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1 Introduction and Preliminaries

In 1922, Banach [I] proved a fixed point theorem for metric spaces, which later
on came to be known as the famous “Banach contraction principle”.

Stefan Banach

Let (X,d) be a metric space. Then a map T : X — X is called a contraction
mapping on X, if there exists ¢ € [0,1) such that

d(T'(z), T(y)) < qd(=,y)

for all z,y in X. If (X,d) is a complete metric space with a contraction mapping
T : X — X, then T admits a unique fixed-point * in X. Furthermore, We can to
find x* as follows: We start zp in X and define a sequence x,, by x, = T(2,,—1),
then x,, — xx*. After that, we well-known to Banach Fixed Point Theorem.

Now, we recall definition of metric spaces was introduced by Frechet [2] as
follows :

Definition 1.1. Let X be a non-empty set. Suppose that the mapping
d: X x X —[0,00) satisfies :
(MS1) d(z,y) =01if and only if x =y,
(MS2) d(z,y) =d(y,z) for all z,y € X,
(MS3) d(z,y) < d(x,z)+d(z,y) for all z,y,z € X.
If d satisfying (MS1)-(MS3), then d is called a metric on X and (X,d) is called a
metric space.

Example 1.2. Let X = R and defined d: X x X — R by
d(z,y) = [z —y|
for all z,y € R. Then (X, d) is metric spaces.
In 1931, Wilson [3] introduced quasi-metric spaces as follows :

Definition 1.3. Let X be a nonempty set. Suppose that the mapping
d: X x X — [0,00) satisfies the following conditions:
(QS1) d(z,y)=0if andonly if x =y;
(QS2) d(z,y) <d(z,z)+d(z,y) for all z,y,z € X.
tions (QS1) and (QS2), then d is called a quasi-metric on X and (X, d) is called a
quasi-metric space.

If d satisfies condi-
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Example 1.4. Let X = AU B, where A = {3,3} and B = [1,5]. Define the
generalized metric d on X as follows :

d(3,3) =03, d(3,5)=02 d(3,3)=d(3,3)=0, andd(z,y) = |z -yl
Ifz,ye Borzxe€ A,jyc Borz € B,y € A,

then (X, d) is a quasi-metric space, but it is not metric space.
In 2000, Branciari [4] introduced rectangular metric spaces as follows :

Definition 1.5. Let X be a none-mpty set and Suppose that the mapping d :
X x X — [0, 00) satisfies:

(RMS1) d(z,y) =0if and only if z =y for all z,y € X;

(RMS2) d(z,y)=d(y,z) for all z,y € X;
(RMS3) d(z,y) <d(z,u)+d(u,v) +d(v,y) for all z,y,z€ X

and all distinct point u, v € X\{z,y}.
Then d is called a rectangular metric on X and (X, d) is called a rectangular

metric space.

Example 1.6 ([5]). Let X = AUB, where A = {1, 1,1, %} and B = [1,2]. Define
the generalized metric d on X as follows :

11 11 11 11

11 11 11 11 11 11
W53 =g 3) =06 dGg)=dg3) =dp3) =d55) =0

and d(z,y) = |zt —y|ifz,ye Borx € A,y € Borz € B,y € A.
It is clear that d does not satisfy the triangle inequality in metric space,

11 11 11
Sy >d(=,2) +d(s,
2 ) 2G5+ g

Then d is a rectangular metric, but it is not a metric.

0.6 = d( ) = 0.5.

In this work, we extend and improve rectangular metric spaces to rectangular
quasi-metric spaces by using the concept of quasi-metric spaces. Next, we obtain
fixed point theorems in rectangular quasi-metric spaces. Moreover, we present
some examples to illustrate and support our results.i.e,

Metric space

/ N\

Quasi metric space Rectangular metric space

\ /

Rectangular quasi metric space
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2 Main Results

In this section, we introduce rectangular quasi-metric spaces and prove fixed
point theorems. Likewise, we present some examples to illustrate and support our
results.

Definition 2.1. Let X be a non-empty set and Suppose that the mappings d :
X x X — [0, 00) satisfies :
(RQMS1) d(z,y) = 0 if and only if = y;
(RQMS2) d(z,y) < d(z,u) + d(u,v) + d(v,y) for all z,y € X
and all distinct points u,v € X\{z,y}.
Then d is called a rectangular quasi-metric on X and (X, d) is called a rectangular
quasi-metric space.

