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1 Introduction

In 1994, Censor and Elfving [I] studied the split feasibility problem in two
Hilbert spaces H; and Hs which is to find z € H; such that z € C N A™1Q,
where C' and @ are nonempty closed and convex subsets of Hilbert spaces H; and
Hj, respectively and A : H; — Hs is a bounded linear operator. Furthermore, if
C N A~1Q is nonempty, then z € C N A~1(Q is equivalent to

z=Po(I - A"(I — PQ)A)Z7 (1.1)

where A > 0 and P¢ is the metric projection of H; onto C'. Thus, many authors
used such results to studied the split feasibility problem in Hilbert spaces; see,
for instance [2, [l 4, B]. The result of was extended to Banach spaces by
Takahashi [6] [7]. Since then, many author have been investigating the split feasi-
bility problem in Banach spaces (see [8|, 9] [10, [I1] and the reference therein). Let
S :Hy — Hy and T : Hy, — Hs be any mappings, the split common fixed point
problem [12} [13] is to find z € Hy such that z € F(S) N A™1F(T), where F(S)
and F(T) are the fixed point sets of S and T, respectively. In 2016, Takahashi
[14] studied the split common fixed point problem in two Banach spaces, see also
[15, [16].
Let F: C'x C — R be a bifunction. The equilibrium problem for F is to find
z € C such that
F(z,y) >0, (1.2)

for all y € C. The set of all solutions of the problem is denoted by EP(F).

In 1955, Nikaido and Isoda [I7] first used the inequality in convex game mod-
els. In 1972, Fan [I8] proved existence theorems for EP(F). Moreover, many
problems in physics, economics and others can be reduced to find a solution of
the problem . After the works of [19, 20, 2], 22], the equilibrium problem
has been investigated by many authors (see [23], 24}, 25| 26| 27, 28] 29] 30] and the
references therein).

In 2012, He [31] considered the split equilibrium problem in Hilbert spaces.
Let I : C xC = R, F5 : Q x Q@ — R be two bifunctions and A : H; — Hy be
a bounded linear operator. The split equilibrium problem is to find z* € C such
that

Fi(z*,x2) > 0,Vz € C and y* = Az™ € @ such that Fy(y*,y) > 0,Vy € Q. (1.3)

The authors also introduced an iterative algorithm to find a solution of the split
equilibrium problem. Also, they introduced the following an iterative algorithm
to find a solution of involing A* is the adjoint of A. The split equilibrium
problem and fixed point problems has been studied in Hilbert spaces by many
authors; see [32] [33] B4] and the references therein.

In 2017, Guo et al. [35] considered the split equilibrium problem in Banach
spaces defined as : let E7, Fs be two Banach spaces and C, @ be nonempty closed
and convex subsets of E1 and Fs, respectively. Let A : £y — FEs be a bounded
linear operator. Let F': C x C = R and H : Q x Q — R be two bifunctions. Let



Strong Convergence of the Shrinking Projection Method for the Split ... 193

Q denote the set of solutions of the split equilibrium problem on F' and H, that
is,

N={z€C:z€ EP(F),Az € EP(H)}.

The authors proved a strong convergence theorem as follows:

Let E7 be a uniformly smooth and uniformly convex Banach space and Fs be
a uniformly smooth, strictly convex and reflexive Banach space. Let A : E; — Es
be a linear and continuous operator. Let C' and @) be nonempty closed and convex
subsets of F1 and Fs, respectively. Let S : C' — C be a relatively nonexpansive
mapping and F: C x C — R, H : @ x @ — R be two bifunctions satisfying the
conditions (A1)-(A4) with QN F(S) # 0. Define a sequence {z,,} by the following
manner:
takexy = x € E, findv € Fy suchthat Av € Q,

Vi={z€Er:|z—v|] <n},

U,={z€V,: Ax € Q},

F(un,y) + %(y — Uy, JUup — JT) > 0,Vy € C,
H(Azn,Ay)—&—sin(y—zn,Jzn—Jun) >0,Vy € Uy, (1.4)
Yn = J HanJu, + (1 — ay,)JSTlcz,),

Crn={2€C:4(2,yn) < ¢(z,20)},

D, = n,C;

Tpy1 =1p,x,

for each n > 1, where {r,} C [r,00) with r > 0, {s,} C [s,00) with s > 0 and
ay, C (0,1). Then the sequence {z,,} defined by converges strongly to a point
Honps)z, where Hoqp(s) is the generalized projection of £y onto QN F(S).

