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On Strongly ¢ - Semi - Continuous Functions
N. Puturong

Abstract : A function f: X — Y from a topological space X into a topological
space Y to be strongly #-semi-continuous if and only if for each x € X and each
open set V containing f(x) , there exists a semi- open set U containing x such
that f(scl U) C V. In this paper gives some characterizations of strongly 6-
semi-continuous functions , including to apply strongly #-semi-continuous to the
retraction and strongly #-semi-continuous fixed point property.
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1 Introduction

N. Levine [3] has defined a function f: X — Y from a topological space X into a
topological space Y to be semi-continuous ( denoted by ”s.c ) if f~1(U) is semi-
open set in X for every open set U in Y. Also, T. Noiri [6] has independently
defined a function f: X — Y from a topological space X into a topological space
Y to be strongly #-continuous ( denoted by st. fc ) if for each x € X and each
open set V containing f(x), there exists an open set U containing x such that
f (U) C V. Seong Hoon Cho [4] has the notion of a type of converges for nets
that we called sf-converges.

F. Cammaroto and T. Noiri [1] defined and investigated the d-continuous re-
traction and the d-continuous fixed point property.

In the present paper, author has define and study the strongly #-semi-continuous
functions. In section 2, preliminaries. Section 3 gives some characterizations of
strongly #-semi-continuous functions. Section 4 deals with the retraction of a topo-
logical space by strongly #-semi-continuous functions and the fixed point property
in relation to strongly f-semi-continuous functions.

2 Preliminaries

Definition 2.1. [3] Let A be subset of a topological space X. A is said to be
semi-open set in X if there exists an open set O of X such that O C A C O. We
will be denoted the class of all semi-open sets in X by S.0.(X).
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Remark 2.2. [3] If O is an open set in X then O € S.0.(X).

Definition 2.3. [5] Let A be subset of a topological space X.
(1) A is said to be semi-closed set in X if A° € S.0.(X).
(2) The semi-closure of A , denoted by scl A ,
scl A=nN{F/F is semi — closed set in X such that A C F}
(8) The semi-interior of A, denoted by sInt A |
sInt A=U{0/0O € 5.0.(X)such that O C A}.

Theorem 2.4. [5] Let A and B be subsets of a topological space X. Then :
(1) If A is closed set, then A is semi-closed set.
(2) ACscl ACA.
(3) If A C B, then scl A C scl B.
(4) A is semi-closed set if and only if scl A= A.
(5) A e S.0.(X) if and only if sInt A= A.
(6) sInt A= X —scl (X — A).
(7) sInt A C A.

Definition 2.5. [2] Let A be subset of a topological space X and x € X. A point
x is called a semi 0-adherent point of A if scl UN A # () for every semi-open
set U containing x. The set of all semi 0-adherent points of A is called the semi
0-closure of A and is denoted by sclgA.

Definition 2.6. Let D be a directed set and (xz4) is a net in a topological space
X. A net (zq) is said to sB-converges to xg € X if for each semi-open set U
containing xg, there exists dy € D such that x4 € scl U for all d > dy.

3 Characterizations

Definition 3.1. Let X = (X,7x) and Y = (Y, 7y) be topological spaces.

A mapping f: X — Y is said to be strongly 0-semi-continuous at a point xg € X
if for each open set V' containing f(xo), there exists a semi-open set U containing
xo such that f(scl U) C V. f is said to be strongly 0-semi-continuous on X if it
is strongly 6-semi-continuous at every point of X, we shall denote by f is st. Osc
on X

