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1. INTRODUCTION

Let k be non-negative real number. Suppose that a self-mapping 7" on a metric space
(X, d) satisfies the inequality

d(T(x),T(y)) < kd(x,y) for all z,y € X.

If £ < 1, then T is called a contractive mapping and for k¥ = 1, T is known as non-
expansive mapping. There exists plenty of literature for contractive and non-expansive
type mappings, where the contractive and non-expansive conditions are replaced with
more general conditions (see for example [2—4, 6, 7, 11, 15, 21, 22]).

In 1989, Bakhtin [1] introduced the concept of b-metric space, however, Czerwik [5] initi-
ated study of fixed point of self-mappings in the b-metric space and proved an analogue of
Banach’s fixed point theorem. Since then, a large number of researchers have presented
remarkable fixed point results for various classes of single-valued and multi-valued opera-
tors in the b-metric spaces: see for example, Kir and Kiziltunc [13], Parvaneh et al. [18],

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright © 2020 by TJM. All rights reserved.



FIXED POINT RESULTS FOR a,-NONEXPANSIVE MAPPINGS ... 39

Roshan et al. [23], Shatanawi et al. [24]. Khamsi and Hussain [12] obtained some results
on KKM mappings in cone b-metric spaces. Recently, Jovanovié¢ et al. [10], Hussain and
Huang [8, 9] have dealt with spaces of this kind, although under different names (in the
spaces called metric-type) and obtained (common) fixed point results.

Matthews [16] presents a symmetric generalized metric which he announced as partial
metric; an approach which sheds a new light on how metric tools such as Banach’s The-
orem can be extended to non-Hausdorff topologies.

Following Matthews and Czerwik, Shukla [25] introduced the concept of the partial b-
metric space which generalizes partial metric and established fixed point theorems for
Banach contraction, Kannan contraction and Chatterjea contraction defined on a com-
plete partial b-metric space. Recently, Mustafa et al.[17], Latif et al.[11] and Piri et al.[19]
have established some fixed point results in complete partial b-metric spaces.

In this paper, we investigate the fixed points of as-non-expansive single-valued map-
pings defined on a partial b-metric space subject to a generalized contractive condition.
Our results generalize the results presented in [5, 16, 27]. An example and an application
are given to explain the main theorem.

2. PRELIMINARIES

We denote the set of natural numbers, rational numbers, (—oo, +00), (0, +00) and [0, +00)
by N, Q, R, Rt and R{, respectively.
Shukla generalized the notion of b-metric, as follows:

Definition 2.1. [25] Let X be a nonempty set and s > 1 be a real number. A mapping
P X XX — R(J{ is said to be a partial b-metric if it satisfies following axioms, for all
z,y,z € X

(ppl) @ =y if and only if py(2,y) = pp(z, ) = ps(y, v);
(pv2) po(@, @) < po(z,y);
(p63) po(2,y) = po(y, 2);
(pb4) pb(xﬂ y) <s [pb(xa Z) +pb(Z, y)} - pb(zv Z)
The triplet (X, py, s) is called a partial b-metric space.

Remark 2.2. The self distance py(x, ), referred to the size or weight of z, is a feature
used to describe the amount of information contained in x.

Remark 2.3. Obviously, every partial metric space is a partial b-metric space with
coefficient s = 1 and every b-metric space is a partial b-metric space with zero self-
distance. However, the converse of this fact need not to hold.

Example 2.4. Let X = Rt and k > 1, the mapping p;, : X x X — RT defined by
po(z,y) = {(m Y y)k + |z — y|k} for all z,y € X

is a partial b-metric on X with s = 2¥. For z = y, py(z,2) = 2 # 0, so, py is not a
b-metric on X.
Let z,y,z € X such that x > z > y. Then following inequality always holds

(z—y)r>@-2)"+=-y"
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Since, py(x,y) = 2 4 (2 —y)* and py(z, 2) +po(2,y) — Po(2, 2) = 2% + (x — 2)F + (2 — y)F,

therefore,

po(T,y) > po(x, 2) + po(2, ) — po(2, 2).

This shows that p, is not a partial metric on X.

Example 2.5. [25] Let X be a nonempty set and p be a partial metric defined on X.
The mapping pp : X x X — R dened by

po(z,y) = [p(z,y)]? for all z,y € X and ¢ > 1
defines a partial b-metric.