The algorithm does not involve with the adjoint A* of the operator A and
the norm ||A||, which are quite difficult to compute, but involve only the operator
A. Furthermore, they also prove a weak convergence theorem for the set of solution
of the split equilibrium problem and fixed point problem for a relatively nonex-
pansive mapping in Banach spaces. Using this idea, Inthakon and Niyamosot [30]
also proved strong and weak convergence theorems for the split equilibrium prob-
lem and common fixed point problem for two relatively nonexpansive mappings in
Banach spaces.

In 2008, Takahashi et al. [37] proved a strong convergence theorem for nonex-
pansive mapping by using the shrinking projection method as follows: Let H be
a Hilbert space and let C' be a nonempty closed convex subset of C. Let T be a
nonexpansive mapping of C into itself such that F(T) # @ and let g € H. For
Cy = C and uy = Pg,xo, define a sequence {u,} of C as follows:

Yn = QplUn + (1 - an)Tuna
Cnt1={2 € Cp t lyn — 2|l < [lun — 2[}, (1.5)
u7l+1 - Pcn+1x07n e N7

where 0 < a,, < a < 1 for all n € N. Then, {u,} converges strongly to zy =
PF(T)JZ().
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Furthermore, studying strong convergence by the shrinking projection method
has been used widely in Banach spaces; see for instance [38, B9] and the references
therein.

In this paper, we focus on using the shrinking projection method to prove a
strong convergence theorem for finding a common solution of the split equilibrium
problem and fixed point problem of a relatively quasi—nonexpansive mapping.
Consequently, our main theorem can apply to find a common solution of the split
equilibrium problem and common fixed point problem for an infinite family of
relatively nonexpansive mappings in Banach spaces.

2 Preliminaries

Let E be a Banach space and let E* denote the dual of E. We denote the value
of z* at « by (x,z*). Then the duality mapping J on E defined by

J(@) ={a" € B : (x,2") = |[«|* = |2"||"}

for every x € E. By the Hahn-Banach theorem, J(x) is nonempty.

Let S(E) be the unit sphere centered at the origin of E. A Banach space E is
said to be strictly convez if ||(z +y)/2|| < 1 wherever z,y € S(E) and x # y. The
modulus ¢ of convexity of E is defined by

6(e) = inf{1 el < Lyl < 1o =yl = €}

=+l

2
for every € with 0 < e < 2. A Banach space is said to be wuniformly convex if
d(e) > 0 for every € > 0. For € FE and f € E* define i (z) (f) = f (x). We know
that i () € E** and that the mapping ¢ : X — E** is an isometric isomorphism,
called the canonical embedding of F into E**. If ¢ (E) = E**, then F is said to be
reflexive. A uniformly convex Banach space is strictly convex and reflexive. Then
the space F is said to be smooth if the limit

et tyl el

t—0 t (2-1)

exists for all z,y € S(FE). The norm of E is also said to be uniformly Gateaux
differentiable if for all y € S(E), the limit attains uniformly for x € S(FE).
The norm of E is said to be Fréchet differentiable if for each = € S(E), the limit
is attained uniformly for y € S(E). The norm of E is said to be uniformly
Fréchet differentiable (and E is said to be uniformly smooth) if the limit is
attained uniformly for (z,y) in S(E) x S(E). We know that E is smooth if and
only if J is a single-valued mapping of E into E*. We also know that FE is reflexive
if and only if J is surjective, and F is strictly convex if and only if J is one-to-one.

