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Abstract : Let r € [1,00) and (X,,) be a sequence of independent continuous

random variables such that Im(X,,) C R — {%\j € Z}. This paper provides the

sufficient conditions guaranteeing the existence of real constants (A4,,), (4, (r)) and
I 1

B h that th f the distribution functi f— -

(Bn(r)) such that the sequences of the distribution functions o - ’; —

n

1 «— 1
d A, |
an B, (r) ; | tan X|" (r) converge
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1 Introduction

The Central Limit Theorem (CLT) is one of well-known theorem in probability
theory and this equipment is always used for many applications in mathematical

! Corresponding author.

Copyright (© 2020 by the Mathematical Association of Thailand.
All rights reserved.



178 Thai J. Math. (Special Issue, 2020)/ K. Laipaporn et al.

statistics, applied mathematics, biostatistics and statistical physics. The theorem
may be said simply as follows [1]:

“There is no need to know very much about the actual distribution of the
variables, as long as there are enough instances of them their sum can be treated
as normally distributed.”

Since 1770, it sparked starting during Laplace tried to find the way for solving
the problem about meteor inclination angles. But the deviations between the mean
of the data and the theoretical value, there still are problems. He cannot get an
accurate result without approximation. The process of finding an approximation
induced Laplace to form this theorem and the characteristic functions was key to
prove. The classical version of CLT [2] states that:

Let (X,,),n = 1,2,3,... be a sequence of independent, identically distributed

1< _
random variables. Suppose that S, = — ZXk and Z,, = Sn=BSn)  Thep the
n

— vV Var(Sn)
distribution of Z,, tends to the standard normal distribution as n — oo.
In 1988, Shapiro [3] considered the other forms of S, that is sums of the
reciprocals of random variables as follows:

where A, (r) are real constants. For r > %, Shapiro showed that the distribution
functions of S, and S, converge to a Cauchy distribution function and a stable
law with exponent less than two, respectively. Termwuttipong [4] fulfilled the
other case, 0 < r < %, and showed that the limit distribution function is a normal
distribution function.

Twelve years later, Neammanee [5] considered the convergence of the distri-
bution functions of

n

1 «— 1 1 1
. — An d - An
By, ]; In Xy M B ]; Ty A

for r» > 0.
In 2002, Neammanee [6] extended his previous work with a continuous function
g from subset A of R into R which satisfied the following conditions:

1. there exists an a € A such that g(a) =0,
2. g is strictly monotone on AN (—o0,a] and AN [a,c0),

3. ¢ exists and continuous on (a —§*,a) U (a,a+ 6*) for some §* > 0 and ¢'(a)
exists and positive.
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He considered the convergence of the distribution functions of

— — A, and — A, (r
kz::l g Xk: n" Z |9(Xk)| &)

for r > 0. The above function g can automatically generalized the results of Shapiro
[3], Termwuttipong [4] and Neammanee [5].

Siricheon [7] and Neammanee [8] changed the characteristic of g to a periodic
function that its graph cuts X-axis at infinitely points that is a sine function:

I 1
=y —— - —A
n Z sin(Xk) A and Z | sin( Xk n(r)

—_

3

for r > 1.

It is2suspicious that the infinitely many numbers of z-intercepts does not affect
the weak convergence and we may see that functions in those articles ([4H6]) are
unbounded. Then we consider another periodic function, a tangent function that
merges together with infinitely many numbers of z-intercepts as the same behavior
of the sine function and unbounded property like logarithm function.

2 Main Theorems

Let (X,,) be a sequence of independent continuous random variables such that
Im(X,) C R - {37” |je Z} for every n and let f, and F, be the probability
density function and the distribution function of X,,, respectively. Define X, =

1 ro__ 1 1 .
mtan gy, and X = e for r > 5, these are our main results.

