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1. INTRODUCTION

The concept of the variational inequality problem, denoted VI(C, A), is to find
z* € C such that

(A(z"),y—z") >0, VyeC (1.1)

where C' is a nonempty closed convex subset of a real Hilbert space H, A: C — H is a
continuous, and (-, -) denotes the inner product in H. Let SOL(C, A) be the solution set
of VI(C, A) and SOL(C, A)p be the solution set of the dual variational inequality:

SOL(C,A)p :={z € C|{A(y),y — z) > 0,Vy € C}. (1.2)

There are a lot of iterative processes for finding SOL(C, A) such as Goldstein-Levitin-
Polyak projection methods [1, 2]; proximal point methods [18]; extragradient projection
methods [5, 7, 10-15]; double projection methods [9, 16, 21]. These iterative processes

assume the assumption either the monotonicity of A or SOL(C, A) C SOL(C, A)p which
means that

Va* € SOL(C, A), (A(y),y —a*) > 0,¥y € C. (1.3)
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Karamardian [19] showed that the assumption SOL(C, A) C SOL(C, A)p is a straightway
consequence of pseudomonotonicity of A on C, and indicated that a monotone mapping
can imply a pseudomonone mapping. In 2015, Ye and He [9], suggested a new method
which is called a double projection method under the only assumption SOL(C, A)p # 0.
This assumption is equivalent to the following inequality :

3z € SOL(C, A), (A(y),y — 1) > 0,Vy € C. (1.4)

Clearly, if SOL(C,A) ¢ SOL(C,A)p then SOL(C,A)p # 0, but not converse. They
proved that their method can find SOL(C, A) without the monotonicity of A, and gave
some numerical experiments.

The problem for finding a common element of the set of fixed point of a nonexpansive
mapping and the solution set of the variational inequality problem for an inverse strongly-

monotone mapping was presented by Takahashi and Toyoda [20]. A mapping S of C into
itself is called nonexpansive if
|Se — Syl < o —y| Va,y € C. (1.5)

We denote by F(S) the set of fixed point of S. By the way, their process obtained
a weak convergence theorem for two sequences. Later, mathematicians were interested
to establish iterative processes for solving a previous problem (see in [4, 22]). In 2006,
Nadezhkina and Takahashi [17] introduced an iterative process for finding a common
element of F(S) N SOL(C, A) in a real Hilbert space H, and showed that any inverse
strongly-monotone is monotone and k-Lipschitz continuous. Their process follows the
idea of an extragradient method [7] by setting A : C — H is k-Lipschitz continuous
monotone, and S : C' — C is nonexpansive. They constructed

rg=x € C

Yn = PC(xn - )\nAxn)

Tnt1 = QnTpn + (1 — apn)SPo(x, — anAyn)
for every n = 0,1,2, ..., where {\,} C [a,b] for some a,b € (0, %), and proved that {z,}
and {y,} converge weakly to a point in F(S) N SOL(C, A).

In this article, we establish an iterative process for finding a common element of F'(S)
for a nonexpansive mapping S, and SOL(C, A) without the monotonicity of A by setting
SOL(C,A)p # 0, and A : C — H is only k-Lipschitz continuous. Furthermore, we
prove a weak convergence theorem, and give a numerical experiment for support in an
our result.

2. PRELIMINARIES

This section contains definitions that will be used in this work. Note that H is a real
Hilbert space, C' C H is a nonempty closed and convex set, and A : C' — H is a continuous
operator. The projection from 2 € H onto C is defined by P := argmin{||y—z| | y € C}.
The natural residual function r,(-) is defined by 7,(x) := v — Po(x — pA(z)), where pp > 0
is a parameter. If p = 1, we write r(z) for r,(z).

Lemma 2.1. [3] For anyx € H and z € C,

(4) |Pc(x) = 2|* < ||z — 2|* = || Po(@) — )%

(B) (Po(x) —z,z— Po(x)) > 0.
Lemma 2.2. [8] Let H be a real Hilbert space, h be a real-valued function on H, and
K :={x e H : h(z) <0}. If K is nonempty and h is Lipschitz continuous with modulus



96 Thai J. Math. Vol. 18, No. 1 (2020) / Seangwattana et al.

0 > 0, then
dist(z, K) > 07 h(z), Vo € H, (2.1)
where dist(x, K) denotes the distance from x to K.