Example 3.2. Let X = {a,b,c,d},Y ={z,y, 2},

x = {0, {b},{c},{b,c},{a,b,c}, X} be topology on X,

1, =10, {y},{z},{y, 2}, Y} be topology on' Y

and f : X — Y such that f(a) = z, f(b) = yandf(c) = f(d) = 2.
Show that f is st. Osc on X.
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Solution For (X, 7,},
Closed sets in X ; 0,{d}, {a,d},{a,b,d},{a,c,d} and X.
Semi-open sets in X (S.0.(X)); 0, {b},{c}, {b, c},{a, b}, {b,d},{a,c},{c, d},{a,c,d},
{ba &) d}’ {a7 ba d}7 {aa ba C} and X
Semi-closed sets in X ; , {a}, {b}, {c}, {d}, {a, b}, {a, c}, {a,d},{b,d}, {c,d}, {a,b,d},
{a,¢,d} and X.
Consider at a point a :
Let V € 7y such that f(a) € V then V is to be Y. There exists {a,c} € S.0.(X)
such that a € {a,c} and f(scl{a,c}) = f({a,c}) = {z,z} C V. Hence f is st. Osc
at a point a.
Consider at a point b :
Let V' € 7y such that f(b) € V then V is to be {y},{y,z} and Y. There exists
{b} € S.0.(X) such that b € {b} and f(scl{b}) = f({b}) = {y} C V. Hence f is
st.f@sc at a point b.
Consider at a point c :
Let V € 7y such that f(c) € V then V is to be {z},{y,z} and Y. There exists
{c} € S.0.(X) such that ¢ € {c¢} and f(scl{c}) = f({c}) = {2z} C V. Hence f is
st. fsc at a point c.
Consider at a point d :
Let V € 7y such that f(d) € V then V is to be {z},{y, 2} and Y. There exists
{¢,d} € S.0.(X) such that d € {c,d} and f(scl {c,d}) = f({c,d}) = {z} C V.
Hence f is st. fsc at a point d. Therefore, f is st. fsc on X.

Example 3.3. Let X # 0 and X =Y. (X,7x) and (Y, 7y) be topological spaces
such that Ty be trivial topology onY, f: X — Y such that f(x) = x for allz € X.
Show that f is st. Osc on X.

Solution Since f(z) = « for all z € X and 7y be trivial topology on Y, then
an open set V' containing f(z) is to be Y. There exists an open set X such that
x € X, thus there exists a semi-open set X such that z € X while X be a closed
set. By Theorem 2.4(1), we have X be a semi-closed set and by Theorem 2.4(4),
we have scl X = X. Hence f(scl X) = f(X) CY, thus f is st. fsc at a point x.
Therefore, f is st. fsc on X.

Remark 3.4. Let X and Y be topological spaces and f: X — Y. Then :
(1) If f is st. Oc on X, then f is st. sc on X.
(2) If f is st. Osc on X, then f is s.c on X.

Proof. (1) Let f is to be st. 8¢ on X. Then for each z € X and V € 7y such
that f(x) € V, there exists an open set U such that x € U and f(U) C V. Since
if U € 7, then U € S.0.(X) and since scl U C U, There exists a semi-open
set U such that x € U and f(scl U) € f(U). Since f(U) C V, hence we have
f(scl U) C V. Therefore, f is st. fsc on X.

(2) Let f is to be st. fsc on X. Then for each z € X and V' € 7y such that
f(z) € V, there exists a semi-open set U of X such that € U and f(scl U) C V.
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Since U C sclU, we have f(U) C f(scl U). Hence f(U) C V.Thus there exists
a semi-open set U of X such that « € U and f(U) C V. Therefore, f is s.c on
X. U

The converse of Remark 3.4(1), (2) are false, as shown by Example 3.5(1), (2).

Example 3.5. (1) From Ezample 3.2, show that f is not st. 6c on X

Solution Consider at a point b :

Let V € 7y such that f(b) C V, hence V is to be {y},{y,z} and Y. Open
sets in X containing b ; {b}, {b,c},{a,b,c} and X. Since f({b}) = f({a,b,d}) =
{z,y,2; Z V. f({b,c}) = f(X) = {z,y,2} € V. f({a,b,c}) = f(X) ={z,y,2} £
Vand f(X) = f(X) ={z,y,2} ¢ Vfor some V € 1y. Hence f is not st. fc on
X. Therefore, f is st.fsc on X but it is not st. 6c on X.

(2) Let X ={a,b,c,d}, Y ={1,2,3,4},7x = {0, {a},{c}, {a,c},
{b,c},{a,b,c}, X} be topology on X, v = {0,{1},{3},{1,3},{1,2},{1,2,3}, Y}
be topology on Y, and f : X — Y such that f(a) = 3, f(b) = 2, f(c) = 1 and
f(d) = 4. Show that f is s.c on X but it is not st. 6sc on X.

Solution For (X, 7x) , Closed sets in X; X, {b,c,d},{a,b,d},{b,d},{a,d},{d}
and (). Semi-opensetsin X ; 0, {a}, {c},{a,c}, {b, ¢}, {a,d},{c,d},{a,b,c},{b, c,d},
{a,c,d} and X. Semi-closed sets in X ; X,{b,¢,d},{a,b,d},{b,d},{a,d},{b,c},
{a,b},{a},{b},{d} and 0.