Example 2.2. Let X = AU B, where A = {%, %, i, %} and B = [1,2]. Define the
generalized metric d on X as follows :

11 11 11 11
=, o) = -)=0. ) =d(=,>)=0.1
A(Gg) =dl5:2) =03, d(z.5) =dlz.7) =01,
11 11 11 11
S, ) =d(z,z) = d(=,2)=d(5,2) =04
(5:7) =dz.3) =06 di7.5)=d(5.5) =04,
11 11 11 11
d(2a5) (371) 021 d(572) d(4a3) 057

and
dz,y)=lr—ylifz,ye Borz€ A,yc Borz € By A.

It is clear that d does not satisfy the triangle inequality A

11 11 11

5 4) > cl(27 3)+d(3, 4) =0.5.
We see that d is not a rectangular metrics, because d(3,1) # d(,1). So d is a
rectangular quasi-metric. Indeed,

(RMQ1)

(=) Suppose that d(x,y) = 0.

Case(I) If z,y € A, then z = y.

Case(I) If z,y e Borz € A,y € Borz € B,y € A then d(z,y) = |z —y| =0,
S0 T =y.

(<) Suppose that z = y.

To show that d(z,y) = 0. we prove by two case.

Case(I) If z,y € A then d(3,3) =d(},3) =d(5,3) =d(}, 1) =0.

Case(Il) f x,ye Borx € A,y€ Borxz € B,y € Athenz—y=0.

Thus d(z,y) = |x — y| = 0.

0.6 = d(
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This is a proof of (RQM1)

(RQM?2)
Case (I) If 2,y € A then
d(z,y) =d(%,3) =03 <d(3,u) + d(u,v)+ d(v, }) when u,v € {1, 1}
d(z.y) = d(X, 1) = 01 < d(£, ) + d(w, v) + d(v, 1) when u,v € {1, 1}
d(z.y) = d(1, 1) = 0.2 < d(L,u) + d(u,v) + d(v, L) when u,v € {1, 1}
d(z,y) = al(i7 i) =02< d(i,u) + d(u, v) + d(v, i) when u, v € {i, i}
d(z,y) = d(i7 i) =03< d(i,u) + d(u,v) + d(v, i) when u,v € {i, i}
d(z,y) = d(%7 %) =01< d(%,u) + d(u,v) + d(v, %) when u,v € {;, %}
Case (II) If z,yc Borz € Ajy€ Borx € B,y € A, then

d(z,y) = |z —y|

<o —ul+|u—yl
<o —ul+|u—vf+]v -yl

for all distinct points u,v € X\{z,y}.

Now, we introduce a definition of a convergent, cauchy, complete rectangular
quasi-metric space as follows : For any z € X, we define the open ball with centre
x and radius r > 0 by

By (x); = {y € X[max{d(z,y), d(y, )} <r}.

Definition 2.3. Let (X,d) be a rectangular quasi-metric space and let {z,} be
a sequence in X and z € X. Then

(a) The sequence {z,} in X is called convergence to z € X if
lim,, 00 d(@p, z) = 0 = lim,, o d(z, x,,) and this fact is represented by lim,, o €, =
X Or T —> T aS N —> 00,

(b)The sequence {z,} in X is called cauchy sequence in (X, d) if
limy, o0 d(@n, Tntp) = 0 = limy, o0 d(Zp4p, ), for all p > 0.

(¢) (X,d) is called complete rectangular quasi metric space if every Cauchy
sequence in X convergence to some z € X.

Next, we present main theorems as follows :

Theorem 2.4. Let (X,d) be a complete rectangular quasi-metric space. A map-
ping g : X — X satisfies:

d(g(z), 9(y)) < ¥(d(z,y)), (2.1)

for all x,y € X, where
(i) ¥ :[0,00) = [0,00) is non-decreasing and continuous functions,

(i1) io:wi(t) + Y™ (t*) < oo for t,t* >0 and for m,n € N,

(i) $(0) =0 and %(t) <t for 0 <t.
Then g has a unique fived point.
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Proof. Let xg € X be arbitraty. We define a sequence {z,} by z,+1 = gz, for all
n=0,1,2,...,. Wewill show that {z,,} is Cauchy sequence, i.e., lim,,_ o0 d(Xn, Tn1p) =
0 = limy— 0o d(Tptp, p) for all p > 0. If z,, = xp4q then =z, is fixed point of g,
i.e., Tp = gxn. So, suppose that x,, # x,41 foralln =0,1,2,... .