Remark 2.3. If we set K := KNC and K NC # (), then (2.1) holds. Note that
C and K N C are closed, so there exist mingecxnc ||z — y|| and minyex ||z — y|| which
mingegne || — y|| < mingex ||z — yl|, that is, dist(z, K) < dist(z,C N K)

Lemma 2.4. z* € SOL(C, A) if and only if ||r.(z*)|| = 0.
Proof. The proof is similar with Proposition 1.5.8 in [6]. [

Lemma 2.5. For every z € C,
(Al@),ru(@)) > pHlru ()| (2.2)

Proof. The proof is similar with Lemma 2.1 in [106]. L]

Lemma 2.6. Let the function h,, be defined by (3.2) and {x,} be generated by Algorithm
in Theorem 5.1. If SOL(C, A)p # 0, then hp(xn) > (1 — o)||ra, (xn)||> > 0 for every n.
If x* € SOL(C, A)p, then h,(x*) <0 for every n.

Proof. The proof is similar with Lemma 2.8 in [9]. n

Lemma 2.7. If {x,} is an infinite sequence generated by Algorithm in Theorem 3.1 and
Z is any accumulation point of {x,}, then & € N3, H,,.

Proof. Let | be a nonnegative integer and Z be an accumulation point of {z,}. There

is a subsequence {z,,,} of {z,}, so limy 00 Tn, = Z. By the definition of z,, =
an"ﬁlxnnﬁl""(l_annﬁl)Spcmﬁnm_l (Tnp—1=Anp—14(Yn,,—1)) and H,, 1 = m;irfm_lHj
we obtain x,, € H; for every m > [ 4 1. Since H; is closed and lim,, oo Tn,, = T, We
have ¥ € H;. n
Lemma 2.8. [17] Let {a,} be a sequence of real numbers such that 0 < a < a,, <b< 1
for everyn =0,1,2,..., and {v,}, {w,} sequences in H such that

limsup ||vn]] < ¢, limsup ||w,|| < ¢, and lim |azv, + (1 — ap)w,|| = ¢, (2.3)

n—00 n—00 n—00
for some ¢ > 0. Then lim,,_, ||V — wy]|| = 0.
Lemma 2.9. [17] Let {z,} be a sequence in H. Suppose that for each u € C,

[2n1 —ul < flzn —ull (2.4)
for everyn =0,1,2,.... Then, the sequence {Pcx,} converges strongly to some z € C.

3. MAIN RESULTS

In this section, we propose the algorithm for finding a common point of F(S) N
SOL(C, A) under the assumption SOL(C, A)p # 0, A is only a k-Lipschitz continuous
mapping, and S is a nonexpansive mapping. We call the following method that an
extragradient method without monotonicity.
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Theorem 3.1. Let C be a closed convexr subset of a real Hilbert space H. Let A be a
k-Lipschitz continuous mapping of C onto H, SOL(C,A)p # 0 and S be a nonezpansive
mapping of C into itself such that F(S) N SOL(C,A) # 0. Let {z,},{yn} be sequences
generated by

Algorithm For every n = 0,1,2,..., choose xy € C as an initial point, o € (0,1),y €
(0,1),{\} C [a,b], Fa,b € (0, 1) and {a} € [¢,d], T¢,d € (0,1). Compute

2n = Po(r, — AMA(y))

Step 1. Compute vy, (xy) = Ty — 2. If A, () = 0, stop.
Other, go to Step 2.

Step 2. Compute yp, = Tp, — M7, (Tn), where Ny, = Y, , with m,, being the
smallest nonnegative integer satisfying

(A(zn) = A(wn = Ymrx, (T0)),rr, (@n)) < ollra, (2% (3.1)

Step 3. Compute Tpi1 = Ty + (1 — O‘n)SPCmHn (xn, — MA(yn)), where
H, = iig H; with H;j :={v: hj(v) <0} is a halfspace defined by

hj(v) = (A(y;), v — y;)- (3.2)

Let n =n+ 1 and return to Step 1.
Then, the sequences {xy}, {yn} converge weakly to the point z € F(S)NSOL(C, A), where
z = limy, 00 PF(S)QSOL(C,A) (xn)'

Proof. Let by, = Porp (tn — AA(yn)) for every n = 0,1,2,.... Let u € F(S)N
SOL(C, A). From Lemma 2.1 (A), we have

llon _“”2

IN

|2 — AnA(yn) — u||2 —lzn — AnA(yn) — an2

(e u||2 — |2 — an2 + 22 (A(Yn)s u — bn)

ln = ull® = 2 = ball* + 220 ((A(yn) — A(u), u — yn)

HAW), u = Yn) + (A(Yn)s Yn — bn))

(e u||2 — || — an2 + 20 (A(Yn)s Yn — bn)

— |z — yn||2 = 2(Tn = Yns Yn — bn) — ||Yn — anZ

+200 (AYn)s Yn — bn)

(e “||2 —lzn — ynn2 —lyn — bn”2 + 2z — A A(Yn) = Yns bn — Yn)-

|
B
3

|
£
o

Thank to Lemma 2.1 (B), we receive

<xn - )\nA(yn) — Yn, bn - yn> <xn - )\nA(xn> — Yn, bn - yn>
HAA(Tn) — A A(Yn), by — Yn)
(AnA(Tn) = M A(Yn), bn — Yn)

Ank|| 2 — ynH 1bn — yull-

IN A
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This implies that

b —ull® <l —ull® = ll2n = yall® = llyn — 2al®
+2XAnkl|zn = Ynll 120 — yall
< ||xn—u||2 - Hxn—ynHZ - ||yn_zn||2
ANE 2 = yall? + llyn — zal?
< lwn =l + (ARF = D)llzn — It
< lzn —u||2.