Theorem 2.1. Assume that
(i) there exists p > 1 such that {(|7?| + 1)fx : k € N,j € Z} is uniformly
equicontinuous, i.e. for any € > 0 there exists § > 0 such that for real numbers x
and y if |z —y| < 0, then |(|5P] + 1) fr(x) — (|77 + 1) fr(y)| < € for every integer j
and positive integer k,
n

| ,
(#4) nll)ngo - Z Z fr(jm) = L for some L > 0.
k=1j€Z
Then
1. there exists a sequence of real numbers (A,) such that the distribution func-

tion of ZXnk — A, converges, as n — oo, to the distribution function F' where
k=1
F =1y, if L =0 and F' ~ Cau(Ln) if L >0,

2. there exists a sequence of real numbers (A, (r)) such that the distribution func-
n
tion of Zng- — A, (r) converges, as n — o0, to the distribution function F"

k=1
if L =0 then F" = 1 ), otherwise F" is a stable distribution function with
characteristics exponent 71
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Theorem 2.2. Under the condition (i), (i3) in Theorem 2.1 and suppose that
there exist a real number M and ny € N such that ka(jw) < M(klnk) for

JEA
k > ng, then there exist sequences of real constants (A,) and (By) such that the
1< 1
distribution function of the sums — —— — A,, converge weakly to P,
By ; [tan(Xg)]

where @ is the standard normal distribution function and the finite set A = {j €

Z|jm € (a,b)} and ar < Im(X,) < br and a,b € R.

3 Proof of Main Theorems

First, we begin this section by introducing Theorem A and Theorem B as the
important tools that using to prove Theorem 2.1 and Theorem 2.2, respectively.
Next, the lemmas that relate through our discussion are provided and the proof
of Theorem and Theorem will be the last part of each subsections.

Theorem A ([9, p. 116]) In order that for some suitably chosen constants A,
the distribution functions of sums Xp1 + Xna + -+ + Xpk, — Ay of independent

infinitesimal random variables, i.e. for any e > 0, lim sup P(|X.x| >¢€) =0,
n—oo 1§k§§kn

converge to a limit if there exist non-decreasing functions M and N, defined on
the intervals (—o0,0) and (0, 400), respectively with M (—o0) = 0 and N(+00) =0
and a constant o > 0 such that

kn
Al lirf For(z) = M(x), for a continuity point x of M,
n—-+0oo
k=1
k:‘n,
A2. nll}rfookzl[Fnk(ac) — 1] = N(z), for a continuity point x of N,
- N )
A3 lim liminf / 22 dFy(x) — / x dF,(x)
e—0t n—oo b1 |z|<e |z|<e
En 2
= lim limsup / 2?2 dFpp () — / x dFpi ()
=0t nooo kzzl |z|<e |z|<e

where Fpi denotes the distribution function of X,.
A constant A, may be chosen according to

kn
Ap=>" /|x<7 & dFpp(x) — (1)

k=1

where —7 and T are continuity points of M and N, respectively. Note that the
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formula of

7(7)=7+‘/|< udG(u)—/|> %dG(u)

where the details of the constant v and the function G are in [9, p.76-77].

Theorem B ([10, p. 97]) Let (X,,) be a sequence of independent random variables.
Then there exist sequences of real const(mts (A4,) and (By) such that B, > 0, the
distribution functions of the sums 5— (X1 +Xo+ -+ X,,) — A, converge weakly
to ® and a sequence (Xnk) ; k = 1 2,...,n, n = 1,2,... is infinitesimal where
Xnk = g—j if and only if there exists a sequence of real constants (c,) such that

lim ¢, = o0 and
n—oo

Bi. lim / dFy(z) =0,
n—o00 Z \>c“

2
B2. lim — Z / z? dFy(x) — / x dFy(z) =00
n—oo O nL—1 |z|<cn lz|<cn

where Fy, denotes the distribution function of Xy. The constants A, and B, can
be chosen by

and

Next, we give auxiliary results for proving the theorem (Theorem 2.1).