We consider

en = d(Tn, Tny1) = d(gTn_1,92y)
< P(d(@n-1,24))
= (d(grn—2,9%n-1))
< ¢ (d(zn—2,Tn-1))
= ¢*(d(g9zn—3,9Tn—2))
< ¢"(d(zo,21))
"(ep), (2.2)

(4
(4
and,

by = dns1sn) = (g, gn)
< Y(d(zn, Tn-1))
= Y(d(gxn—1,9Tn—2))
< Y (d(@n-1,2n-2))
= *(d(grp—2,92n—3))

< ¢n(d(x17 1‘0))
=" (lo).- (2.3)

Since and , we have d(zn,Zni1) < Y"(d(xo,21)) and d(xpi1,2n) <
Y (d(z1, 20))-

We consider

*

ri=d(x, Tpy2) = d(gTn-1,9Tn+t1)
< YP(d(@Tn-1,Tn+1))
= Y(d(gzn—2,92n))
< w2(d(xn,2, Tn))

e

< ¢"(d(xo, 72))
= ¢"(ep), (2.4)
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and,

n = d(Tpt2,T0) = d(9Tni1,9Tn—1)
< P(d(@n+1,Tn-1))
= Y(d(grn, grn—2))
< wz(d(xm Tn-2))

<" (d(w2,70))
Y"(15)- (2.5)

Now, if p is odd say 2m + 1 then we obtain that

A(Tn, Tnyoam41) < d(Tn, Tng1) + A(@pt1, Tng2) + ATns2, Tntamt1)
<ep+eént1+ [d(xn-&-% $n+3) + d(a:n_;,_g, xn+4) + d(xn+4, xn+2m+1)]
<ep+epnt1 +epntat ..+ epntom
<™ (eo) + 9" (eo) + 9" (e0) + o + P (eg)

n+2m 0o

= Z Pi(eg) < Zwi(eo) < o0. (2.6)

If p is even say 2m then we obtain that

A(Tny Tptom) < d(Tn, Tna1) + d(@na1, Tua2) + d(Tpta, Tnaom)
<ep+ent1+ [d($n+27 xn+3) + d(x’ﬂJrS’ xn+4> +d(Tpya, xn+27n)]
<en+ent1+entat ... +d(Tntom—2,Tntam)
=epnteny1+ ..t om o
< P"(eo) + 9" (eo) + e + TR (eg)
n+2m—2

=Y e e

< Y Wi (e) + " (eh) < oo (2.7)



96 Thai J. Math. (Special Issue, 2020)/ W. Khuangsatung et al.

Similarly, if p is odd say 2m + 1 then we get that

d($n+2m+17 xn) §d<xn+2m+1a xn+2m) + d($n+2m7 Tpiom—1) + d(mn+2m71a mn)
<lnt2m+1 + lntom + [d(@nt2m—1, Tntam—2)
+ d(Tpt2m—2, Tntom—3) + A(Tnt2m—3, Tn)
<Y (lg) 4 4 lg) + " ()

n+2m-+1 ) [e%) )
= Y W) < D ¥i(l) < 0. (2.8)
i=n—1 i=n—1

Similarly, if p is even say 2m then we get that

d(Tnt2m, Tn) <d(Tntom, Tntom—1) + A Tntom—1, Tntom—2) + d(Tntrom—2, Tpn)
<lntom + lnyom—1 + [A(Tny2m—2, Tng2m—3)
+ d(Tnyom—3, Tnrom—a) + d(Tni2m—4, d(xn)}
<Y (o) + PR (L) + o+ "2 (lG)
n+2m

= > i) + "R G)

[ee]

<Y Ulo) + 0 R(l) < oo (2.9)

1=n—2

It follows from (2.6), (2.7), (2.8) and (2.9) that lim, .o d(zpn,2nyp) = 0 =

limy, 00 d(Zp4p, zn) for all p > 0. Thus {z,} is a Cauchy sequence in (X,d).
By completeness of (X, d) there exists a u € X such that lim,,_, o , = u. We will
show that u is a fixed point of g. Again, for any n € N we have

d(uvgu) < d(ua xn) + d(‘xfhxn-i-l) + d(xn-‘rlvgu)
=d(u,zn) + en + d(gxn, gu)
< d(u,xn) + en + P(d(n, u)). (2.10)

