puly. 2);
(pb4) there exists a real number s > 1 such that

po(2,y) < spo(x, 2) + po(2,y)] — oz, 2).
The pair (X, pp) is called a partial b-metric space. Number s is called the coefficient of
(X, ).
Remark 2.8. [20]

(1) For a partial b-metric space (X,pp), if z,y € X and py(x,y) = 0 then z =y
but the converse may not be true.

(2) Every partial metric space is a particular case of a partial b-metric space with
coefficient s = 1.

(3) Every b-metric space is a partial b-metric space with the same coefficient and
zero self-distance but not vice versa.

Example 2.9. Let X =[0,00), ¢ > 1 be a constant and p, : X x X — [0,00) be defined
by

a
po(z,y) = (x—;—y) for all z,y € X.

Even though (X, p,) is a partial b-metric space with coefficient s = 29~ > 1, the following
statements show that it is neither a b-metric nor a partial metric space.

Since we have py(z,2) = 29 # 0 for any x > 0, then p; is not a b-metric on X.
Moreover, for the case that z = 5,y = 7,2 = 1, we have py(x,y) = pp(5,7) = 69 and
po(@, 2) + po(y, 2) — po(2, 2) = 37+ 47 — 1. That is py(z,y) > ps(@, 2) + Po(y, 2) — Pu(2, 2)
for all ¢ > 1, which implies that p;, is not a partial metric on X.

Notation 2.10. For the simplicity, the following notations are introduced.

My, = min{m(z, x), m(y,y)}

Mz»y = max{m(mv x)v m(ya y)}

my zy T min{mb(xv LE), mb(y7 y)}

My 5,y = max{m(z, z),my(y,y)}

Definition 2.11. (M-Metric space)[2] Let X be a nonempty set. A function m : X xX —
[0,00) is called an M —metric if for all x,y,z € X the following conditions are satisfied:
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(m1) m(x,2) =m(y,y) = m(x,y) if and only if x = y;
(m2) mg, <m(z,y);

(m3) m(z,y) = m(y, z);

(md) m(z,y) —may < [m(z,2) —my 2]+ [m(z,y) —m. ).

The pair (X, m) is called an M-metric space.

Example 2.12. [2] Let X = [0,00) and m : X X X — [0, 00) be defined by
m(z,y) = QUT‘*‘y for all z,y € X.

Then m is an M-metric.
Example 2.13. [2] Let X = {1,2,3} and m : X x X — [0, 00) be defined by
m(1,1) =1, m(2,2) =9, m(3,3) =4,
m(1,2) =m(2,1) =10, m(1,3) =m(3,1) =7, m(3,2) =m(2,3) = 7.
The given m is an M-metric but it is not a partial metric because m(2,2) > m(3,2).
Lemma 2.14. [2] Every partial metric is an M-metric.

Definition 2.15. (M,-Metric space)[13] Let X be a nonempty set. A function my :
X X X — [0,00) is called an My-metric if for all z,y,z € X the following conditions are
satisfied:

(mbl) my(z,z) = my(y,y) = mp(z,y) if and only if z = y;
(mb2) my T,y S mb(xvy);

(mb3) mb($7 y) = mb(y7 .’17),

(mb4)

mb4) There exists a real number s > 1 such that for all z,y, z € X we have
my(z,y) — My 5y < s[(My(2,2) =M ,2) + (Me(2,9) — M 24)] — M(2, 2).
Number s is called the coefficient of the M,-metric space (X, my).
Example 2.16. [13] Let X = [0,00), p > 1 be constant and my : X x X — [0,00) be
defined by
my(z,y) = (max{z,y})’ + |z — y|? for all z,y € X.