Definition 2.6. Let (X, pp, s) be a partial b-metric space. The mapping d,, : X x X —
Ry defined by

dp, (x,y) = 2pp(2,y) — po(z,2) — pp(y,y) for all z,y € X
defines a metric on X, called induced metric.

In partial b-metric space (X, pp, s), we immediately have a natural definition for the open
balls:

By, (z;€) = {y € X|pp(x,y) < pp(z,z) + €} for all z € X. (2.1)
Remark 2.7. The open balls in a partial b-metric space (X, py, $) may not be open set.

Proof. Let X = {a,b,c} and define p, as follows: py(a,a) = pp(c,c) = 1,pp(b,0) = 1/2,
pu(a,b) = pp(b,a) = 3, pp(a,c) = p(c,a) = 3/2, pp(b,c) = pp(c,b) = 1. Then p is a partial
b-metric, ¢ € By, (a;1) but for any r > 0, B, (c;r) does not lie in B, (a;1). This implies
that By, (a;1) is not an open set in (X, py, s). n

The following definition and Lemma are taken from Shukla in [25].

Definition 2.8. [25] Let (X, pp, s) be a partial b-metric space.

(1) A sequence {z,}nen in (X, pp, s) is called a Cauchy sequence if
limy, 00 Po(Zn, Tm,) exists and is finite.

(2) A partial b-metric space (X, pp,s) is said to be complete if every Cauchy se-
quence {z,}nen in X converges, with respect to T[pp], to a point v € X such

that
pb(l‘, J)) = n,rlrlzri)loopb(xn’ me)
Lemma 2.9. [25] Let (X, py, 8) be a partial b-metric space. Then

(1) every Cauchy sequence in (X, dp,) is also a Cauchy sequence in (X, py, s) and
vice versa;

(2) a partial b-metric (X, py, s) is complete if and only if the metric space (X, d,,)
is complete;

(3) asequence {x,}nen in X converges to a point v € X with respect to T[(dp,)]
if and only if

nlgngopb(v,wn) =pp(v,v) = nlgngopb(wn,mm);

(4) if lim,,— 00 @, = v such that py(v,v) = 0, then lim,, o0 Pp(xn, k) = pp(v, k) for
every k € X.
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Remark 2.10. Unlike metric space, in a partial b-metric space the limit of a convergent
sequence may not be unique. Indeed, if X = RT and let ¢ > 0 be any constant. Define
pp: X xX — R by py(z,y) = 2Vy+o forall x,y € X, then (X, py, s) is a partial b-metric
space with arbitrary coefficient s > 1. Define the sequence {z,} in X by z,, = p for all
n € N. We note that if y > p then py(z,,y) =y + 0 = pp(y, y), thus lim, o pp(zn, y) =
pu(y,y) for all y > p. Hence, the limit of a convergent sequence is not unique.

Recently, Popescu [20] introduced the concept of a-orbital admissible mappings.

Definition 2.11. [20] Let X # ¢ and let T : X — X; a: X x X — R} be mappings.
We say the mapping T is a-orbital admissible if for all x € X, we have

a(z,T(x)) > 1 implies o(T(z), T?(x)) > 1.

3. THE FiXED POINT RESULTS

Definition 3.1. Let X Zgpandlet T: X - X; a: X x X — Rar be mappings. We say
the mapping T' is as-orbital admissible if for all x € X, we have

as(x, T(z)) > s% implies o (T (), T?(z)) > s2.

Definition 3.2. Let (X, py, s) be a partial b-metric space. We say the mapping 7' : X —
X is a non-expansive mapping if

(T (), T(y)) < pp(x,y) for all z,y € X.