And, we get that

d(gu,u) < d(gu, Tny1) + d(@nt1, 2n) + d(wn, )
= d(gu7gxn) +ln + d(‘rny u)
< Y(d(u,xy,)) + by + d(zn, u). (2.11)

Using and it follows that d(u,gu) = 0 = d(gu,u). So gu = wu.
Thus u is a fixed point of g. For uniqueness, let v be another a fixed point of
g. Then it follows that d(u,v) = d(gu,gv) < ¥(d(u,v)) < d(u,v) and d(v,u) =
d(gv, gu) < ¥(d(v,u)) < d(v,u), which is a contradiction. Therefore, we must
have d(u,v) =0 =d(v,u). Sou=wv . Thus u is a fixed point of g. O

Next, we obtain corollary by set 1 (t) = 3r(t),Vt € [0,00),7 € [0,1).
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Corollary 2.1. Let (X, d) be a complete rectangular quasi-metric space.Suppose
that T: X — X z,ye X

d(gz, gy) < rd(z,y)

for all z,y € X where r € [0,1). Then g has a unique fixed point in X.

Example 2.5. Let X = AUB, where A = {},1,%, 1} and B = [1,2]. Define the
generalized metric d on X as follows :

d(l’l):d(lvl)zo'gv d(l’l):d(l7l)201’
at H=at =0, adh=ad b=04
P N L T
d(iﬂ 5) = d(§7 3) = d(17 Z) = d(gv 5) =0,

dlz,y) =z —y|ife,ye Borzre A, yec Borz e Bijyc A.

Then (X, d) is a complete rectangular quasi-metric space.

-
t

where ¢(t) = £; Vt € [0,00). Then g satisfy Theorem 2.4, and we see that ;
is a fixed point of g. Indeed,
d(x
Case(I) If 2,y € A, then d(gz, gy) = d(L, 1) = 0 < 2&2 = y(d(x,y)).
Case (I If r,yc Borz € A,ye Borxz € B,y € A, then

Next, let g: X — X by

T € A,
T € B,

oR g

(g, gy) = gz — gy|
= |% —yl; (set x € B)

< ey
=35 r—yY
d(z,y)

= =5
= ¢(d(z,y))- (2.12)

In 1982, Sessa [6] introduced a common fixed point theorem for a selfmapping
of a complete metric space as follows :

Definition 2.6. Two self-mappings S and T of metric space (X, d) are said to be
weakly commuting if

d(STz,TSz) < d(Sz,Tx), Vo e X.

It is clear that two commuting mappings are weakly commuting
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In 1986, Jungck [7] introduced a compatible mappings and common fixed
points as follows :

Definition 2.7. Let T and S be two self-mappings of a metric space (X,d). S
and T are said to be compatible if

lim,, oo d(STxy, TSx,) =0
whenever {z,} is a sequence in X such that
limy, oo STy = limy oo Txy =t

for some t € X.
It is easy to see that two compatible maps are weakly compatible.

In 2002, Aamri and El Moutawakil [8] defined a new property called the (E.A)
property which generalizes the concept of non-compatible mappings and proved
some common fixed point theorems.

Definition 2.8. Let S and T be two self-mappings of a rectangular quasi-metric
space (X,d). We say that T and S satisfy the property (E.A) if there exists a
sequence {z,} such that

lim,, oo T2y, = lim,, o0 ST,y = ¢
for some t € X.

Example 2.9. (1) Let X =10, +oo] Define T, 5 : X — X by
Tx =% ande—% Ve e X.
Consider the sequence x,, = 1/n. Clearly lim,, o, Tz, = lim,, o, Sz, = 0.
Then T and S satisfy (E.A).
(2) Let X = [2,400]. Define 7, S : X — X by
Tr=x+1land Sc=2z+1,Vr e X.
Suppose that property (E.A) hold,Then there exists a {z,} in X sequence
satisfying
lim, oo Tx = lim,, oo Sz = t, for some t € X.
Therefore
lim,, 0oz, =t —1 and lim,,_, z, = %
then ¢ = 1, which is a contradiction 1 ¢ X. Hence T and S do not satisfy (E.A).