Then (X, m;) is an Mp-metric space with coefficient s = 2P, which is not an M-metric
space.
Definition 2.17. [13] Each Mj-metric generates a topology 7, on X whose base is the
family of open my-balls {B,, (z,¢)|z € X,e > 0}, where By, (z,¢) = {y € X|mp(x,y) —
my .y < 5}.
Definition 2.18. [13] (Convergence, Cauchy sequence and Completeness) Let (X, my)
be an Mp-metric space with coefficient s > 1. Let {x,} be any sequence in X and z € X.

e The sequence {z,} is said to be convergent with respect to 7,,,; and converges

to z, if and only if

1im [mb(a"’ﬂ7x) — My EH,I] = O'
n—oo

e The sequence {z,} is said to be mp-Cauchy sequence in (X, my) if and only if

both
lim  [my(2n, Tm) —Mp 2, 2,] and m  [Mp 20 — M0 2, 0]
m,n—00 m,n—00

exist and are finite.
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e An Mp-metric space is said to be complete if for every m;-Cauchy sequence
{z,} in X converges to a point z € X, i.e.

lim [my(zn, @) —mp 5, .] =0 and lm [My 5, o — Mp 4, =0.
n—oo n— oo

Definition 2.19. (Simulation function)[10] Let ¢ : [0, 00) x [0,00) — R. Then ( is called
a simulation function if it satisfies the following conditions:

(¢1) €(0,0) = 0;

(¢€2) ¢(t,s) <s—tforall t,s>0;

(¢3) if {tn}, {sn} are sequences in (0,00) such that 1i_>m t, = lim s, > 0 then
n—oo

n—oo
lim sup ((ty,, sn) < 0.

n—oo

We denote the set of all simulation functions by Z.
Example 2.20. [10] Let A € [0,1) be given and ¢ : [0,00) x [0,00) — R be defined by
<(t7 S) =As— ta

for all ¢,s € [0,00). We can see that ( satisfies all conditions in definition 2.19. Then ( is
a simulation function.

Example 2.21. [10](Generalization of example 2.20) Let (; : [0,00) x [0,00) — R be
defined by

Cl(t7 S) = ’(/}(S) - ¢(t)7
for all ¢, s € [0,00), where v, ¢ : [0,00) — [0,00) are two continuous functions such that

o (t) = ¢(t) = 0 if and only if ¢ = 0; and
e (t) <t < () for all t > 0.

¢ in example 2.20 is a particular case of (7, where (7 is also a simulation function.

Example 2.22. [10] Let (3 : [0,00) x [0,00) — R be defined by
f(t,s)
ts)=s—
CQ( ,S) $ g(t,s)’

for all t,s € [0,00), where f,g : [0,00) x [0,00) — [0,00) are two continuous functions
with respect to each variable such that g(¢,s) # 0 and f(t,s) > g(¢,s) for all t,s > 0. (o
is also a simulation function.

Definition 2.23. [10](Z-contraction) Let (X,d) be a metric space, T : X — X be a
mapping and ( € Z. T is called a Z-contraction with respect to ( if

C(d(Tz,Ty),d(x,y)) >0, for all z,y € X.

If T is a Z-contraction with respect to ¢ € Z, then d(Tz,Ty) < d(z,y) for all distinct
z,y € X.

Theorem 2.24. [10/Let (X,d) be a complete metric space and T : X — X be a Z-
contraction with respect to ( € Z. Then

o T has a unique fized point u in X and
o for every xg € X, the Picard sequence {x,}, defined by x, = Tx,_1 for all
n € N, converges to the fized point u of T'.



118 Thai J. Math. Vol. 18, No. 1 (2020) / Rodjanadid and Tanthanuch

3. MAIN RESULTS

In this section, we define the Z,,,-contraction and prove an existence of a fixed
point for such mapping in a complete Mp-metric space.

Definition 3.1. Let (X, m;) be an Mjy-metric space with a constant s > 1, T : X — X
be a mapping, and ¢ € Z. Mapping T is called Z,,,-contraction with respect to ( if the
following condition is satisfied

¢ (mp(Txz, Ty), mp(x,y)) > 0 for all z,y € X. (3.1)

Remark 3.2. If T is a Z,,;-contraction with respect to ¢, then my(Tx,Ty) < my(z,y),
for all z,y € X and my(z,y) > 0.

