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1. INTRODUCTION AND PRELIMINARIES

Many generalizations of metric space and metric fixed point theory are given in different
direction with a sole goal in mind; to promote and developed science and technology (See
[1-3, 5, 6, 11=14]). The concept of 0-complete partial metric spaces is one among such
generalizations and was established by Romaguera [12] and was further studied by Shukla
and Radenovic [13] and others.

In this article, we will continue in this direction to broaden the applicability of fixed
point results. We will present the concept of 0-complete partial b, (s)-metric spaces and
study some fixed point results involving Jungck type contraction in the introduced space
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and finally give some corollaries as consequences of our main theorems. The obtained
results in this paper generalize many results in the literature as will be highlighted later.

From now on, R,RT R, and N, will denote the set of real numbers, positive real
numbers, non-negative real numbers and natural numbers respectively. Let us recall the
definitions of the b-metric spaces, the partial b-metric spaces, b,(s)-metric spaces and
partial b, (s)-metric spaces.

Definition 1.1. [5, 6]. Let X be a nonempty set. A b-metric on X is a function d :
X x X — Ry, if there exists a real number s > 1 such that the following conditions hold
by. d(z,y) =0 <= x =y for all z,y € X;
by. d(z,y) =d(y,x) for all z,y € X;
bs. d(z,y) < sld(z,z) +d(z,y)] for all z,y,z € X.
Then d is called a b-metric on X and (X, d) is called a b-metric space.

Definition 1.2. [14]. Let X be a nonempty set. A partial b-metric on a nonempty set
X is a function b : X x X — R, such that

Pby. z =y < b(z,z) =b(z,y) = b(y,y) for all z,y € X;

Pby. b(z,z) < b(x,y) for all z,y € X;

Pbs. b(z,y) =b(y,z) for all z,y € X;

Pby. there exists a real number s > 1 such that for all z,y,2 € X, b(z,y) <

s[b(z, 2) + d(z,y)] — b(z, 2).

Then b is called a partial b-metric on X and (X, b) is called a partial b-metric space.

Definition 1.3. [11]. Let X be a nonempty set, b, : X x X — R, and v € N such that
if for all z,y € X and for all distinct points uy,ua,...,u, € X\{z,y} the following hold:

bvr. by(z,y) =0 <= z=1y;

bva. by(x,y) = by(y,x);

bus. there is s € R with s > 1 such that

bv(xa y) < S[bv(xaul) + bv(ula u2) +oee bv(uva y)]

Then b, is called a b,(s)-metric on X and (X, b,) is called a b,(s)-metric space with a
coeflicient s.

Definition 1.4. [3]. Let X be a nonempty set, pp, : X x X — R, and v € N such that
if for all 2,y € X and for all distinct points uy,us,...,u, € X\{z,y} the following hold:
Pbuy. x =y < py,(z,2) =py, (2, 9) = po, (4, );
Pbvy. py,(x,2) < po, (2,9);

vafﬁ' Db, (£E7 y) = D», (y7 LU);
Pbuy. there is s € R with s > 1 such that

Db, (.13, y) S S[pbv (.13, Ul) + Db, (U’h u?) i Db, (uv7 y)] - Z;}:l Db, (uia ui)'
Then py, is called a partial b, (s)-metric on X and (X, pp, ) is called a partial b, (s)-metric
space with a coefficient s.

Example 1.5. [3]. Let X = {a,b,¢,d} and pp, : X x X — R be defined by:

0, fe=y=ua;

po,(z,y) = 2, ifz,y€{ab}a#y;
1, otherwise.

for all x,y € X.
Then (X, py,) is a partial by(3)-metric space which is neither a by(4)-metric space nor
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a partial ba(1)-metric space, due to the fact that, py, (b,b) # 0 and pp, (a,b) =2 > 1 =
Do, (@, ¢) + py, (¢, d) + pp, (d, b) — pp, (¢, ¢) — pp, (d, d) respectively.

Remark 1.6.

R;. A partial by (1)-metric space is the partial metric space of [9];

Rs. A partial by(s)-metric space is the partial b-metric space with coefficient s of
[14];

R3. A partial by(1)-metric space is the partial rectangular metric space of [15];

Ry. A partial ba(s)-metric space is the partial rectangular b-metric space with co-
efficient s;

R5. A partial b, (1)-metric space is the partial v-generalized metric space.

In the following, we illustrate that in agreement with the other generalized metric the
topology on partial b, (s)-metric is not compatible with the usual metric topology [16].