Lemma 3.1. For any x € R and r > 3, the distributions of X, and X[, are
represented as follows:
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_ ' . ‘
> |Fr(im) — Fi (,777—5)] ifx=0
JEZ -
[ 1
Z Fr(jm) — Fy (jﬂ—ktan_l )] if <0
1. Fup(z) = el nx
[ 1
Z Fy(jm) — Fy, <j7r+taun1 )] +1 ifz >0,
jez * nx
0 ifz <0
2. Fr.(x)= . 1 1 ) 1 .
nk 1+Z Fy | jm — tan - | — Fx [ jm + tan < ifx>0.
jez nxr ner

Proof. Note that, F,,;,(0) = P (tan X, < 0) = ZP (jw - g < X < jw)

JEZL
1
= Z {Fk (jm) — Fy (jw — g)} fz < 0, we have Fpi(x) = P ( <tan X < 0)
nT
=
1 1
::E:P(ﬁ“+mf4SX%<jF)::E:[Edﬁﬂ—FkQﬂ+um”)y
: nx - nT
JEL JEZ

and if z > 0, Fp(2) = Frr(0) + (Fur(z) — Frg(0)) = For(0)+ P (0 < X < ) =
1 1

Fnk(O) + P <tanXk > > = nk(o) +1-—-P <tanXk < > = nk(o) +1-—
nx nx

P |- g <X < j7r+tan_1(%)} = [Fk(jw) ~ B, (jw - f)} (1t

. ; 2
JEZL JEL
E Fy (j7r— E) - Fy j7r—i—ta1r1_1L ) =1+ E Fy(jm) — Fy j7r—|—tan_1i
; 2 nx ; nx /)|’
JEL JEZ
By the same arguments, the closed form of F, follows directly. O

Lemma 3.2. For any x € R and k € N, the distribution function of Yy =

——L s represented as follows:
| tan(X)]

0 ifr <0

Gr(z) =< + Z[Fk(jw - arctan(%)) — Fp(jm + arctan(%))] ifz >0
jeA

where A defined as in Theorem 2.2.

Proof. We can use the same manner as Lemma 3.1 to prove this lemma. O
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Lemma 3.3. Under the assumption () nd ( ) in Theorem 2.1 the double se-

quences (Xni) and (X)), k=1,2,...,n;n = 1,2, ... have the infinitesimal property
for any positive real number r.

o 1 . LG ,
Proof. By the assumption (i), we have nh_{r;o - Z faljm) = nh—>120 - Z Z fe(gm)—

JEL k=1j€Z
. (n—1 1\ ,
lim T Z ka(]w) =L —L=0. So, for any ¢ > 0, there ex-
nree " n= k=1 jez
ists n1 € N such that *ka jm) < e for all k > ny and lim *an 1(gm) =
JEZ noee n]EZ
oon—1 . 1 . . 1 .
(Jim =) (lim —— an_l(ﬂ)) =0 foralll€N. Since {~ an_l(m \
JEL JEZ
1
l=12..,n—-1} = {fok(jw) | E=1,2,...,n — 1} for any n € N, we have
n
JEL

1
lim — ka(jﬂ') = 0 for all k € N. Thus, for each k = 1,2, ..., ny, there exists a
n—oo M
JEL
1
natural number ny such that ny > n; and — Z fr(jm) < € for n > ny. This leads
" JEZ
to 1I<n]532< ng;g jm) < €, forall n > na, ie., nh_)ngo 1r<nkaé<n n%fk jm) =
J
Now we are ready to show that the double sequence (X,j) has the infinitesimal
property. Let € >0, n € Nand k € {1,2,...,n} be given. By Lemma we see

1 1
that P(| Xk > €) = Y [Fi(jm +tan™' —) — Fj,(jm — tan~' —)]. We note f
at P(| Xnk| > €) jze;[ & (jm + tan ne) k(jm — tan ne)] e note from
the assumpion (i) that, for kK € N and j € Z, there exists § > 0 such that for any
xeRIf |xfj7r\ < 6 then |(|77| + 1) fi(x) — (|7%| + 1) fr(jm)| < 1. By the result of

lim tan~' — = 0, it implies that there exists ng € N, tan~t — < § for n > nyg.
n—oo ne