Lemma 3.3. Let (X, myp) be an My-metric space with a constant s > 1 and T : X — X
be a Zp-contraction with respect to ¢ € Z. If {x,} is a Picard sequence with an initial
point xg € X then

lim mp(zp, pt1) = 0.
n—o0

Proof. Let xy € X be arbitrary and {z,,} be a Picard sequence in X, i.e x,, = Tz, for
all n € N.

For the case that there exists my(zp,, Tny+1) = 0 for some ng € N, then x,,, = Tpo41 =
Tx,, so xo is a fixed point of T. If we continue the process like z, 10 = TTpy41 =
Txn, = Ty, Tng+s = L' Tpy4+2 = Tny4+2 and so on, we have

mno:xno-‘rl:xn0+2:"':xno+k:"'a VkEN'
Suppose to the contrary that mp(Tng+1, Tne+2) > 0. By (3.1) and property (¢2), we have

0 < C(mp(T2ng+1, TTng+2) s M (Tng+1, Tng+2))
<M (Tng+15 Tng+2) — M (TThng+1, Tng+2)
=mp (Tng, Tng+1) — Mb (TTng+1, TTno+2)
=—mp (TTpg+1, TTng+2) - (3.2)

The obtained inequality provides that my(T'Tn,+1,TZne+2) < 0 which is a contradiction.
Hence we must have my(2p, 1) =0, Vn > ng.

Consequently, we shall assume that mp(Zy, 2nt1) > 0, ¥n € N. By (3.1) and property
(¢€2), we have

0 <¢(mp(Txpn-1,Tzy), mp(Tn-1,2n))
= ¢ (mp(Tns Tnt1)s Mp(Tn—1,7n))
< mp(Tp—1,Tn) — Mp(Tp, Tna1)-
This implies that mp(Tn, Tnt1) < Mp(Tn—1,2y), Yn € N, and the sequence {my(zy, xn1+1)}

is a decreasing sequence of nonegative real numbers. Thus there exists » > 0 such
that lim my(z,, zpp1) = 7. Assume that r > 0, applying the property (¢3) with ¢, =

n— oo
mp(Tp, Tpt1) and s, = my(Ty—1, x,) provides that

0 < limsup {(mp(xn, Tnt1), Mp(Tn—1,2n)) <0,
n— oo

which contradicts to the assumption r > 0. So lim my(2y,, Zn41) = 0. ]
n— oo
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Lemma 3.4. Let (X, myp) be an My-metric space with constant s > 1 and T : X — X be
a Zmp-contraction with respect to ¢ € Z. If {xn} is a Picard sequence with initial point
xo € X then {x,} is an My-Cauchy sequence in (X, my).

Proof. Recall that

- 0< My apan < Mp(Tp, Tnq1) for alln € N;

- nhﬁnolo mb(xnaxn+l) = 0; nhen;o My zp,xn41 = 0;

= My gy = WID{My (L0, Tn), M (Tng1, Tny1) ) Jim my(Tn, Tn) = 0;

- My xp,z0 = min{mb(‘rnaxn)7mb(xm7$m)}; lim my z,,xm — 0;
m,n— 00

- lm (Mp gy, — ™Mb 2 0,,) = UM |mp(Tn, 2n) — mp(Tm, Tm)| = 0.
m,n— 00 m,n— o0

Next, we will show that lm (mp(zn, Tm) — M 2, 2,,) = 0.
m,n—00
Define

My (z,y) = my(x,y) —mp 24y, Yo,y € X.

If lim M (x,,xnm) # 0, then there exist ¢ > 0 and {l;} C N such that

m,n—o0
My (xy,,zn,) > €. (3.3)
Suppose that I is the smallest integer which satisfies (3.3) such that
My (2, —1,%n,,) < &

Now, we split the consideration into the following two cases:
Case (i): If s = 1, property (mb4) provides
e < My(ay,zn,) =my(zy,, Tn,) — M Tip 5Ty,
< [mb(xlw xlkfl) - My Ilkaxlk—l} + [mb(xlk*hxnk) - zlk—lymnk]
_mb(xlk—lamlk—l)