We also have

oz, + (1 — ) Shy, — ul)?
o (zn —u) + (1 — ay) (Sby, — u)H2

41—l

< an”xn_UH“‘(l_O‘n)”Sbn_uHQ

< 0‘n||33n_uH2‘|'(1_O‘n)an_uH2

< apllzn —uf? + (1= an)(|lzn — ul? + 2K = 1|20 — yall*)
= |lon —ull® + (1 = an) AZK = D)llzn =yl

< lzn _UH2~

So, there is ¢ = lim,, ||zn — u| and the sequence {z,}, {b,} are bounded. By the
previuos relations, we observe that

1
(1 —ap)(1—A2k2) (

Therefore, x,, — y, — 0, n — co. Moreover, we have

lzn — ynll* < |@n = ul® = [l = ull?). (3-3)

Hyn_bn”2 S ||yn_77nbn||2
||37n - nn(mn - PC(xn - )‘nA(xn))) - nnPCmFIn (xn - )‘nA(yn))HQ

< lwn = nn(2n — Po(zn — AA(n))) — M Po(zn — )‘nA(yn))”Q
< Hmn - 77nxn||2 + (nn)\nk)QHyn - mn”2
= (L=m)llzall® + (mAnk)?(lyn — 2a1?
(M, k)Q
< (=)l + . )(||37n —ul® = [Jznt1 — ul?).

(1 —a,)(1—A2k2
Thus y, — b, — 0,n — oo. It obtains that x,, — b, — 0,n — oo. Since A is k-Lipschitz
continuous, it follows that

A(yn) — A(by) -0 as n — oo. (3.4)

We know that {z,} is bounded. There is a subsequence {z,,} of {z,} which converges
weakly to some z € F(S) N SOL(C, A). We are going to show that z € SOL(C, A). Let
x* € N, (H, N C). We follow the previous proof of {|z, — u||?} by setting z* = u. It
can imply that the sequence {||z, — 2*||?} is nonincreasing and convergent. Therefore

lim dist(x,,C N H,)=0. (3.5)
n—oo

By the hypothesis, A(x) and ry, (z) are continuous.
So the sequence {z,}, {7y, ()}, and {y,} are bounded.
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Likewise, {A(y,)} is bounded by the continuity of A. For some W > 0,

[ A(yn)|| < W, Vn. (3.6)
By the definition of H,,, we obtain that H C H,, for every n. Thus

dist(x,,C N H,) < dist(z,,C N H,). (3.7)
From (3.5), it follows that

nhﬁn;o dist(z,,C N Hy,) = 0. (3.8)

Obviously, every function h,, is Lipschitz continuous on C' with modulus W.
By Lemmas 2.2 and 2.6, it follows

dist(z,,C N H,) > W hy(2,) > W HL = o)na|lra, (20)])- (3.9)
In accordance with (3.8) and (3.9), we can obtain that lim, o 1|7, (z,)]]? = 0. If
lim,,_, o supn, > 0, then we must have lim,_,o inf ||ry, (z,)|] = 0. Since {rx,(z)} is

continuous and {z,} is bounded, there is an accumulation point & of {z,} such that
rx, (%) = 0. From Lemmas 2.4 and 2.7, it implies that & € NS, (H, N SOL(C, A)).
Replace x* by #, it follows that {||x,, — #||?} is nonincreasing and convergent. Since 7 is
an accumulation point of {x,}, we have x,, — & := z € SOL(C, A) If lim,,_,o, supn, =
0. then lim, . 7, = 0. Suppose that Z is an accumulation point of {z,}. There is a
subsequence {z,,} converges to Z. By the choice of 7,, (3.1) is not satisfied for m,, — 1,
that is,

(A(@n,) = Alzn, =700, 7, (@) > oI, (@) (3.10)
Since 7y, (z) and A(x) are continuous, taking the limit in (3.10), we obtain
0 < ollra, (@)]* < 0. (3.11)