Apply the Mean Value Theorem with the function Fk\[

jr—tan—! L | jr4tan—1! %]7
1 1 ;
we have F}, <j7r +tan~! ) Ey, ( T —tan~ ) = (2tan"! —)fk(c;k) where
ne ne ne
11 L

cZkajﬂ'E <tan — , tan

. The infinitesimal property of (X,x) follows
ne ne

n— oo

1 1
directly from the fact that lim tan™' — = 0, the series of Z IS converges
ne | Pl 4+

< > ) <
and 0 < 1r§n]§ag<np(| Xok |> €) < (2tan™ Z |jp|+1 1<k< ka Jm)]

Next, for any r > %

5, we have max. P(] X4 |2 e) = 1m]iax P(] Xnk [> er).

Hence a double sequence (X7, ),n = 1,2,..;k = 1,2,3,...,n is infinitesimal be-
cause (X,x) is infinitesimal. O
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Lemma 3.4. Assume (i) and (i) in Theorem 2.1 hold. For each r > 1, let
M and M, : (—00,0) — R be defined by M(z) = —% and M,(z) = 0. For any
z <0,

1. lim E Fop(z) = —
n—oo
k=1

L
—  and
T

2. nh—{r;o;F”k(m) =0.

1 1
Proof. 1. Let 2 < 0 be given. Since lim (ntan™' —) = — and assumption (i),
n—o00 nx T

L

PR 1
we have lim (—n tan™' —) | = E E fe(jm) — L| = lim |(—n tan™! —)L + =
n—00 nr |n kel jez n—00 nT €T

0. Let ¢ >0, j € Z and n € N. By the same argument of Lemma we apply

the Mean Value Theorem with the function F; k‘[jﬂ ttan—1 L, jn]’ then there exists

1 1 ;
no € N such that for n > ng, Fi,(jm) — Fp(jm +tan™' —) = (—tan~" —) fx(c,)
n na

where chk —jm € (tan™? %,O) for any k € {1,2,...,n}. So under the assump-
tion (i) and the boundedness of a sequence (ntan™' L), we can conclude that

1 1 n )
li e 1) — fe(ym)| = 0. .
Jim in tan nx‘nzz |fr(c) ) — fu(ym)| = 0. By Lemmaand
k=1 j€Z
- L - , . 1 L
ZFnk(éﬂ)-FE =3 Z[Fk(JW)—Fk(JW+tan pon)] B
k=1 k=1 | jez
- 11 i ,
<[ |t LS () — fulim)
k=1 | JET

nxr
k=1

+ Z (—n tan~* nlx)i; fe(im)| — (=n tan™* i)L

1
+ ‘(—n tan™! —)L + =

n—oo

- L
have li Folz) = —2.
we have lim ; k() .

n
2. By Lemma it is obvious that n11—>120 ; Er(x) =0. O
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Lemma 3.5. Assume (i) and (i) in Theorem 2.1 hold. For each r > %, let
N and N, : (0,00) — R be defined by N(z) = —£ and N,(z) = —Zi. For any
x>0, o

L e L
1. lim > [Fuklx) —1] = -~ and
k=1
- 2L
2. nl;rgo]; = x—%

Proof. We can proved 1. and 2. by using the same way as Lemma 3.4 applying the
Mean Value Theorem with Fy, |[ and Fy| [

jm, jom+tan—1 ﬁ]

jm—tan—1

b
, jm+tan—! L4 }

1
T nx T

respectively, for any n € N, k € {1,2,..,n}, x > 0and r > %
O]