(1) Show that f is s.c on X.
Open sets in Y ; 0,{1},{3},{1,3},{1,2},{1,2,3} and Y. Since f=1(0) = 0,
FHAI) =A{eh, HE3Y) ={a}, F71{L3}) ={ac}, fH({1,2}) = {b,c},
F71({1,2,3}) = {a,b,c} and f~1(Y) = X. Hence for each open set V in Y,
we have f~1(V) € S.0.(X). Therefore, f is s.c on X.

(2) Show that f is not st.fsc on X.

Consider at a point c :
Let V € 1y such that f(c) € V, hence V is to be {1},{1,3},{1,2},{1,2,3} and Y.
Semi - open sets in X containing ¢ ; {c}, {a, ¢}, {b, ¢}, {c, d},{a,b,c}, {b,c,d}, {a,c,d}
and X. Since f(scl{c}) = f(XN1{b, ¢, d}{b,c}) = F({b,c}) = {12} ¢ V, f(scl{a,c}) =
fX) = {1727374} zV, f(SCl{b,C}) = f({bac}) = {172} zv, f(SCl{Cvd}) =
f(Xﬂ{b, G d}) = f({b7 G, d}) = {17234} zV, f(SCl{avbv C}) = f(X) = {1,2,374} a
Vv, f(SCZ{bv G, d}) = f({b’ = d}) = {17274} zVv, f(SCl{a7 G d}) = f(X) = {1’273’4} 7
V,and f(sclX) = f(X) ={1,2,3,4} ¢ V for some V € 7y.

Hence f is not st.0sc at a point c. Therefore , f is not st. fsc on X.

Remark 3.6. Let X and Y be topological spaces. If f : X — Y is continuous on
X and (Y, 1y) is reqular space, then f is st. Osc on X.

Proof. Let x € X and V € 7y such that f(z) € V. We have V¢ is a closed set
in Y and f(z) ¢ V°. Since (Y, 7y) is regular space. There exists A, B € 7y such
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that AN B =0, f(z) € A and V¢ C B, we have A C B°. Hence A C B¢ and
B¢ C V. Since B¢ is a closed set, hence B¢ = B¢. Thus A C V. Since f is
continuous on X and A € 1y, we have f~1(A) € 7x. Since f(z) € A, we have
xr € f71(A). Hence x € f~1(A) C scl f~Y(A) C f~1(A) C f~YA) c f~1V).
Thus f(scl f~1(A)) C V. Since f~1(A) is an open set, we have f~1(A) is a semi-
open set. There exists a semi- open set U = f~!(A) in X such that # € U and
f(scl U) C V. Therefore, f is st. fsc on X. O

From Remark 3.6 if (Y, 7y) is not regular space then f is not necessary to be
st. @sc on X, as show by Example 3.7.

Example 3.7. From Ezample 3.5(2) , show that if f is continuous on X and
(Y, 1v) is not regular space, then fis not st. 6sc on X.

Solution Open sets in Y ; 0,{1},{3},{1,3},{1,2},{1,2,3} and Y. Closed sets
inY; Y,{2,3,4},{1,2,4},{2,4},{3,4}, {4} and 0. Since f~1(0) =0, f~1({1}) =
fe}, 71BN = fab, FHL3Y = farch, FA({121) = fbyeh, £1({1,2,3)) =
{a,b,c} and f~}(Y) = X. Thus for each open sets V in Y , hence f~1(V) is
open sets in X. Therefore , f is continuous on X.

Next , we shall show that (Y, 7y) is not regular space. Consider at a point 2
, for 2 € Y and a closed set {4} such that 2 ¢ {4}. Open sets in Y containing
25 {1,2},{1,2,3} and Y. Since {4} C Y, {1,2} NnY # 0,{1,2,3} NY # 0 and
Y NY #0, hence (Y, 7y) is not regular space. By Example 3.5(2) , we have f is
not st. fsc on X. Therefore , if f is continuous on X and (Y, 7y) is not regular
space then f is not st. fsc on X.

The converse of Remark 3.6 is false, as shown by Example 3.8.

Example 3.8. From Ezample 3.2 , show that f is not continuous on X.

noindent Solution Since {z} € 7v . But f~1({z}) = {¢,d} ¢ 7x. Hence , f
is not continuous on X. Therefore , f is st. #sc on X but it is not continuous on
X.