Example 1.7. [3] Let X = AU B, where A = {1 : n € N} and B = {0,2,4}. If
Dy, + X x X — Ry is defined by:

%, if x = y;
) 3, if x #yand z,y € A
Do, (7,y) = %7 if x #y and x,y € B;
s+1, ife#tyreAandyeB.

for all z,y € X.

Then (X, py,) is a partial b3(2)-metric space which is neither a b3(2)-metric space nor a
partial bz(1)-metric space, due to the fact that, p,(0,0) # 0 and py,(3,1) =3 > I =
P, (3,0) 4+ pp, (0,2) + pp, (2,4) + o, (4, 5) — P, (0,0) — pp, (2,2) — py, (4,4), respectively.

In what follows, we give definitions of the convergence of a sequence, Cauchy sequence,
completeness, 0-Cauchy sequence and 0-completeness in partial b, (s)-metric spaces.

Definition 1.8. Let (X, pp,) be a partial b, (s)-metric space with coefficient s > 1. Let
{z,} be a sequence in (X, pp,) and = € X. Then,
i.) {,} is said to converge to  with respect to 7, if and only if
limy, - 00 Db, (T, ) = pp, (z, ) = 0. Moreover, z is called the limit point of {z,};
ii.) {z,} is called Cauchy if lim, ,n— oo Db, (Tn, Tm) exists (and is finite);
iii.) {z,} is called 0-Cauchy if lim,, ;,— 00 Pb, (T, Tm) = 0;
iv.) (X, ps,) is called O0-complete if for every 0-Cauchy sequence {x,,} in X converges
with respect to 7, to a point x € X such that py, (z,7) = 0.

Lemma 1.9. [3]. Let (X,pp,) be a partial b,(s)-metric space with coefficient s > 1, then
for any n € N the couple (X, pp,) is a partial by, (s™)-metric space.

Lemma 1.10. Let (X,pp,) be a partial b,(s)-metric space with coefficient s > 1 and
T,1:X — X. If {Iz,,} is a sequence in X defined by Iz, 11 = Tx, for alln > 0 with
Ix, # Izpyq. Let k €[0,1) such that

Db, Tni1, Ixn) < kpp, Iz, [2m_1) for alln € N. (1.1)
Then, either T and I have a common fixed point or Iz, # Iz, for all distinct n,m € N.

Proof. If Iz,, = Iz, 41 then x,, is a common fixed point for 7" and I. Now it suffices to
prove the case when Iz, # Iz, for alln,m € Nwithn > 0and t > 1. Let Iz, = [x,4¢
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for some n > 0 and ¢ > 1, then Ix, 1 = Izpyeq1 and Ta, = Tanye. Inequality (1.1)
implies that

Do, ITp1, I20) = po, ITpit41, Ioni1) < k' po, ({21, [20) < po, {21, [2)

which is a contradiction. Therefore, Ix, # Ix,, for all distinct n,m € N. ]

The next result is a generalization of Lemma 1.12 given in [10].

Lemma 1.11. Let (X,pp,) be a partial b,(s)-metric space with coefficient s > 1 and
{Iz,} be a sequence in X such that for all n > 0, Ix, # Ix,11. Let k € [0,1) and
a,B,7,6 € RT such that

Db, ({n, ITp,) < Epp, (Txn—1,1Tpm_1) + ( + sT)E" 4+ (B + $0)™ (1.2)

for alln,m € N. Then {Iz,} is 0-Cauchy.

Proof. Tt is easy to see that the proof holds if kK = 0. For x € (0,1), since lim,_, o, ™ = 0,
there exists ng € N such that 0 < k™ s < 1 holds. Using (1.2) we have

Db, Txni1, Ixn) < Kpp, (Txn, [2n-1) + (a4 sT)™ + (B + s6)&™
< K2 pp, (Txp_1, T2y_o) + 2(a + s7)" T +2(8 + s6)K™

< K" py, (Izy, Izg) + nf(a + s7)" T + (B 4 s6)K"]
= k" pp, ({21, 120) + nK"O1.

where ©1 = (a + s7)k + (8 + sd). Similarly,

Do, {Zntry [ITigr) < Kpo, ([Tngr—1, [Tmgr—1) + (a0 + ST)KTH_T +(B+ 35)”7”-”
< K2y, (It yr—o, ITmyr_o) +2(a + sT)" " +2(8 + s0)k™ "

< K" pp, (Izp, I7p) + (0 + sT)E™ T 4+ (B + s6)™ 7]
=kK" Do, (Ixna Imm) + TKJTQQ.