< My (i, wi,-1) +& = mp(T, -1, Tp—1)-

Since lim My (zi, , xyn,) = €, therefore lim (my(xy,, Tn, ) — Mba,, 2., ) = €. On the other
k—o0 k—o0 kT Tk

hand lim myp 4, 4, =0, so we have
k—o0 kIR

lim my (21, Tn,,) = €. (3.4)
k—o0

Again by (mb4), we have
le (xlk7xnk) SMZ? (mlkalkJFl) + Mlj (xlk+17 xnkJrl) + M;({Enk+1, xnk)
=y (Ti41, Tl 1) — M (T 41, Ty 41, (3.5)
and

Mlj (mlkJrl» xnk+1) SMZj (‘rlk“rl? xlk) + Mlj (mlk’xnk) + M;(l‘nk7$nk+1)

—mp(xy,, 21,) — Mp(Tnyy Ty, )- (3.6)
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From (3.5) and (3.6), we get

My (w1, 20, ) <My (21, 1 41) + My (21,41, Ty 1) + My (T, 41, Tny,)
= M (Ti41, Tiy1) — Mp(Trg 41, Ty 41)
<My (w1, Ti1) + My (241, 20,) + My (20, Ty,
+ My (2n,, Tng+1) — mp(Tiy, Ty,) — M6 (Zny,, Tny,)
+ My (@415 Tny,) = M (Ti41, Tiy1) = Mp(Trg 1, Tg41)- (3.7)

Letting k£ — oo in (3.7) and using lemma 3.3 and (3.4), we have

lim mp (1,41, Tny+1) = €- (3.8)
k—oo

Using property (¢3) with ¢, = mp(zi, 41, Tn,+1) and sp = mp(ay,, 25, ), we have

0 < limsup C(mp(21, 41, Tnj+1), M (21, Ty ) <0,
k—o0

which is a contradiction. Therefore {z,} is an M,-Cauchy sequence.
Case (ii): If s > 1, property (mb4) provides
e <My (zi,,%n,)
=My (T, s Tny) = M 2, 0,
<sl(mp (2, Tr—1) = Mbay, 2, 1) T (Mo (T1—1, Tny) — M 2y, 12, )]
= my (21, -1, T, 1)
=sMy (T1,—1, Tn,,) + s[mw (21, Tio—1) — M 2y, o, ) — M0 (1 —1, Tij—1)
<se + smp(z1,, 1, —1) — Mp mlkﬁlk—l} —mp(T—1,T1,—1)-

As k — oo, the limit is

e < lim My (xy,,zn,) < se. (3.9)
k—o0
Since kli_>nolo my @, w,, =0, thus
e < lim myp (21, Tn, ) < se. (3.10)
k—o0

Again by (mb4), we have

My (xy,, T, ) =mep(ay,, Tn, ) — My,

<s[(mp (i, Tr+1) = Mbay a0, 1) + (M6 (Tle41, Tog) = M 2, 41,20, )]
— My (T, 41, T141)

<s[(mb (@1, Tip 1) = M 2y, 20, 11)
+ S[<mb(xlk+1’xnk+1) —my a:zk+1,wnk+1) + (mb<xnk+17xnk) M 0y 41,T, )]
= M (T 15 T 1)] — M (Tiy 1, Ty 41)

=s[My (z1,., T1, 1) + S[My (@141, Tngr1) + My (T 11, Tny )]
— 8 (T 11, Trg+1)] — M (Tiy 41, Ty 1)

=s My (21, T 1) + 82 Mg (C111, Tny1) + 87 My (@041, Tny,)