Lemma 3.6. Under the assumption (1), (ii) in Theorem 2.1 and let r > 5. Then
the following limits hold :

n 2
1. lim lim / 2% dFy () — / x dFpi(x) =0 and
e—0T n~>ook |z|<e |z|<e

=1

n

2
2. lim lim / x? dF7, (z) — / x dF)(x) =0.
e—0t n—)ookzz:l lz|<e k lz|<e k

Proof. 1. From Lemma [8) p.186] and the fundamental theorem of calculus,

k=1

n 0 €
< {/ :C2ank(.’E)+/ T2 d Pk ( )}

e o+

k=1

e e — cot?(y) fi (47 +)
55 &y +zz/ R

k=1 j€Z ne k=1jeL

(3.1)

If we can show that

e—=0t n—oo 1 n2

k= 1_]EZ —tan~! ne
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and

tan~ !

" — cot®(y) fi (7 +9)
n2

i tm >0 [ W20

k=1 j€Z

n

then 61551+ nh_)rr;C Z /

2
2?2 dFpp(z) — (/ x ank(x)> = 0.
=1 |z <e |z|<e

By assumption (i), there exists 0 < § < 7 such that fx (jm +y) < fi (j7) + ﬁ
for all |y| < 4, k € Nand j € Z. Then

Z/_t o) +y) dy

JEZL
—tan~! ) 1
<Z/ cot? (y) fr. (37 + y) dZ/+Z/ COtQ(Z/) (fk (jﬂ)+|'p|+1> dy
JEZ El JEZ J
< cot?(0) + (ne — cot(d) + tan™! 1 d) Z(fk (jm) + #) . (3.2)
- ne = l77| + 1
-«m%wnuw+w :
It implies that Egrg+ nh—>Holo ZZ / 2 dy < 0 by using

k=1 jez Y —tan”
assumption (77).

ne — t y
To show that lim lim Z Z/ cot™(y) S (J7 + y) dy <0, we may

e—0+ n—o0 n2
k=1 jEZ

— cot? ;
follow the same way of the term cot™(y )f§ U +y) dy. Hence we have
— tan—1 L n

ne

the result in 1. as desired.

2. With the same method of the inequality (3.1]), we have

é /Meg@? dFT, (2) (/qu dF,:k(x)>2

fe(m +y)
Y+ JRITLY) g
_/t(m 1 n27’ tan ;;‘/tdn 1y n?T tan®" (y) Y

’n.(’r

k 1j€Z

’n.e‘r
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By assumption (i7), we have

lim lim Z / 1L jﬂ-_y) d
e—0t+ n—o0 tan—1(—— 1 nZT tan y

k=1j€eZ I

< S [ (R0 ) iy

S5 fﬁ;’)d

< 61351 (‘calnl_;;(S) Jim n?r 1 ;ka gm) | + ngifl Z |jp|1+ 1
JEZ JEZ

2r—1
€ 1
li 1 lim lim ———=—
+ M, <2T1>n£20 nZZf i) +Z\p|+1 *lm dn s

=0.

1
We note that lim —— and lim e T have to be zero so this is the reason that
n—oo n2r—1 e—0+

we assume 1 > % Furthermore, it is the same details of the inequlity 1) to show
that

1
lim lim — T+y) ——— dy < 0.
e—0+ n—oo N’ ; JEZ /tan ! l% ] y) n” tan®” Yy V=

Hence we have the lemma as desired. O

3.1 Proof of Theorem 2.1

In order to guarantee the existence of (A,,) such that the sequence of the dis-
n

tribution function of Z Xnr — A, converges, we have to examine the conditions
k=1
of Theorem A. It is clear that the sequence (X,) is infinitesimal from Lemma
The non-decreasing functions M and N in condition Al and A2 follow from
Lemma 1) and Lemma 1), respectively and the value of o in the condition
A3 of Theorem A is zero. Thus all conditions of Theorem A are satisfied and it
implies that there exists a sequence of real numbers (A,,) such that the distribu-
n

tion function of ZX”k — A, converges. Moreover, we can determine its limit
k=1

distribution, say F', by using Levy’s representation, as details in |11, p. 93]. If

L = 0, we know that F' = 1jg o) and if L > 0, the distribution function F' is

Cuachy distribution function with parameter L.
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The proof of Theorem 2.1(2) is the same as the footprints of Theorem 2.1(1)
and we also get that F" = 1|9 ) if L =0 and F" is a stable distribution function
With characteristic exponent % if L > 0 where F" is the limit distribution function

of Z X ) for each r > 1, see the table in 11 p. 93].