Definition 3.3. Let (X, py, s) be a partial b-metric space. Let T : X — X; a,: X x X —
R be mappings. We say the mapping T is as;-non-expansive mapping if for all z,y € X,
we have

as(x,y) > s* implies py(T(2), T(y)) < pp(z,y).
The following example illustrates the concept of as-non-expansive mapping.
Example 3.4. Let X = R be endowed with a partial b-metric

py(z,y) = {(x V) + |z — y\2} for all z,y € X.
Define mapping T : X x X by

xz—i—x

T(z) = 5 for all x € X.
Deﬁneoq:XXX%RS_ by

wawy) = [ 16 EzED]

Ay = 0, otherwise

Let z,y € X be such that ay(x,y) = 16, then z,y € [0,1]. In this case, we note that
<x2+x vty 4+ Y4y
2 2

Vv

2 2

2
‘ <|z -yl

2
> < (zVy)? and

Thus,

(@), TW) = {(T@) v T) + T(@) - TW)P} < polo,y).
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Hence, T is an as-non-expansive mapping. Observe that T is not a non-expansive map-
ping. In fact, for x = 1, y = 2 we have

po(T(1),T(2)) = 13 > Py(1,2) = 5.

Lemma 3.5. Let (X, pp, s) be a partial b-metric space and T : X — X be a non-expansive
mapping. If there exists xo € X and {x,} be the Picard iterative sequence with initial
point xog. Then the sequence

{ Po(Zrn—1,Tn) + Db(Tn, Tnt1) }
Po(Tn—1,Zn) + Po(Tn, Tny1) + 1] oy

18 MON-INCreasing.
Proof. Since, the mapping 7' is non-expansive, so, py(Tn—1,Zn) = Po(Tn, Tnt+1). We note
that
Po(Tn—1,2n) + Po(Tn, Tni1) > Po(Tn, Tnt1) + Po(Tnt1; Tni2)
Po(Tn—1,Tn) + Po(Tn, Tnt1) + 1 7 po(Tn, Tng1) + Po(Tnt1, Tnta) + 1
if and only if

Pb(iﬂn—l, xn) 2 pb(xn+la g3n+2)7
this completes the proof. ]

Definition 3.6. Let (X, py, s) be a partial b-metric space. The space (X, pp, s) is said to
be a,-regular if for any sequence {r,} C X such that a(x,,r,11) > s* for all n € N
and x, — x as n — oo, we have a(r,,z) > s for all n € N.

The following is our main result.

Theorem 3.7. Let (X,py,s) be a complete partial b-metric space and let T : X — X
be an ag-non-expansive and an «ag-orbital admissible mapping satisfying the following

contractive condition:
(2, T(y)) + po(y, T'(2))
T T0) < (Gl TG 5 o) T

for all z,y € X such that as(z,y) > s? and k € [0,1), where

po (@, Ty) + po (y,Tx)}
2s '

+ k) M(z,y), (3.1

M (z,y) = max {pb (w,y),py (2, Tx) , py (y, Ty)

Assume that
(a) there exists xo € X such that as(xo, T(z0)) > s? and

po(z0, T(70)) + pu(T(20), T?(0)) 1
1+ pp(z0, T(x0)) + pu(T(0), T?(x0)) tk< 5 (3.2)

(b) X is as-regular,

then T has at least one fixed point in X .

Proof. By assumption (a) there exists o € X such that a,(xo,T(z0)) > s* and (3.2)
holds. Define a sequence {z,} by x, = T(zn_1) = T" (o) for all n > 1. Since, T is an
as-orbital admissible mapping. Thus, a,(T (o), T%(z0)) > s%. By repeated application
of ag-orbital admissibility of mapping T', we have for all n > 0

as(x7L7xn+1) - as(Tn(x0)7Tn+1(x0)) Z 82'
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Since s (xp, Tpy1) > 82 for all n > 0, thus,
Db (Tn, Tnt1) < py (Tp—1,2,), for all n € N.
We note that,
Do (Tn—1,%0n) , Pb (Tn—1,Tn) , Pb (Tn, Tny1),

M (zp_1,2,) = max
(Tn—1,2n) Do (Tn—1,ZTn+1) + Db (Tn, Tn)
2s

= max {pb (xn—la zn) » Pb (xny xn—&-l)} .