- smb(xnk+1’xnk+1) - mb(xlkJrlvmlkJrl)' (311)
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Similar to the above, we find that
My (2141, Tng1) < SMy (@141, 21,) + 82 Mg (20, Ty, ) + 8° My (Tng s Tng41)
— smp(Tn,, Tn, ) — mp(z,,, 21,)- (3.12)
Using (3.11) and (3.12), then
e <My (x1,,, %n,,)
<sMy (21, Ti1) + 82 My (211, Tny 1) + 82 My (@11, Tny,)
= S (T415 Tng+1) — Mb (L1 1, Ty 41)
<sMy (w1, Tip1) + 87 (sMy (w141, 20,) + 8° My (21, %y, )
=+ 52M;(Ink,znk+l) - Smb(xnk’znk) - mb(xlk,xlk))
+ 8 My (T 41 Ty, ) — S (T 415 Tr1) — M (L1, 41, Tty 41)- (3.13)
As k — oo in (3.13), we have
e < kli)ngo SEM (21, 11, Ty 1) < st
S% < lim M (i, 11,,41) < 5% (3.14)

Since lim m =0, (3.14) is derived to

b Ty 41Ty 41

k—o0
€ .
— < lim my (2,41, Ty 1) < s2e. (3.15)
S k—o00

From (3.1) and property ({2), we obtain
0 < ((my(Tayy,, Txny ), my (21, Tny,))
= (M (i, 41, Tny41), M (T, Tny.))
< mp(z1, Ty ) — M (Tl 415 Trg+1)-
Hence
0< lilzgSip(mb(xzk’xnk) = My (Tp 415 Tny+1))

< limsup my (21, , Tn,, ) — liminf me (21, 41, Tn, 1)
k—o00 k—o0

< se — s’e
<0,

which is a contradiction. This shows that {z,} is an M;-Cauchy sequence. L]

Lemma 3.5. Let (X, my) be an My-metric space with constant s > 1 and T : X — X be
a Zpp-contraction with respect to ¢ € Z. If {x,} is a Picard sequence with initial point
zg € X and x, — x as n — oo, then Tx, — Tx as n — oco.

Proof. If mp(Txy, Tx) = 0, then my 15, 7o < mp(Txp, Tx) = 0 which implies that
lim (mp(Txy, Tx) — Mpra, 75) = 0. This means Tz, — Tz as n — oo. Otherwise, if
n— oo

my(Txy, Tx) > 0 then my(Ta,, Tx) < mp(a,, z) and my(z,,x) > 0. Here, we consider

in two cases as the following:

Case (i) Because lim my(xy, z,) = 0, mp(x, x) < my(z,, z,) implies mp(x,z) =0 . By
n— oo

My 5, » = min{mey(x,, ), mp(z, )}, nler;Omb zn,z = 0, and nl;rr;o my(x,,x) = 0, then
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lim my(Txy,, Tz) < lim mp(x,,z) = 0. Therefore lim (my(Txy,, Tx) — my 1z, 72) =0
n—oo n—oo n—oo

and thus Tz,, — Tx as n — oco.
Case (ii) If mp(z,2) > mp(apn, zy,), then again lim my(2,,z,) = 0 which implies that
n—oo

lim my 5, » = 0. Thus lim my(x,,z) = 0.
n—o0

n—oo
As lim mp(Txy, Tx) < lim my(x,,z) =0, we have lim (my(Txy, TT)—Mmprs, 72) =
n—oo n—oo n—oo
0 so that Tx,, — Tx as n — oo. ]

Theorem 3.6. Let (X, my) be a complete My-metric space with constant s > 1 and
T:X — X be a Z,p-contraction with respect to ( € Z. T has a unique fixed point u € X
such that mp(u,u) = 0.

Proof. Let xg € X and {z,} be a Picard sequence with initial point zg. Now by lemma
3.4, the sequence {z, } is an M;-Cauchy. Here (X, my) is complete, then there exists some
u € X such that

lim (mp(xn, w) —Mpg, ») =0 and  lim (Mpg, o — M, ,u) = 0.
n— oo m,n— oo

Since
My gy w — M gy 0 = max {my(zp,, ), mp(u, w) } — min {my(z,, ), mp(u, u)}
= [mp(@n, n) — my(u, u)|
and lim my(zn, x,) = 0, so mp(u,u) = 0.
n—oo
From z,, - © as n — oo and lemma 3.5, we have
lim (my(Tzy, Tu) — my 742, 70) = 0 and  Hm (my(zpi1, Tu) —my ¢, 1) = 0.
n— oo n—00
By the properties