Let E be a smooth, strictly convex and reflexive Banach space and C be a
nonempty closed and convex subset of E. Let ¢ be the function on E x E defined
by

¢(x,y) =yl — 2z, Jy) + |,



Strong Convergence of the Shrinking Projection Method for the Split ... 195

for all z,y € E. From the definition of ¢, we have that

(lll = 1yID* < (@, y) < (lz]l + llyl)?,

for x,y € E. In 1996, Alber [40] defined the generalized projection ¢ from FE
onto C as Ilg(x) = arg miél o(x,y), for all x € E. If E is a Hilbert space, then
ye

é(z,y) = ||z — y||*> and Il¢ is the metric projection P of X ¥ onto C.

Let C be a closed and convex subset of E and let T be a mapping from C' into
itself. A point p in C' is said to be an asymptotic fized point of T [41] if C' contains
a sequence {x,} which converges weakly to p such that nh_{lgo |€n — Tay,|| = 0. The

set of asymptotic fixed points of 7" is denoted by F' (T). We say that the mapping
T is called relatively nonexpansive [42], 43| if the following conditions are satisfied:

(R1) F(T) # 0,

(R2) ¢(p, Tx) < ¢(p,x), for each x € C,p € F(T),

(R3) F(T) = F(T).

If T satisfies (R1) and (R2), then T is called relatively quasi-nonexpansive or
quasi-¢- nonexpansive. It is obvious that the class of relatively quasi-nonexpansive
mappings is more general than the class of relatively nonexpansive mappings.

It is known from [43] that if E be a strictly convex and smooth Banach space,
let C be a closed convex subset of F, and let T" be a relatively nonexpansive
mapping from C into itself. Then F(T) is closed and convex. Furthermore, since
the condition (R3) is not required in the proof of [43], we can concluded that the
fixed point set of relatively quasi-nonexpansive mapping is closed and convex.

In 2008, Kohsaka and Takahashi [44] proved the following result for a countable
family of relatively nonexpansive mappings.

Lemma 2.1 ([44]). Let C be a nonempty closed and convex subset of a uniformly
o0

convezr and uniformly smooth Banach space E. Let {T; : C — E}2, be a se-
quence of relatively nonexpansive mappings such that ﬂ;’il F(T;) # 0. Suppose
o

that {a;}2, C (0,1) and {B;}72, C (0,1) are sequences such that Zai =1 and
i=1

U:C — FE is defined by

Uz = J (i a; (BiJx+ (1 - ﬂi)JTix)> for each x € C.

=1

Then U is relatively nonexpansive and F(U) = (o F(T;).
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In 2010, Nilsrakoo and Saejung [45] also proved the following result.

Lemma 2.2 ([45]). Let C be a nonempty closed and convex subset of a uniformly

convex and uniformly smooth Banach space E. Let {T; : C — E}2, be a se-

quence of relatively nonexrpansive mappings such that ﬂ;ﬁl F(T;) # 0. Suppose
(o)

that {o;}521 C (0,1) and {Bi}2, C (0,1) are sequences such that Zai =1 and
i=1

S :C — FE is defined by

i=1

Sy =J! <Z aiJTZ-m> for each x € C.

Then S is relatively nonezpansive and F(S) = N2, F(T;).

By the way, for solving the equilibrium problem, let us assume that a bifunction
F satisfies the following conditions:
(A1) F(z,z) =0 for all z € C;
(A2) F is monotone, i.e. F(x,y)+ F(y,z) <0 for all z,y € C;
(A3) for all x,y,z € C,limsup F(tz + (1 — t)z,y) < F(x,y);
t40
A4)

( for all x € C,y — F(x,y) is convex and lower semicontinuous.
The following lemma is due to Takahashi and Zembayashi [30].