Definition 3.9. Let A be subset of a topological space X. The semi 0-interior of
A | denoted by sIntgA |

sIntgA =U{0]0 € S.0.(X) such that scl O C A}.

Example 3.10. Let X = {a,b,c,d} and 7x = {0,{a}, {b,c},{a,d}, {a,b,c}, X} be
topology on X. Find sIntg{a}, sInte{b}, sIntg{b,c}, sIntg{b,d}, sInte{a,c,d}
and sIntyg X .
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Solution Open sets in X ; 0,{a},{b,c},{a,d},{a,b,c} and X.
Closed sets in X ; X, {b,c,d},{a,d},{b,c},{d} and 0.
Semi-open sets in X ; 0,{a},{b,c},{a,d},{a,b,c} and X.
Semi-closed sets in X ; X,{b,c,d},{a,d}, {b,c},{d} and 0.
Since scl A = U{F|F is semi — closed set in X such that A C F'}, hence
sl § =0, sc {a} = {a,d} N X = {a,d}, scl {b,c} = {b,c}, scl {a,d} =
{a,d}, scl {a,b,c} = X and scl X = X.
Since sIntgA = U{0O|0 € S.0.(X) such that scl O C A}, hence sintg{a} =
0, sIntg{b} = 0, sIntg{b, c} = {b,c}, sIntg{a,c,d} = {a}U{a,d} = {a,d}, Inty{b,d} =
0 and sintyg = X.

Lemma 3.11. Let A be subset of a topological space X. Then :
(1) sIntg(X — A) = X — sclpA.
(2) sIntgA C sIntgA.
(3) A C sclgA.

Proof. (1) sIntg(X — A) = X — sclpA.

(=) Let & € sInty(X — A). Then there exists a semi-open set U containing x
such that * € sl U C (X — A). Thus sl UNA = () and = ¢ sclpA . Hence
z € X — sclpA . Therefore , we obtain sintg(X — A) C X — sclpA.

(<) Let © € X — sclpA. Then = ¢ sclpA. There exists a semi - open set U
containing x such that st UNA = 0. So, z € U C sl U C X — A. Hence
x € sIntg(X — A). Therefore, we obtain X — sclpA C sIntg(X — A).

(2) sIntgA C sIntpA.
Let x € X and x € sIntgA . Since sIntgA = U{O|O € S.0.(X)such thatscl O C
A}, hence x € U{O|O € S.0.(X)such thatscl O C A}. By Theorem 2.4 (2) , we
have O C scl O. Hence, we have z € U{O|O € 5.0.(X)such thatO C A}. By
Definition 2.3(3), hence = € sInt A. Therefore, sIntgA C sInt A .

(3)A C sclgA.
Since sInty(X — A) = X — sclgA and sInt A = X — scl(X — A). By (2), we have
sIntg(X — A) C sInt(X — A). Thus X —sclgA C X —scl A. Hence scl A C sclgA.
By Theorem 2.4(2), we have A C scl A. Therefore, A C sclpA. O

Theorem 3.12. Let X and Y be topological spaces. For a function f : X — Y,
the following statements are equivalent :

(1) f is st. Osc on X.

(2) For each x € X and each V CY such that f(x) € IntV, there exists

U C X such that x € sIntgU and f(U) C V.

(3) f~Y(IntB) C sIntgf~(B) for each BCY.

(4) sclof~*(B) C f~Y(B) for each BCY.

(5) f~HG) C sIntaf~1(G) for each open set G inY.

Proof. (1) = (2) Let z € X and V C Y such that f(z) € IntV.
There exists G € 7Y such that f(x) € G and G C V. Since f is st. fsc on X,
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hence there exists A € S.0.(X) such that € A and f(scl A) C G C V. Since
sIntg(sclA) = U{A]A € S.0.(X) such that scl A C scl A}. Let U = scl A. Hence,
there exists U C X such that « € sIntpU and f(U) C V.

(2) = (3) Let B C Y show that f~'(IntB) C sIntgf ' (B). Let x €
f~Y(IntB)then f(x) € IntB. By (2), there exists U C X such that x € sIntyU
and f(U) C B. Hence f~1(f(U)) c f~1(B). By Lemma 3.11(2), sIntyU C
sInt U and by Theorem 2.4(7) , sInt U C U. Hence sIntgU C U and since
U C f~Yf(U)). Hence z € sIntyU C f~Y(B). Since z € sIntoU = U{0|0 €
S.0.(X) such that sclO C U} and U C f~1(B). Therefore, z € sIntyf~1(B) =
U{0|0 € S.0.(X) such that sclO C U C f~*(B)}. Thus f~'(IntB) C f~*(B)
for each B C Y.