My 2y 7w — M iy, Tu = M6 (1, Trg1) — my(Tu, Tu)l,

lim my(Tpy1, Tpe1) =0, im mp 5, 70 =0 and  lim my(2p41,Tu) =0,
n—oo n—oo n—oo

now we get my(Tu, Tu) = 0.
Next we will show that my(u, Tu) = 0. Since x,, — u as n — oo and
|(mb(l‘n, Tu)_mb wn,Tu) - (mb(u7 TU) — my u,Tu)‘
< [s[(my(zn, u) = mp 2, 0) + (M (w, Tw) — my o r4)] — my(u, w)
= (sl(mp(u, w) = M wu) + (Mo (u, Tw) = My w,ru)] — My ww)l,

so lim |(mp(zn, Tu) — my 5, 7o) — (Me(u, Tu) —my o 70)| <0 and
n— o0

lim (mp(xn, Tu) —mp o, 7u) = Mp(w, Tw) — mp o170 = mMp(u, Tu).
n—oo

By lemma 3.5 , we have lim (mg (2, Tu) —mpg, 7u) = 0, hence my, (u, Tu) = 0. Therefore,
n—oo
my(u, u) = mp(Tu, Tu) = mp(u, Tu) = 0. Property (mbl) gives Tu = u.
Finally, we will show that a fixed point of T" is unique. Suppose that u,v € X are two
fixed points of T. Then myp(u,u) = my(v,v) = 0.
From property (mb3), we get
mp(u, v) — My wp <S[(mp(u, Tu) — mp o ra) + (Mp(Tu, v) — My 7uw)] — mp(Tu, Tw)

=smy(T'u, v).



SOME FIXED POINT RESULTS ON M,-METRIC SPACES ... 123

If mp(u,v) > 0 then
0 < {(mp(Tu, Tv), mp(u,v)) < mp(u,v) — mp(Tu, Tv) =0,
which is a contradiction. Therefore my(u,v) = 0, which means u = v. [

Corollary 3.7. [13] Let (X, my) be a complete My-metric space with a constant s > 1
and T : X — X be a mapping. Suppose that there exists A € [0,1) such that

my(Tz, Ty) < dmy(x,y) for all x,y € X.
Then T has a unique fized point u € X and mp(u,u) = 0.
Proof. The result follows from theorem 3.6 by using simulation function
C(t,s) = As — t,
for all £,s > 0. [ ]

Example 3.8. Let X =[0,1] and my : X x X — R be defined by

mp(z,y) = (w;—y)Q

Then (X, my) is a complete M,-metric space with s = 2. Define T': X — X by

T

Tz = for all z € X.
Tz +1
Let ¢ : [0,00) X [0,00) — R be defined by ((t,s) = H% —t. Then ( is a simulation

function. Indeed, we obtain

T
Si 0<zr<land0<y<l1 = =
ince0<zr<land 0 <y < T 1SD s+l 2

Cma(T, Ty), my(a,y)) > ——2)— — 3 <x 3 y>
)

(=) +1
EY (- (=)
e
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Thus all the conditions of theorem 3.6 are satisfied. Hence T has a fixed point = 0 and
myp(0,0) = 0.

Example 3.9. Let X =[0,1] and my; : X x X — R be defined by
my(x,y) = max{x,y}’ + |z — y|’ where p> 1.

Then (X, mp) is a complete Mp-metric space with s = 2P.
Define T : X — X by

Tr = for all x € X.

Let ¢ : [0,00) x [0,00) — R be defined b
Indeed, we obtain

C(t,s) = % —t. Then ( is a simulation function.

<

my(x,
Comp(T, Tg), ma(a, ) = "5V oy, )
B N T
2 373 33
_ max{z,y}f |z —yff {:v y}P [z —ylP
-2t B 30
> 0.

Thus all the conditions of theorem 3.6 are satisfied. Hence T" has a fixed point = 0 and
my(0,0) = 0.
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