Lemma 2.3 ([30]). Let C be a closed and convex subset of a uniformly smooth,
strictly convexr and reflexive Banach space E, and let F be a bifunction from C' x
C — R satisfying (A1) - (A4). Forr >0 and x € E, define a mapping TF : E —
C by

1
Ti(2) = {2 €C: F(zy) + —(y—2Jz = Jy) 2 0,vy € C},
for all x € E Then T is well-defined and the followings hold:

(1) TF is single-valued;
(2) TF is firmly nonexpansive-type mapping, i.e., for all x,y € E,

(TFw =Ty, JT w — JTSy) < (TFz =Ty, Jo — Jy);

(3) F(TF) = EP(F);
(4) EP(F) is closed and convex.

The following results let us know more about the generalized projections.

Lemma 2.4 ([40,[44]). Let C be a nonempty closed and convex subset of a smooth,
strictly convex and reflexive Banach space E. Then

o(z, Iey) + o(cy,y) < d(x,y),

forallz € C andy € E.
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Lemma 2.5 ([40,44]). Let C be a nonempty closed and convex subset of a smooth,
strictly convexr and reflexive Banach space E. Then, for any x € E and z € C we
have

z=Mcr e (y—zJo—Jz) <0,

for ally € C.
The following results also play the important role in our main theorems.

Lemma 2.6 ([44]). Let E be a smooth and uniformly convex Banach space. Sup-
pose that {x,} and {y,} are the sequences in E such that either {x,} or {yn} is
bounded. If im ¢(x,,yn) =0, then lim |x, — y,| = 0.

n— 00 n—oo

Lemma 2.7 ([30]). Let C be a closed convezr subset of a smooth, strictly convex
and reflexive Banach space E, F be a bifunction from C x C' — R satisfying the
conditions (A1)-(A4) and let r > 0. Then, for any x € E and q € F(TF),

¢(q, T ) + (T, 2) < ¢(q, ).

3 Main Results

We use the shrinking projection method to prove strong convergence theorem
as follows.

Theorem 3.1. Let Ey be a uniformly smooth and uniformly convex Banach space
and Es be a uniformly smooth, strictly convex and reflexive Banach space. Let
A : By — Es be a linear and continuous operator. Let C and Q) be monempty
closed and convex subsets of E1 and Fs, respectively. Assume that S : C — C be a
relatively quasi-nonexpansive mapping and F : C x C - R, H : Q X Q — R be two
bifunctions satisfying the conditions (A1)-(A4) with QN F(S) # 0. Let C;, = C
and define a sequence {x,} by the following manner:

takex1 =x € E, findv € Fy suchthat Av € Q,
Vi={x € E;: ||z —v] <n},
U,={zeV,: Az € Q},

F(tn,y) + %(y — Up, JUp — Jp) > 0,Vy € C,
H(Az,, Ay) + i(y — 2n, Jzn — Juy) > 0,Vy € U,
Yn = J HanJu, + (1 — ay,)JSTlezy,),

Cri1={2 € Oy : #(2,4n) < d(z,20)},

LTn+1 = ch,+1xv

for each n > 1, where {r,} C [r,00) with r > 0, {s,} C [s,00) with s > 0 and
C (0,1). Then the sequence {x,} defined by converges strongly to a point
Honpes)r, where Lonp(s) s the generalized projection of Ey onto QN F(S).
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Proof. For each n > 1, we can see that v is contained in V,, and U,. Therefore
V, and U, are nonempty. By the definiton of V,,, we have V,, is closed. Since A
is linear and continuous, V;, is convex and U, is closed and convex. It is obvious
that Cy = C is closed and convex. Suppose that C} is closed and convex for some
k € N. For z € C}, we see that

o(z,ur) < 0(z,21) < llyell® = llanll® — 2(z, Jyr — Jag) < 0.

This implies that C1 is closed and convex, and hence C), is closed and convex
for each n > 1. Next, we show that x,, is well defined. Let G(z,y) = H(Az, Ay)
for all z,y € U,. Since A is linear and continuous, then G is a bifunction from
U,, x U, into R satisfying (A1)-(A4). Moreover, for each n > 1, we can rewrite
H(Az,, Ay) + %(y — Zny Jzn — Jug) >0,

as ) !