(3) = (4) Let B C Y show that sclgf~1(B) C f~1(B).
X—-fYB) = X—-f 1Y —Int(Y — B))
= X—f YY)+ f'Unt(Y —=B)) =X — X + f1(Int(Y — B))

X - X+ fYInt(Y —=B)) = f(Int(Y —B))
C sintgf ' (Y —=B)  (By (3))
= slnty[fH(Y) — f71(B)]
= slntg[X — f7(B)]
= X —sclofY(B) (By Lemvma 3.11(1))
Thus X —f~1(B) C sclgf~1(B). Therefore, sclgf~1(B) C f~1(B) foreach B C Y.
(4) = (5) Let G € 7y show that f—1(G) C sIntaf~1(G).
X —sIntgfH(G)

sclo(X — fH@)) (By Lemma 3.11(1))
= sclp(fHY) - F7HQ)
= sclpf 1Y Q)
CfY-G)  (By(4)
fHY —Int (Y — (Y = Q)))
= YUY —IntG)
= fIY) - i Unt G) =X~ f7H(G)

Thus X — sIntgf~1(G) C X — f~Y(G). Therefore, f~1(G) C sIntyf~(G) for
each G € 1y .

(5) = (1) Let z € X and V € 7y such that f(z) € V. Hence z € f~1(V).
By (5) , we have f~1(V) C sIntgf~*(V). Hence z € sIntgf~(V). Since
sintgf~1(V) = U{0|O € S.0.(X) such that scl O C f~Y(V)}. Thus there
exists U € S.0.(X) such that x € U and f(scl U) C V. Therefore, f is st. fsc on
X. O
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Theorem 3.13. Let X and Y be topological spaces. For a function f : X — Y,
the following statements are equivalent :
(1) f is st. Osc on X.
(2) For each o € X and each net (xq) in X. If (xq)s0-converges to xo,
then the net (f(xq)) converges to f(xo).

Proof. (1) = (2) Let 2y € X and (x4) be a net in X such that (x4) sf-converges
to xg. Let V be an open set containing f(xg). Since f is st. fsc on X | there exists
a semi-open set U containing xo such that f(scl U) C V. Since (z4)s6-converges
to xg, there exists dg such that x4 € scl U for all d > dy. Hence f(zq) € f(scl U)
for all d > dy. Since f(scl U) C V, hence f(xq) C V for all d > dy. Thus (f(zq))
converges to f(zo).

(2) = (1) Suppose that f is not st. 8sc on X. Then there exists g € X and
an open set V' containing f(x¢) such that f(scl U) ¢ V for all semi-open sets U
containing xg. Thus there exists xy € scl U such that f(zy) ¢ V. Consider the
net {zy|Uis semi — open set containing zo}. Then (zy)sf-converges to zp but
(f(zv)) does not converges to f(xg). Since this contradiction (2). Therefore, f is
st. fsc on X. 0

4 The strongly 6 - semi - continuous retraction
and fixed point property

Definition 4.1. Let X be topological space and A C X. A is said to be strongly
0-semi-continuous retract of X if there exists f : X — A is st. Osc on X such that
f is the identity on A. f is called a strongly 0-semi-continuous retraction.

Example 4.2. Let X = {a,b,c,d}, A= {a,b,c},

7x = {0.{b},{c}, {b,c} . {a,b,c}, X} be topology on X,

T4 = {0, {b}, {c},{b,c}, A} be topology on A and f: X — A such that f(a) =
a, f(b) = b and f(c) = f(d) = ¢. Show that f is a strongly 0-semi-continuous
retraction.

Solution Similar to Example 3.2, hence f is st. §sc on X. Since f is the
identity on A. Hence f is a strongly #-semi-continuous retraction.

Lemma 4.3. Let X,Y and Z be topological spaces. If f: X — 'Y is st. Osc on X
and g:Y — Z is st. Bc on'Y , then gof is st. Osc on X.