If M (zp—1,2,) = pp (T, Tns1), then by substituting = 2,1 and y = z,, in (3.1), we
get a contradiction. Thus,

Do(Tr—1, Tnt1) + Do(Tn, Tn)
Tn, Tn <
pb( +1) (8(pb($n—17xn) +pb(xn7xn+1) + 1)

Po(Tn—1,Tn) + Pb(Tn, Tny1) )

+ k) pp(Tn_1,xn). 3.3
(1 + po(Tn—1,2n) + Po(Tn, Tni1) (@n=1,n) (33)
By Lemma 3.5, we know that the sequence
{ Po(Tn—1,Tn) + Po(Tn, Tny1) }

pb<$n—1a$n) +pb(xn7xn+l) + 1 neN

+ k) pb(xnflv mn)

<

is non-increasing. Consequently,

Py(Zn—1,Tn) + Do(n, Tnsr) . Po(Z0,%1) + po(@1,22)
Po(Tn—1,%n) + Pp(Tn, Tng1) +1 = py(zo,21) + pp(zr,22) +1°
po(T0, 1) + py(21,T2)
po(To,71) + pp(T1,72) + 1
Db (T, Trp1) < 0" pp(z0,21), for all n € N. (3.4)

Let 6 = + k. By (3.3), we obtain

By triangle inequality, for m > n, we have
Po(Tn, Tm) < 8[pp(Tn; Tnt1) + Po(Tna1; Tm)] = Po(Tnt1; Tnir)
< 5pp(Tns Trg1) + 57 [D(Tns1; Tnsa) + Po(Tnsa, Tm)]
= 5pb(Tn42; Tnt2)
< 5pp(Tn, Tns1) + 5°Pb(Tnt1, Tnta)
+ 8 (Db (Tnt2, Tnys) + Db(Tnis, )] — °Po(Tnys, Tnis)
< 5py(Tns Trg1) + 57 P(Tng1, Tnga) + Db (Tngo, Tnys)
+o ST (X1, T
By inequality (3.4), we obtain
Po(Tn, Tm) < 56"y (x0, w1) + 570" py (w0, 21) + 526" P py (o, 1)
4o sy (20, 1)
< 50" (1+ 564 (s6)% + -+ (s6)™ ") pyp(20, 1)

n

85Pb($0,$1)-

<
=S1C
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Since, § € [0, %) and s > 1, thus
lim  pp(zn, xm) = 0. (3.5)

n,m—00
Hence, {z,} is a Cauchy sequence in (X, pp,s). Since (X,pp,s) is a complete par-
tial b-metric space, therefore, by Lemma 2.9(3), there exists * € X (say) such that
lim d,, (zn,2*) = 0 if and only if
n— oo

lim pp(a™,z,) = pp(a*,2%) = lim  pp(z,, 2m). (3.6)

n— 00 n,Mm—00

By (3.5) and (3.6), we have

lim py(z*,2,) = pp(z*,2) =0 =, 2 2~
n—oo

Since, as(Tn, Tny1) > 8% and z, Loy 2%, by assumption (b), we have a(z,,r*) > s2. By
contractive condition (3.1), we have
T(x* *
pb(xn-l-laT(x*)) S ( pb(mn’ (x )) +pb£x ’szrl)
5(Po(Tn, Tnv1) + po(a*, T(2*) + 1))
Taking limit as n — oo, we have

* * pb(w*7 T((L‘*)) * *
i 1) < (P ED k) e 7))

Hence, by axioms (py1) and (pp2), we get * = T'(z*) which shows that x* is a fixed point
of T. [

+k> M(zp, z7).

Remark 3.8. Let T satisfies the conditions assumed in the statement of Theorem 35.7.
If z* and y* are two distinct fized points of T satisfying as(x*,y*) > s2, then

s(1—k)

-

Proof. We have proved that set of fixed points of T' is nonempty. Let z* and y* be two
distinct fixed points of T'. By contractive condition (3.1), we have

. . po(z", T(y")) + pe(y”, T'(z")) .
PO < (S e G ) ME )
As M(z*,y*) = pp(x*,y*), thus,

P pb(m*vy*) +pb(y*7x*) > *
z",y") < +k z”,
pb( Yy ) (S(pb(x*,x*)‘i‘pb(y*,y*)+1) pb( Yy )

po(x™,y") >

implies that
s(1—k . x
(T) < po(2”,y").

The following example illustrates Theorem 3.7.