G(x,y)+;<y—zn,Jzn—Jun> >0, forall yeU,.
Let p € QN F(S) so we have p € EP(F) and Ap € EP(H). By Lemma we
have p € F(T} ) and hence p = T.X p. Since Ap € EP(H),H(Ap,z) > 0 for all
z € Q. Since Az € Q for all z € U, H(Ap, Az) > 0 for all z € U,. It follows that
G(p,z) > 0 for all z € U, which implies that p € EP(G). By Lemma we have
p= Tscjyp and hence p € C. Let u,, = T,ixn and z, = Tgun. By Lemma and
p € F(TE), we have

o0, TE x0) + ¢(TF wnyxn) < d(pan)
¢(p, un) + P(un, vn) < (D, Tn).
Thus,
¢(p7 un) S (b(pa :L'n) - ¢(un7xn>7
and hence

6(py un) < B(p, 1), (3.2)
Since p € F(S) and S is relatively quasi-nonexpansive mapping, we have
¢(p, Sl zn) < ¢(p,ozn).
Furthermore, we have from Lemma that
o(p, Mezn) < (p, un).

On the other hand, since p € EP(F'), we can apply Lemma and Lemma to
get that

It follows from (3.2)) that

¢(p, Slczn) < ¢(p, ). (3.3)
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Thus,

o(pyyn) = o(p, J HanJun + (1 — an)JSHcz,))
= |pl* = 2(p, anJun + (1 = ) JScz,))
+Hanun + (1 - O‘n)']SHCZn)HQ

< plP? = 2(p, anJup) — 2(p, (1 — ) J ST zn)) + v lunl®
+(1 — ay)[| JSTez,) |12

= an¢(p7 un) + (1 - an)qb(p? SHCZH))

< and(p, xn) + (1 - O‘n>¢(p’ xn)

d(p, Tn).

Therefore, p € C,, for each n > 1 and hence C,, is nonempty. It follows that
QN F(S) C Cy, for each n > 1 which implies that {z,} is well-defined. For each
n > 1, we have from Lemma [2.4] that

¢($n+17x) = qj)(chﬂL )
< (ﬁ(Z,l‘) - ¢(Z7HCH+1$)
< P(z,x), VzeCpi.

Since Q and F(S) are nonempty closed and convex, QN F(.S) is closed and convex.
Let 2* = Ilgnp(g)®, one has * € QN F(S) C Cypyqq and

d(Tpi1,2) < Pla*, x).

Therefore {¢(zy,, )} is bounded which implies that {z,} is bounded. It follows
that {u,} and {2,} are also bounded. Since x,42 = Il¢, o € Chy2 C Cpy1, we
have

(b(anrl» 1') < ¢($n+2’ Z’)
Thus, we can conclude that the limit of {¢(z,,x)} exists.
For each m > 1, since x4 € Crgm C Cpym—1 and Lemma we have

¢(xn+ma chl‘)
Qb(xn-&-ma x) - QS(HCn,xa Ji)
¢(In+m7 LE) - ¢(zna I)

From the existence of lim ¢(x,,x), we have
n—oo

(b(xn-i-mv xn)

IHIA -l

lim ¢(xpqm,zn) =0, foreach m > 1. (3.4)

n— oo

It follows from Lemma that

lim ||z, — Zn4m|| =0, foreach m >1. (3.5)
n—oo

Thus, the sequence {z,} is Cauchy. Therefore, there exists ¢ € C such that
Tn — q as n — oo. Finally, we show that ¢ = llgnp(s)z. Indeed, we have from
Tpi1 =g, 2, QN F(S) C Cpy1 and Lemma [2.5] that

(y — xpa1,Jx — Jopy1) <0, forall y e QN F(S). (3.6)
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By letting n — oo in (3.6]) and noting that x,, — ¢, we have
(y—q,Jr—Jqg) <0, forall yeQnF(S).
Therefore, we can conclude from Lemma [2.5] that

q = Uonrs)
and the proof is complete. O

Since every relatively nonexpansive mapping is relatively quasi— nonexpansive
mapping, Theorem [3:1]is also true when S is a relavetively nonexpansive mapping
and hence we can apply Lemma [2.I] and Theorem [3.I] to get a strong conver-

o0

gence theorem for finding an element in Q N m F(T;) , where T; are relatively
i=1
nonexpansive mappings in Banach spaces as follows.