To prove Theorem 2.2 (case r = %), we use the Theorem B as an important
tool.

3.2 Proof of Theorem 2.2.

First, we shall show that the condition B1 of Theorem B is satisfied. Let
cn =VnVinnforn=23,...andc; =1and Y, = m From Lemma

the distribution function of Y,, is represented as follows:

0 ifz <0,
Go(z) = 1 _ 1 .
1+ E Jjm— arctan(—2) —F, | jm+ arctan(ﬁ) ifz>0.

JEA

By condition (i) and the fact that lim ¢, = oo, there exist § > 0 and N € N

n—oo

such that for every k¥ € N, j € A and z € R if |x — jn| < § then |fx(x) —

fr(im)| < # where C' = (%) Z and |arctan(é)| < ¢ for any

JGA\JP\*’l
arctan (- =
n > N. Thus we have 0 < Z dG(x ZZ/ T e ty)dy <
|z|>cn k=1jeA arctan( 2)
2arctan— ZZ fe(d ‘ p|+1)foranyn>N So lgn Z/l dGi(z) <
n—r00 z|>cp

iz 1jeA
0- L+ 0 = 0 because of the condition (i7) and hm n- arctan(c ) = 0. Then the

condition B1 of Theorem B holds. Next, we W111 show that the condition B2 of
Theorem B is also satisfied. For n > N, and k € {1,2,...,n}, we obtain that

0< / xdGy(x)
|z|<en

<3 ([ (o () (5 () )]

JEA
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C It 1
; [\/tan Jdy film) Pl +1) Jjnes tan(jm — y)

C gmto 1 1 i3
+ ( fo(m) + dy + / d
(fk (]77) | p‘ + 1) /j7r+arctan( ) \/tan - Y \/ﬁ&ﬂ(&) ; Tk (y) Y

e (y —gm) jr+8
N / fuly dy+§\ <fk 5 p|0+1) 2{ tan(d) — cﬂ
> (f’“(j”) STE: 1) ’ [m_ c] i m/z Tty
< (O (™) Kn + Ln (3.3)
JEA

1
where K, = 4(y/tan(d) — 1), L,, = ———— | A, + ——2— and we also
. 2

have
T2 fi(y)
2dG —d
/,mn e Z%/ tan(y — jm)
jm+d
~ fely)
ZZA/ Tbn tan(y — jm)

Z ( ( ) 1 tan(d) 1
> Je(gm )/ ——
‘e l7P| + 1 4 z(14 2?)

n

M

1 1
In(c} tan(6)). (3.4
>3 (im0 4
From (3.3) and (3.4) we conclude that

1

— Y 22dG(z) — zdGr(z))?
C%;{/lm<cn k( ) (/w<c,,L k( )) }

1« , C 1
>c%,cz_1{]; (f'“(m_ IjP|+1) ey e ) — [ felm)

JEA
1 1 ~ - L nln(c? tané)
( 1+(tan(6))2) [n I;jze;\fk(j ) 2} ( c2 )
e (1Z§jfk<jw>) — (2K, L) (cﬁ) (iZkaW) - (”f;)
k=1 €A n k=1j€A n

o)
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nln(c? tan6)

Since lim
o2

n—oo
are constants, thencondition B2 of Thegrem B holds. Hence we have the Theorem
2.2 as desired.

= 00, lim % = 0, and both of lim K, and lim L,
n—oo C n—oo n—o00
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