Example 3.9. Let X = {1,2,3,4} be endowed with the mapping p, : X x X — R{
defined by
lz—yl? + (@ Vy)?, ifz#y,
pb(l’,y): €z, 1f$:y7él,
0, ife=y=1.
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Then, it is easy to verify that (X, py,4) is a complete partial b-metric space. Moreover,

we note that

pb(]-? 1) =0, pb(272) = 27 Pb(37

3) =3, pb(474) =4,

p6(1,2) = pp(2,1) =5, pp(3,1) = pp(1,3) = 13, pp(1,4) = ps(4,1) = 25,
6(2,3) = pp(3,2) =10, pp(2,4) = ps(4,2) = 20, pp(3,4) = ps(4,3) = 17.

Define the mapping T': X — X by
T(1)=1,T(2) =1 T03)=2,

1
Following table shows that 7" satisfies the contractive condition (3.1) for 5 <k<Ll

T(4) = 2.

~—

po(7, T(y)) + oy, T(x))

po(T(2), T(y))

<8(1 + po(z, T'(x)) + po(y, T'(y

) ““) M.9)

5k + 25/24

13k + 117/22

25k + 125/14

13k + 195/64

20k + 540,104

N Ot O O O O

20k + 300,62

po(z, T(y)) + po(y, T(z))

€

1 —|—pb(.%‘,T(.Z‘)) +pb(y7T(y

M "’> Mzy)

5k + 25/11

10k + 50/21

20k + 200/41

Similarly (3.1) holds for x = y = 1. Now define

18, if z #y,
as(z,y) =417, foe=y#1,
16, ifz=y=1.

There exists g = 1 such that (2o, T(x0)) = 16. Clearly, T is both a4-non-expansive and
ay-orbital admissible mapping and satisfies conditions (a) and (b). Hence, the conditions
of Theorem 3.7 are satisfied. Note that © = 1 is a fixed point of T' with py(1,1) = 0.
Since pp(2,2) = 2 # 0, it follows that p, is not a b-metric. Also py is not a partial metric.
Indeed, pp(4,1) = 25 > 23 = pp(4,2) + pp(2,1) — pp(2,2). It is remarked that the results

in [5], [16] and [

] are not applicable while Theorem 3.7 is applicable.

Definition 3.10. Let (X, p,) be an ordered partial b-metric space and <; be a binary
relation on X. We say the mapping 7' : X — X is an order preserving if for each x € X

such that <1 T'(z), we have T(x) <1 T?(z).

We state the following.
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Corollary 3.11. Let (X,py,s,<1) be an ordered complete partial b-metric space and
T : X — X be a non-expansive and order preserving mapping satisfying the following

condition:
po(7, T(y)) + po(y, T(x))
p({T(). Tw)) < (sm(x, T(@) + poly, () + 1

for all z,y € X such that x <1 y and k € [0,1), where

) + k:) M(z,y),

M (z,y) = max {pb (@.9) 7y (2. T) o (3, Ty), L& TH) 20 (9, T') } .

2s
Assume that
(a) there exists xg € X such that xo <1 T(xo) and
po(x0, T(x0)) + po(T(20), T*(20))
L+ py(wo, T'(w0)) + po(T(20), T2(20))
(b) (X, pp, 8, <1) is regular.

1
+k<—;
s

Then

(i) T has at least one fized point;
(ii) the Picard iterative sequence converges to a fized point of T'.
(1ii) If z* and y* are two distinct fived points of T such that x* <1 y*, then
s(1—k)
5

Proof. 1t suffices to consider

(1) s2, ifx <y v,
as(z,y) =
s\ Y 0, otherwise

po(x™,y") >

in Theorem 3.7. L]
Now we state our second main result.

Theorem 3.12. Let (X,psy,s) be a complete partial b-metric space and T : X — X
be an ag-non-expansive and an «g-orbital admissible mapping satisfying the following

contractive condition:
(2, T(y) + po(y, T'(z))
w0 < (o TG o 1) ) M) (37

for all x,y € X such that as(x,y) > s? and k € [0,1), where
Ml (-T,y) =Pb (x,y) + |pb (x,T:c) —Pb (yaTy) |7

Assume that
(a) there exists xo € X such that as(xg, T(z0)) > s? and

(0, T(x0)) +pb(T($0),T2(xO)) 1
T+ po(@o, (o)) + po(T(wo), T(ae)) " s

(b) X is as-regular.