Proof. Let x € X and V € 7z such that (gof)(z) € V. Hence g(f(x)) € V and
f(z) €Y. Since g is st. §c on Y, there exists an open set O containing f(x) such
that

g(0) C V. (4.1)
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Since f is st.fc on X , there exists a semi - open set U containing z such that
f(sclU) C O. By Theorem 2.4 (2) , we have O C O. Hence

9(0) € g(0). (4.2)

Since f(sclU) C O , hence
9(f(scll)) C g(0). (4.3)
By (4.1) , (4.2) and (4.3) , hence g(f(scl U) C g(O) C g(O) c V. Thus
(gof)(scl U) C V. Therefore, gof is st. fsc on X. O

Theorem 4.4. Let X be topological space and A C X. If A is a strongly 0-semi-
continuous retract of X , then for every spaceY , every g: A —Y is st. Oc on A
can be extended to g: X — Y is st. fsc on X.

Proof. Let Y be topological space and g : A — Y is st. fc on A. Since A is a
strongly -semi-continuous retract of X, there exists f : X — A is st. 0sc on X
and f is the identity on A. By Lemma 4.3, we have gof : X — Y is st. fc on X.
Since gof(x) = g(f(z)) = g(z) for all © € A. Therefore, gof is an extension of
g. O

Theorem 4.5. Let X is Hausdorff space. If A is a strongly 0-semi-continuous
retract of X, then sclgA = A.

Proof. Suppose that sclg A # A. By Lemma 3.11(3), we have A C sclpA. Hence
there exists « € (sclpA — A), Thus = ¢ A. Since A is a strongly 6-semi-continuous
retract, hence f(z) # x for some z € X. Since X is Hausdorff space , there exists
disjoint open sets U and V such that 2 € U and f(z) € V. Thus U C X — V. By
Theorem 2.4(3), we have scl U C scl(X —V) =X —V, thus scl UNV = (. Since
U C scl U, hence x € scl U for open set U containing x.

Let W is an open set containing . Since W C scl W, hence x € sel W. Since
(UNW) C sc(UNW), hence z € scl(U N W) for open set U N W containing
x. Since x € sclpA such that sclgA = {z € X|scl UN A # 0 for each semi —
open set U containing x}, hence scl(U N W) N A # (. Since scl(UNW) C
scl U N scl W, hence(scl UNscl W)N A # 0.

Let a € (scl UNscl W)NA # 0. We have a € scl U,a € sel W and a € A.
Since a € A hence f(a) = a,a € scl W hence f(a) € f(scl W) and a € scl U hence
a ¢ V. Thus f(a) ¢ V, we have f(scl W) ¢ V for semi- open set w containing x.
Thus this contradiction f is st. sc on X. Therefore, sclgA = A. O

The converse of Theorem 4.2 is false , as shown by Example 4.6 , 4.7.
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Example 4.6. Let X = {a,b,c,d}, A = {a,d} ,
x = {0,{a}, {b,c},{a,b,c}, X} be topology on X ,
T4 = {0, A} be topology on A
and f: X — A such that f(a) = a, f(b) = f(c) = f(d) = d. Show that
(1) (X, 7x) is not Hausdorff space.
(2) A is a strongly 0 - semi - continuous retract of X. (8) sclgA = A.

Solution
(1) Consider at b, c such that b#c :
Open set V' containing b is to be {b, ¢}, {a,b,c} and X.
Open set U containing c is to be {b,c}, {a,b,c} and X.
Hence VNU # 0 , thus (X, 7x) is not Hausdorff space.
(2) We must show , f is st.fsc on X and f is the identity on A.
Open sets in A;0,{a} and A.
Since f1(0) = (0) © sntof~'(0), /' ({a}) = {a} © sIntof~({a}) = {a}
and f~1(A) = A C AsIntpf~1(A) = A.
By Theorem 3.12 (5) =(1) , hence f is st.fsc on X. By defined of f , we have f
is identity on A. Therefore , A is a strongly 6 - semi - continuous retract of X.
(3) Closed sets in X; X, {b,c,d},{a,d},{d} andf.
Semi - open sets in X;0,{a}, {b,c}, {a,d},{a,b,c},{b,c,d} and X. Semi - closed
sets in X; X, {b,c,d}, {a,d},{b,c},{d},{a} and 0.
Consider at a point a :
Semi - open set V in X containing a is to be {a},{a,d},{a,b,c} and X. Since
scl{a} = {a}, scl{a,d} = {a,d},scl{a,b,c} = X and scl X = X , hence scl VNA #
() for each semi - open set V containing a. Thus a € sclyA.
Consider at a point b :
Semi - open set U in X containing b is to be {b, c}, {a, b, c}, {b, c,d} and X. Since
scl{b,c} = {b,c} , hence scl{b,c} N A ={. Thus b ¢ sclyA.
Consider at a point c :
Similar to a point b , hence ¢ ¢ sclp A.
Consider at a point d :
Semi - open set K in X containing d is to be {a,d},{b,c,d} and X. Since
scl{a,d} = {a,d}, scl{b,c,d} = {b,c,d} and scl X = X, hence scI K N AThus
d € sclpA , hence sclpA = {a,d}. Therefore , sclgA = A.