where Oz = (o + s7)Kk" + (B + $0)k™ and r > 1.
Now, we will consider the followings two cases:

e v>2and
e v=1
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For v > 2, we have
pbv (IZL'n, [xm) S S[Z)bv (IZZ?n, [xn—i-l) + pbv (Ixn+17 IIn+2) + -+ va ([In+u—2a IIn-&-ng)
v—2

+ Db, (Ixn-i-nm Ixm-&-no) + Db, (Ixm+n07 Ixm)] - Z Db, (Ixn+k7 Imn-ﬁ-k:)
k=1

= Db, ({Zrtngs 1) — Po, ({Tntmos {0 gmy)
< slpo, Uz, ITpy1) + po, [Tpy1, Iony2) + -+ po, ([Tngo—3, [Tnto—2)
+ b, (IZn o2, [Tnyng) + Do, [Tning, [Tming) + Do, ([Tming, [Tm)]
< s[(" + K" KTy (T2, Tg)
+ e+ (n+ D"+ (n v = 3)R"TTHe,
+ K" pp, (Txy—2, I 2py) + nK"Oo + K™ pp, Iy, [T1) + nok"°O2
+ K™ pp, Iy, [2g) + MK™O2].
(1.3)

As n,m — oo in (1.3), we obtain py, (Ixy, [2;,) — 0. Therefore, {Iz,} is a 0-Cauchy
sequence in X.
For v = 1, the proof holds using Lemma 1.9. [ ]

2. F1xEp POINT THEOREMS

Definition 2.1. Let (X, pp,) be a 0-complete partial b, (s)-metric space with coefficient
s>1and S,T: X — X. Then, a point x € X is called a common fixed point of S and
Tifx=8r="Tz.

In the sequel we present a variant of Jungck fixed point result [8] in a 0-complete partial
by (s)-metric space.

Theorem 2.2. Let (X,pp,) be a 0-complete partial b,(s)-metric space with coefficient
s>1andT,I: X — X be commuting mappings satisfying the following inequality
po, (T, Ty) < kpy, (I, Iy) (2.1)

for all z,y € X, where k € (0,1) and s > 1. If (X) C T(X) and I is continuous then T
and I have a unique common fized point.

Proof. (Existence:) Let o € X be arbitrary, since Txg € I(X) there exists an 1 € X
such that Izq; = Txo. Thus, generally for any z,, € X chosen, we have z,; € X such
that Iz,41 = Tx,. Now, we show that {Iz,} is a 0-Cauchy sequence in X. By (2.1), we
have

DPv,, (I$n+17 Ixn) = Db, (Txn7Txn71) < kpbv (Il‘n, Ixn71)~ (22)
Tt follows from (2.2) that
oo, {Tpt1, Lxy) < k" pp, (121, 120), for all n € N.

If Iz, = Ix,41 then z, is a fixed point of T" and we have nothing more to prove. So,
we shall suppose that Iz, # I[x,.1 for all n > 0. Then from Lemma 1.10 we obtain
Iz, # Iz, for all distinct n,m € N. From (2.1), we have

),
Db, (Ixna Ixm) = Db, (Txn—la Txm—l) S kpbu (Ixn—h Ix?n—l)-
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First method: Similar to one in [11].

Using Lemma 1.11, {Iz,} is a 0-Cauchy sequence in X. Since X is O-complete then
there exists * € X such that

lim Iz, = lim Tx,_1 =z". (2.3)
n—oo n—oo

By (2.1) and the continuity of I, T is also continuous. Since T and I commute, we have

Ia* = I(lim Tw,) = lim [T, = lim Tlz, =T(lim Iz,) = Ta". (2.4)
Now we suppose that y* = Iz* = Tx*, then

Ty* =TIz = ITxz" = Iy".
If Tx* # Ty*, using (2.1) we have

oo, (Tx*, Ty*) < kpp, (Tz*, Iy*) = kpp, (Tx*, Ty*) < pp, (Tx*, Ty") (2.5)

which is a contradiction. Hence Tx* = Ty*, therefore y* = I'y* = Ty* implying that y*
is a unique common fixed point for 7" and I.

Second Method: Without using the continuity of I and commuting property of the map-
pings.