Then

(i) T has at least one fized point;
(i) the Picard iterative sequence converges to a fized point of T.
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(iii) If z* and y* are two distinct fived points of T such that as(z*,y*) > s2, then
s(1—k)

5
Proof. Proceeding as in the proof of Theorem 3.7, we have

s (@n, Tny1) = (T (20), T (20)) = 5%, for all n € N.

po(z™,y") =

Since as(Tp, Tpy1) > 82 for all n > 0 and the mapping 7T is an ag-non-expansive, we get
Db (Tny Trt1) < Py (Tp—1,2n), for all m € N. (3.8)

By contractive condition (3.7), we have

pb(xn—laxn-i-l) +pb(xn7xn) )
Ly Tn < + k| M Tn—1,Tn)- 3.9
pb( +1) (5(pb(1'n—17$n) +pb(xn,1'n+1) + 1) 1( ! ) ( )

By (3.8), we have
M (Tn—1,2n) = b (Tn—1,Zn) + |Pb (Tn—1,Tn) — Pb (Tns Tnt1) |
= 2pp (xn—lv xn) — Db ($n7 xn—&-l) .
By Lemma 3.5, we know that the sequence

{ pb(xn—hxn) +pb(xn;zn+1) }
pb(xnflaxn) +pb(xn7xn+1) + 1 neN

is non-increasing. Consequently,

Po(Tn—1,Tn) + Pu(Tn, Tny1) < Po(To, 1) + py(T1,72)
Do(Tn—1,Tn) + Db(Tn, Tny1) + 1 = pp(x0, 1) + po(x1, 22) + 1

(20, 1) + po(T1,72)

Let 6 =
po(xo, 1) + py(r1,22) +1

+ k. By (3.9), we obtain

Po(Tn—1,Tnt1) + Pp(Tn, Tn)
1+ pp(Tn_1,2n) + po(Tn, Tnt1
< (PR ST ) M (er.)
L+ py(z0,71) + po(21, 72)
=M1 (Zp-1,2n) = 0(2pb (Tn—1,%n) — Db (Tn, Tnt1)),
(1+0)po(Tn, Tny1) < 26pp (Tn—1,Zn)

Po(Tn, Tny1) < (S( Bt k) My (21, ,)

20
Po(Tn; Tny1) < aro” (Tn—1,75) -
By induction we obtain
. 26 2
Db (Zny Trg1) < App(o, 1), for all n € N where A = m < s < 1.

The remaining part of this proof can easily be followed by the proof of Theorem 3.7. =

Corollary 3.13. Let (X,py,s) be a complete partial b-metric space and T : X — X be
an og-non-expansive mapping satisfying the following condition:
o, T(y)) + poly, T
(). 7)) < (e 2
s(L+po(z, T(2)) + po(y, T(y)))

—i—k:) Ma(z,y),
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for all x,y € X as(z,y) > s% and k € [0,1), where
MQ (.’IJ, y) = max {M($7 y>7 Ml(mv y)} .
Assume that the conditions (a) and (b) assumed in the statement of Theorem 3.7 hold.
Then
(i) T has at least one fized point;
(ii) the Picard iterative sequence converges to a fized point of T'.
(iii) If z* and y* are two distinct fived points of T such that as(z*,y*) > s2, then
s(1—k)
—

Corollary 3.14. Let (X, pp,s) be a complete partial b-metric space and T : X — X be
an ag-non-expansive mapping satisfying the following condition:

po(z, T(y) + po(y, T(x))
T 100 < (TR

po(z",y") =

+ k) M3(xa y)a
)
where
1
Assume that the conditions (a) and (b) assumed in the statement of Theorem 3.7 hold.

Then
(i) T has at least one fixed point;
(ii) the Picard iterative sequence converges to a fized point of T.
(iii) If z* and y* are two distinct fived points of T such that as(z*,y*) > s2, then
s(1—k)
5

Theorem 3.15. Let (X, pp, s) be a complete partial b-metric space and T : X — X be a
non-expansive mapping satisfying the following conditions:

P 7)) + . T(2))
P00 < (R Iy ) M

po(z",y") =

for all x,y € X, where

M (z,y) = max {pb (z,y) 9y (2, Tz) , py (y, Ty) , 2 (z,Ty) + po (y,T) } _

2s
Assume that

py(20, T(20)) + pu(T(x0), T? (20)) 1
T+ po(o, T(x0)) + po(T(xo) T2(zo)) T * < 5

Then

(i) T has at least one fized point;
(ii) the Picard iterative sequence converges to a fized point of T'.
(1ii) If x* and y* are two distinct fized points of T, then
s(1—k)
5