Example 4.7. Let X = {x,y, 2z}, A = {z,y},
X = {7 {1’}, {y}a {2}7 {.’ﬂ, y}a {.’t, Z}’ {y> Z}v X} be topology on X,
T4 = {0,{z},{y}, A} be topology on A
and f: X — A such that f(x) = f(y) = f(z) = x. Show that
(1) (X,7x) is Hausdorff space.
(2) A is not a strongly 0 - semi - continuous retract of X.
(3) SCIQA = A.

Solution
(1)Consider at x,y such that = # y , there exists disjoint open sets {z}, {y}
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such that « € {z},y € {y}. Consider at z, z such that xneqz , there exists disjoint
open sets {x}, {z} such that = € {z},z € {z}. Consider at y, z such that y # z ,
there exists disjoint open sets {y},{z} such that y € {y}, 2z € {z}. Hence (X, 7x)
is Hausdorff space.

(2) We must show , f is not st.@sc on X or f is not the identity on A. By
defined of f , we have f is not the identity on A. Therefore , A is not a strongly
0 - semi - continuous retract of X.

(3) Closed sets in X; X, {y, z},{z, z},{z,y},{z}, {y}, {=z} and 0.

Semi open sets in X;0,{z},{y},{z},{z,v},{z, 2}, {y, 2} and X.
Semi- closed sets in X; X, {y, z},{z, 2}, {z,y}, {2}, {y}, {z} and 0 .

By Lemma 3.11 (3) , we have A C sclgA , thus © € sclgA and y € sclpA.
Next , we shall show that z ¢ sclgA. Semi open set S in X containing z is to
be {z},{x,2},{y,2} and X. Since scl{z} = {z} , hence scl{z} N A = (). Thus
z ¢ sclgA. Therefore , sclgA = A.

Definition 4.8. Let X be topological space. A space X is said to has the strongly
0 - semi - continuous fized point property if for every f : X — X is st.0sc on
X |, there exists an x € X such that f(z) = x. We shall denote by X has the
st.0scFPP .

Example 4.9. Let X = {a,b,c} and 7x = {0,{a},{b,c}, X} be topology on X.
Consider the existence of st.0scFPP for X.

Solution
Claim that X has not the st.0scFPP. We must show , there exists f : X — X
is st.0sc on X such that f(x) # z for all x € X. Let f : X — X such that
f(a) = f(c) = b and f(b) = c. Next , we shall show that f is st.0sc on X. Open
sets in X;0, {a},{b,c} and X. Since f—1(0) =0 C sIntef~1(0) =0, f~1({a}) =
0 C sintgf~*({a}) =0, f1({b,c}) = X C sIntgf~1({b,c}) = sInteX = X, and
F7YX) =X C f74(X) = sIntyX = X. By Theorem 3.12 (5) = (1) , hence f is
st.fsc on X. Since f(z) # x for all x € X. Therefore , X has not the st.0scF'PP.

Lemma 4.10. Let X,Y and Z be topological space. If gof : X — Z is continuous
on X and g:Y — Z is an open bijection , then f is continuous on X.

Proof. Let V is any open set in Y. Since ¢ is an open mapping , hence g(V) is
an open set in Z. Since gof is continuous on X , hence (gof)~!(g(V)) is an open
set in X. Since (gof) 1 (g(V)) = f~1 (g7 (g(V))) = f~1(V) , hence f~1(V) is an
open set in X. Therefore , f is continuous on X. O