Theorem 2.2. Let S and T be two weakly compatible self-mappings of a rectan-
gular quasi-metric spaces (X, d) such that
(i) T and S satisfy the property (E.A),
(11) d(TZL', Ty) < max{d(Sx, Sy) [d(Tz,Sa:);Ld(Ty,Sy)]v [d(Ty,Sw);rd(Ta:,Sy)} }’
Ve #£ye X,
(iii) TX C SX,
(iv) SX or TX is complete subspace of X.
Then T and S have a unique common fixed point.
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Proof. Since T and S satisfy the property (E.A), there exists a sequence {z,} in
X satifying

lim,, oo T, = lim,_,o Sz, =t, for some t € X.
Suppose that SX is complete. Then lim,_,. Sz, = Sa for some a € X. Also
lim,, yoo T, = Sa. We show that T'a = Sa. Suppose that Ta # Sa. Condition
(ii) implies

d(Ta,Tz,) < max{d(Sa, Sz,), [d(Ta, Sa) + d(Txp, Sz,)]/2.
[d(Txy, Sa) + d(Ta, Sz,)]/2}. (2.13)

Letting n — 400 yields

d(Ta,Sa) < max{d(Sa, Sa), [d(Ta, Sa) + d(Sa, Sa)]/2,
[d(Sa, Sa) + d(Ta, Sa)]/2}
< d(Ta,Sa)/2; (2.14)

a contradiction. Hence T'a = Sa.

Since T' and S are a weakly compatible, STa = T'Sa and TTa = TSa =
STa = SSa.

Finally, we show that T'a is a common fixed point of 7" and S. Suppose that
Ta # TTa. Then

d(Ta,TTa) < max{d(Sa,STa),[d(Ta,Sa) + d(TTa,STa)]/2,
[d(TTa,Sa) + d(Ta,STa)]/2}
<max{d(Ta,TTa),[d(TTa,Ta) + d(Ta,TTa)]/2} (2.15)

and

d(TTa,Ta) < max{d(STa, Sa), [d(TTa,STa)+ d(Ta, Sa)]/2,
[d(Ta,STa) + d(TTa,Sa)]/2}
<max{d(TTa,Ta),[dTa,TTa) + d(TTa,Ta)]/2}. (2.16)

Since and we have

d(Ta,TTa) + d(TTa,Ta) < max{d(Ta,TTa),[d(TTa,Ta) + d(Ta,TTa)]/2} +
max{d(TTa,Ta), [d(Ta,TTa)+d(TTa,Ta)]/2} = d(Ta,TTa)+d(TTa,Ta), where
max{d(Ta,TTa), [d(TTa,Ta)+d(Ta,TTa)|/2} # d(Ta,TTa) and < max{d(TTa,Ta),
[d(Ta,TTa)+ d(TTa,Ta))/2} # d(TTa,Ta);

which is a contradiction. Hence TTa = Ta and STa = TTa = Ta. The proof

is similar when T X is assumed to be a complete subspace of X since TX C SX.
Uniquness of the common fixed point, suppose that a, b are distinct common fixed
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point of S and T .

d(a,b) = d(Ta, T) < max{d(Sa, sp), 14T 50) +d(Tb, 5b)

2 b
[A(Tb, Sa) +d(Ta, SH),
2 )
_ d(Tb, Sa) + d(Ta, Sb) _ d(b,a) + d(a,b) (2.17)
2 2
and
d(Th, Sb) + d(T
d(b,a) = d(Tb, Ta) < max{d(Sb, Sa), L5 ; (Ta, Sa)]
[d(Ta, Sb) + d(Tb, Sa)] )
2 )
d(Ta,Sb) + d(Tb,Sa)  d(a,b)+d(b,a)
- . - . . (2.18)
Since 1' and we get that d(a,b)+d(b,a) < d(b’a);d(a’b) + d(a’b);d(bﬂ) O
Example 2.3. Let X = AUB, where A = {3,%, %, 1} and B = [1,2]. Define the

generahzed metrlc d on X as follows :
d(3,3)=d(3,5) =03,  d(3,:)=d(3,3)=0
ab h=alH-os adh=alh=ad H=at.y=0
such that d(z, y) = d(y, ) and
d(z,y) =|lz—y|ifx,ye Borz € Ajy€ Borxz € B,y € A. DefineT,S: X — X
by
Tx:‘%”ande:%, Vr e X.
Then
(1) T and S satisfy the property (E.A) for the sequence z, =1+ 1/n,n =
1,2,...,
(2) S and T are weakly compatible,
(3) T and S satisfy for all z # y ,
(4) T1 = S1 = 1.
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