Proof. The proof follows as the same lines in the proof of Theorem 3.7. [

po(z",y") =
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Remark 3.16. If we replace M(x,y) with M1 (z,y) in the Theorem 3.15, Corollary 3.11
stated above, we get new results. For s = 1, we get all the stated results in partial metric
spaces (new results). For py(z,z) = 0 for all x € X, we get all the stated results in
b-metric spaces (new results). For s = 1 with py(x,2) = 0 for all z € X, we get all the
stated results in metric spaces.

4. APPLICATION

In this section, we present an application of Theorem 3.15 to show the existence of the
solution of the boundary valued problem given by

d?x
—gE = ftz(®), telo,1] (4.1)
2(0) =2 (1) =0,

where f :[0,1] x R — R is a continuous mapping. The Green function associated to the
boundary valued problem (4.1) is defined by

_Jtd=7), 0<t<7<1
G(t’T){ T(1—t), 0<r<t<l.
Let C[0, 1] be the space of all continuous mappings defined on [0, 1]. Let X = (C[0, 1], R).
Define the mapping p, : X x X — R by

po(z,y) = H(w—y)2H +1n = Shl)pu |z(t) — y(t)* +m5m >0
S telo,

It is known that (X, ps, s) is a complete partial b-metric space with constant s = 2. Define
the mapping T : X — X by

Tx(t):/O G(t,7)f(r,z(1)) dr,

for all ¢ € [0,1]. Note that problem (4.1) has a solution if and only if the operator T has
a fixed point.

Theorem 4.1. Let X=C([0,1],R). Define the mappings T': X — X by

1
Tx(t) = /0 G(t,7)f(r,z(1)) dr, (4.2)

where f : [0,1] x X — R is a continuous mapping. Assume that T satisfies following
conditions:

(a) there exists g = () € X such that
po(z0, T(0)) + po(T(x0), T*(20))

1+ py(wo, T(x0)) + po(T (x0), T%(w0))

(b) the mapping f :[0,1] x X — R satisfies

1
+k<—
s

b(w’ )
)~ Fef < o (270,

for all t € [0,1], z,y € X and p > 1.
Then boundary valued problem (4.1) has a solution.
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Proof. 1t is remarked that z*(t) € (C?[0,1],R) (say) is a solution of (4.1) if and only if
x*(t) € X is a solution of the integral equation (4.2). The solution of (4.2) is given by
the fixed point of T i.e z*(t) = T'(z*(t)).

Let z,y € X and ¢ € [0,1], by assumption (b), we get

|Ta(t) - Ty(t)|” =

IN
S—
—
~
ﬁ
S~—
=
—

I
=2
S~—
S~—
=
S~—
-
QU
ﬁ
| I |

IN

1 ekrv(@.y)
8/ G(t,T) 1n< )dT
0 P
1 ekrv(@,y)
< 8/ G(t,T) ln< >d7’
0 P

kpy (z,y)
:82111(6 )(sup |:/Gt7' ])
P t€[0,1]

2
Since fo (t,7)dT = ———i— for all ¢ € [0, 1], then we have <t:%p1] Uol G(t, T)d’T] ) = &,

which implies that
T (t) — Ty()]* +n < kpy(w,y), where n = In(p)

<< po(7, T(y)) + po(y, T(z))
= \so(z, T(2)) +po(y, T(y)) + 1)

+ k‘) M(z,y).
We note that

po(Tx(t), Ty(t)) < py(x(t), y(t))

which shows that T' is non-expansive. Let M(z,y) be defined as in Theorem 3.15. Then
it can easily be proved that

M(z,y) = sup M(xz(t),y(t)).
t€(0,1]
Thus,

po(z, T(y)) + po(y, T(x))
s(po(@, T'(x)) + po(y, T(y)) + 1)
holds true for all z,y € X and ¢ € [0, 1]. Hence, application of Theorem 3.15 ensures that

T has at least one fixed point z*(t) € X, that is, T'(z*(t) = z*(t) which is a solution of
(4.2). L]

PlT(). T0) = ( + ) Moy
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