Theorem 4.11. Let (X, 1) is reqular space with the st.0scFPP. If o is a topology
for X stronger than T and scl G = scl G\9) for every G € o , then (X,0) has
the fized point property.
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Proof. Suppose that f : (X,0) — (X,0)isanycontinuousfunction. Let g :
(X,0) — (X,7) and h : (X,7) — (X,7) be the functions defined by g(z) =
h(z) = f(x) for all z € X. Let ¢ : (X,7) — (X,0) be the identity function.
Since 7 C o , hence ¢ is an open bijection. Since f = iog is continuous , by
Lemma 4.10 g is continuous . Next , we shall show that h is st.fsc on X. Let
x € X and h(z) € V. For each open set V in (X, 7) , hence V¢ is closed set in
(X,7) and h(z) ¢ V°. Since (X, 7) is regular space , there exists disjoint open
sets A and B such that h(z) € A and V¢ C B. We have A C B® , then A C B¢
and B¢ C V. Since B¢ is closed set , we have B¢ = B¢ . Hence (Z(T) cVv.

Thus h(z) € A C (Z(T) C V. Since g is continuous , hence g~!(A) € o. Since
h=Y(A) = f~Y(A) = g Y(A) , hence h™1(A) = f~1(A) € o . By Theorem 2.4(2)
and scl G = scl GL9) for every G € ¢ , we obtain

e h ™ (A) Cscl 1A =sel hmHA) D) =sel f71A) ) ¢ F-1(A) o) (4.4)

= (™)

Since f is continuous , 7 C o and (A"~ C V , we obtain

FEA) o) c 1A c AT i), (4.5)

By (4.4) and (4.5) , we have scl h=1(A) C f=*(V). Since h(z) = f(x) forallz € X
, hence f=1(V) = h=Y(V). Thus scl h=1(A) C h=1(V). Now , we set U = h=1(A)
, then we have semi - open set U in (X, 7) with « € U such that h(scl U) C V.
Hence h is st.fsc on (X, 7). Since (X, 7) has the st.7scF PP , there exists € X
such that x = h(z) = f(z). Therefore , (X, o) has the fixed point property. O

Lemma 4.12. Let XY and Z be topological spaces. If gof : X — Z is st.0sc on
X and g:Y — Z is an open bijection , then f is st.0sc on X.

Proof. Let V is any open set in Y. Since ¢ is an open mapping , hence g(v) is an
open set in Z. Since gof is st.f0scon X | hence (gof)~1(g(V)) C sIntg(gof) 1(g(V))
. Since g is bijection , hence (gof)~1(g(V)) = f~ (g7 (g(V)) = f~1(V). Hence
f~Y(V) C sIntgf~1(V). By Theorem 3.12 (5) = (1), hence f is st.fsc on X. O

Theorem 4.13. Let (X, 1) is reqular space with the fized point property. If o is a
topology for X stronger than T and sclgG(™) = sclyG'?) and G € o for each semi
- open set G in (X,0) , then (X, o) has the st.0scFPP.

Proof. Suppose that f : (X,0) — (X,0) is any st.f0sc on X. Let g : (X,0) —
(X,7) and h: (X,7) — (X, 7) be the functions defined by g(z) = h(z) = f(z) for
all z € X. Let i : (X,7) — (X, 7) be the identity function. Since f = iog is st.0sc
on X and i is an open bijection. By Lemma 4.12 , g is st.fsc on X. By Remark
3.4 (2) , hence g is s.c on X. Next , we shall show that h is continuous. The same

argument as in proof of Theorem 4.11 that , h(z) € A C A7 Vv for open set
V in (X, 7) containing h(x), A € 7. Since g is s.c on X , hence g~ (A) is semi -
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open in (X, o). By assumption G € o for each semi - open set G in (X,
g 1 (A) € 0. Since h™1(A) = f71(A) = g *(A) , hence h=1(A) = f~(
Lemma 3.11 (3) and sclgG(™) = sclyG(@) for every G € o , we obtain

o) , hence
) € 0. By

z € hHA) C selgh™ (A)T) = sclgh™H(A) ) = sclg f~H(A)). (4.6)
Since f is st.@sc on X,7 C o and Z(T) C V , we obtain
sclof~1(A)@  f1A7 ¢ 7147 ¢ 1. (4.7)

By (4.6) and (4.7) , we have h='(A) C f~1(V). Since h(z) = f(z) for all z € X
, hence f~1(V) = h=1(V). Thus h=1(A) C h=3(V). Now , we set U = h~1(A)
, then we have open set U in (X, 7) with 2 € U such that h(U) C V. Hence h
is continuous on (X, 7). Since (X,7) has the fixed point property , there exists
x € X such that x = h(xz) = f(z). Therefore , (X, o) has the st.fscFPP. O
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