By (3.11), it implies that r, (Z) = 0. So & € N>, (H, N SOL(C,A)). By the primal
case, {x,} = T := z € SOL(C, A). Onwards, we are going to show that z € F(S). Let
u € F(S)NSOL(C, A). Consider

ln — ul > 16 — ull > 1S5, — ull (3.12)
it follows lim,, o0 sup ||Sb, — u|| < ¢. Moreover,

lim o (zn —u) + (1 — o) (Sby, — u)|| = ILm |Xnt1 — ul| = c. (3.13)

n—oo
Lemma 2.8 yields lim,,_, ||Sby, — || = 0. Consider

[S2n — x|l < |Sz0 — Sby || + [|Sbr, — || < (|20 — bull + [[Sbp — T4 (3.14)
it follows that lim, o ||S2, — 2,|| = 0. The demiclosedness of T — S yields {x,,} — z
and lim,, o || S, — 2, ]| = 0. This implies that 2z € F'(S). Assume that {x,,} is another
subsequence of {x,,} such that {x, } — 2’ € F(S)NSOL(C, A). We will show that z = 2.
Let z # 2’. The Opial condition yields

lim ||z, —z|| = liminf||z,, — 2| <liminf|z,, — 2’|
n—oo n—oo n—oo
= lim ||z, — 2| = liminf ||lz,, — 2|
< liminf||z,, — 2| = lim [z, — 2]

It is a contradiction. So z = z’. Since z,, — y, — 0, and z, — z € F(S) N SOL(C, A),
it receives y, — z € F(S) N SOL(C, A). Putting u, = Pp(s)nsor(c,a)Tn- We will show
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that z = lim, o u,. Note that z € F(S) N SOL(C, A) and u, = Pp(s)nsoL(c,A)Tn-
It is obvious that (z — uy,u, — ) > 0. Thus {u,} converges strongly to some zy €
F(S)NSOL(C, A) by Lemma 2.9. That is (z — 29,29 — z) > 0. Hence z = zy. This proof
is complete. ]

4. APPLICATIONS

In this section, we assume that C = H, SOL(H,A)p # (), and A: H — H is only a
k-Lipschitz continuous mapping in Theorems 4.1 and 4.2 in [17]. By using Theorem 3.1,
it can obtain two following theorems.

Theorem 4.1. Suppose that S : H — H is a nonexpansive mapping such that F(S) N
A0 # (0. Let {x,} be a sequence generated by vo = x € H and let

Tp1 = o + (1= an)S(@n — AnA(zn — AnA(zn))) (4.1)

For every n = 0,1,2,..., where 0 € (0,1),7 € (0,1),{\} C [a,b],3a,b € (0,%) and
{an} € [e,d], Te,d € (0,1). Then, the sequence {x,} converges weakly to some point
z € F(S)N A0 where z = limy, oo Pp(syna-10Zn-

Proof. Setting A0 = SOL(H,A) and Py = I. According to Theorem 3.1, we receive
the wistful result. L]

Theorem 4.2. Let B : H — 28 be a mazimal monotone mapping such that A=10 N
B710# 0. Let JB be the resolvent of B for each r > 0. Let {x,,} be a sequence generated
by

ro=x € H

Tpi1 = @y + (1 — ) JB (20 — MA(zp — M\ A(2)))
For every n = 0,1,2,..., where 0 € (0,1),7 € (0,1),{\n} C [a,b],3a,b € (0,%) and
{an} € [e,d], Fe,d € (0,1). Then, the sequence {x,} converges weakly to some point
2 € A710N B0 where z = limy, 00 Pa-10nB-10%n-

Proof. Setting A=10 = SOL(H, A), F(JP) = B~10 and Py = I. By Theorem 3.1, we
receive the wistful result. n

5. A NUMERICAL EXPERIMENT

Example 5.1. Let H =R,C =[1,10], and A : C' — H be defined by A(z) = —2z. Let
S(x) = x for every x € C. We are going to show that A is not a monotone mapping. For
all z,y € C, it obtains

(Az,z —y) = —2(z —y)*

So, we can choose z,y € C such that (Az,x — y) < 0. Hence A is not a monotone map-
ping. It easy to check that SOL(C, A)p # 0. Choose o = 0.5,y = 0.01,0.1,0.5,0.9, \,, =
%(47§f1), and o, = 24&3". The assumptions in Theorem 3.1 are satisfied. We have con-
summated all processes in Matlab R2015 running on a Desktop with Intel(R) Core(TM)
i5-7200u CPU 2.50 GHz, and 4 GB RAM. We give the stopping criteria ||z,+1 — Zn|| < &
with e = 1079 is a tolerance to cease the algorithms. The commutation results reported

in the following table:
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Table : The results computed on the algorithm in Theorem 3.1

N.P. ~  Average iteration Average times

5 0.01 1401 690.5656
5 0.1 229 26.7586
5 0.5 106 8.1406
5 0.9 97 6.4202
where
e N.P: the number of the tested problems.
e Average iteration: the average number of iterations.
e Average times: the average CPU-computation times (in s).
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