Using Lemma 1.11, {Iz,} is a 0-Cauchy sequence in X. Since X is O-complete then
there exists * € X such that

lim py, (Ixn, [zy) = lim pp, (T2, [2*) = 0. (2.6)
n—oo

n,m—oco

Now we show that x* is a common fixed point for 7" and I.

o, (Tx™, Tx™) < s[py, (Tx™, Txy) + po, (Txn, [Tni1) + - + po, ({Zngv—1, [Tpio)

+ Do, (IIn+v, Tx*)] - Zpb’” (Ianrk, I-TnJrk)
k=1

= S[pbv (IJ?*, Ixn) +pbv (Ix’rulxn-&-l) + - +pbv (I$n+v—1a Ixn-‘rv)

+ Db, (Tanr'ufla Tx*)] - Z Db, (Ianrk, I-TnJrk)
k=1

S 3[pbv (IJ?*, Ixn) +pbv (Ix’rulxn-&-l) + - +pbv (Ixn—i-v—la Ixn-‘rv)

+ kpy, (Tn o1, I2%)] = D> Py, (Tn s, T2 4k).
k=1
2.7)

From (2.6), as n — oo in (2.7), we get pp, (Jz*, Tx*) = 0 i.e. [z* = Tz*. Hence z* is a

common fixed point for T" and 1.

(Uniqueness:) Let z*,y* € X be two distinct common fixed points of 7" and I i.e.

x* # y*, such that Tx* = Iz* = z* and Ty* = Iy* = y*. Then, it follows from (2.1) that
oo, (25, y") = po, (T2, Ty") < kpy, (2", Iy") = kpp, (", y") <po, (2", y")

which is a contradiction. Hence pp, (z*,y*) = 0 implying z* = y*. n
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From Theorem 2.2, we obtain the following variant of Banach fixed point theorem in
partial b, (s)-metric space.

Corollary 2.3. Let (X,psy,) be a 0-complete partial b,(s)-metric space with coefficient
s>1and T : X — X be a mappings satisfying the following inequality

po, (Tx,Ty) < kps, (2,y) (2.8)
for all z,y € X, where k € (0,1) and s > 1. Then T has a unique fixed point.

Remark 2.4. Corollary 2.3 provides a complete solution to an open problem 1 raised by
George et al. [7].

We obtain the following result as a consequence of Theorem 2.2 if we put ¢ = % and
let T be the identity map.

Corollary 2.5. Let (X,pp,) be a 0-complete partial b,(s)-metric space with coefficient
s>1andl: X — X. Let there exists a ¢ > 1 such that

po, (I, Iy) > cpy, (2,y) (2.9)
for all x,y € X. If I is continuous and onto then I has a unique fixed point.
Remark 2.6. Corollary 2.5 is a generalization of Theorem 3.4 given in [11].

Lemma 2.7. Let (X,b) be a partial b-metric space with coefficient s > 1. Then, (X, pp,)
is partial b, (s)-metric space with coefficient s* > 1.

Proof. Suppose that (X,pp,) is a partial b-metric space with coefficient s > 1. Let
U1, Uz, . . ., Uy, be distict points in X such that uy,ug,...,u, € X\{z,y}. Then

o, (2,y) < spy, (z,u1) + py, (u1,y)] — po, (w1, w1)

2
< slpy, (#,u1) + s[ps, (u1, u2) + py, (uz, y)]] — Zpbu (wi, u;)
i=1
(2.10)
v
< 8"[pe, (1) + po, (ur, u2) + -+ + o, (o, y)] = D o, (i, ).
i=1
Hence (X, pp,) is a partial b, (s)-metric space with coefficient s¥ > 1. n

* Let (X,pp,) be a 0-complete partial b-metric space with coefficient s > 1 and

T,I: X — X be commuting mappings satisfying the following inequality
oo, (Tx, Ty) < kpp, (I, Iy) (2.11)

for all z,y € X, where k € (0,1). If I(X) C T(X) and I is continuous then T and I have
a unique common fixed point.

* Let (X,pp,) be a 0-complete partial b-metric space with coefficient s > 1 and
T : X — X be mapping satisfying the following inequality

po,(Tz, Ty) < kpy, (2, y) (2.12)
for all z,y € X, where k € (0,1) and s > 1. Then T have a unique fixed point.



JUNGCK-TYPE FIXED POINT THEOREM IN 0-COMPLETE PARTIAL ... 111

* Let (X,pp,) be a 0-complete partial b-metric space with coefficient s > 1 and

I: X — X. Let there exists a k£ > 1 such that

o, Lz, Ty) > kps, (z,y) (2.13)

for all z,y € X. If I is continuous and onto then I has a unique fixed point.

CONCLUSION

In this paper, the notion of 0-complete partial b, (s)-metric space has been introduced
and used to establish a variant of Jungck common fixed point theorem. Consequently the
obtained theorem generalized various results due to Aleksié¢ et al. [4].
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