Theorem 3.2. Let Ey be a uniformly smooth and uniformly convex Banach space

and Fo be a uniformly smooth, strictly convexr and reflexive Banach space. Let

A : E; — Es be a linear and continuous operator. Let C and Q be nonempty closed

and conver subsets of Ey and Es, respectively. Assume that {T; : C — C}2, be a

sequence of relatively nonexpansive mappings and F': CxC - R/ H : Q@ xQ — R
o0

be two bifunctions satisfying the conditions (A1)-(A4) with QN ﬂ F(T;) # 0.

i=1

Define S : C — C by Sx = J ! (Z a; (BiJr+ (1 — Bi)JTix)> for each x € C,

i=1

oo

where {a;}52; C (0,1) and {5;}i2, C (0,1) are sequences such that Zai =1.
i=1

Let Cy = C and define a sequence {x,} by the following manner:

takexry = x € E, findv € FEy suchthat Av € Q,

Vi, ={z € E1:|z—v| <n},

U,={x€V,: Ax € Q},

F(tn, y) + 75y = tn, Jun — Jn) > 0,Vy € C,

H(Az,, Ay) + i(y — zn, Jzn — Juy) > 0,Vy € Uy,

Yo = J Y Ju, + (1 — ay,)JSTlcz,)

CVn+1 = {Z €Cy: ¢(zayn) < ¢(Z7~Tn)},

Tn+1 = HC,,LJrlxa

for each n > 1, where {r,} C [r,00) with r > 0, {s,} C [s,00) with s > 0. Then
the sequence {x,} defined by converges strongly to a point llgnp(s)x, where

Honp(s) is the generalized projection of Ey onto QN F(S) and F(S) = ﬂ F(T;).
i=1
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Furthermore, Lemma and Theorem also allow us to get the following
result.

Theorem 3.3. Let Ey be a uniformly smooth and uniformly convex Banach space
and Es be a uniformly smooth, strictly convex and reflexive Banach space. Let
A E1 — Es be a linear and continuous operator. Let C and @ be nonempty closed
and convex subsets of By and Es, respectively. Assume that {T; : C — C}2, be a
sequence of relatively nonexpansive mappings and F': CxC — R, H : QxQ — R be

two bifunctions satisfying the conditions (A1)-(A4) with QN ﬂ F(T;) # 0. Define
i=1

S:C—-CbySz=J""! <Z oziJTix> for each x € C, where {a;};2, C (0,1) is

i=1
a sequence such that Zai = 1. Let C; = C and define a sequence {x,} by the
i=1

following manner:

takexy = x € E, findv € Fy suchthat Av € Q,

Vo, ={z € Eq:|z—v|| <n},

U,={zeV,: Az € Q},

F(un,y) + 7=y = tn, Jupn — Jag) > 0,¥y € C,

H(Az,, Ay) + %(y — Zn, Jzn, — Juy) > 0,Vy € Uy,
Yn = J HanJu, + (1 — ) JSTloz,)
Chy1 = {Z €Cy: ¢(zvyn) < ¢(Z7xn)}7

xn-i—l = ch+1x7

(3.8)

for each n > 1, where {r,} C [r,00) with r > 0, {s,} C [s,00) with s > 0. Then
the sequence {x,} defined by @) converges strongly to a point llgnp(syz, where

Honps) is the generalized projection of Ey onto QN F(S) and F(S) = ﬂ F(T;).
i=1
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