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1 Introduction
Jensen’s inequality is an inequality involving convexity of a function. It has

many applications in mathematics and statistics. This inequality states that for
any real-valued convex function f defined on an interval J,

k k
f(zwzfﬂz) < szf(xz) (1.1)
i=1 i=1
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where x; € J and w; > 0 for all i = 1,..., k with Zf:lwi =1.

Mond and Pecari¢ [I] gave matrix versions, with matrix weights, of converse
inequalities for . Some matrix inequalities involving Hadamard products were
also presented in [I]. In [2], Miéi¢ established Jensen’s type inequality and its
converses involving Khatri-Rao products of unital positive linear maps on positive
definite matrices.

Throughout this paper, let H and K be complex Hilbert spaces. When X and
Y are Hilbert spaces, the symbol B(X, ) stands for the algebra of bounded linear
operators from X into Y, and we write B(X) instead of B(X,X’). The set of all
self-adjoint operators on H is denoted by B(#)**. For operators A, B € B(H)%%,
the situation A > B means that A — B is a positive operator. Denote the set of all
positive invertible operators on H by B(#)™. Denote the spectrum of an operator
A by Sp(A). The identity operator is denoted by I. A linear map ¢ : B(H) — B(K)
is said to be positive if ¢(A) > 0 whenever A > 0. It is said to be unital if () = I.

Jensen’s inequality can be extended to various operator inequalities. For
any convex function f: J — R and A € B(#H)** with Sp(A4) C J, we have [3]:

f(Az,z)) < (f[A]z,z) (1.2)

holds for every unit vector z € H. Moreover, complementary inequalities of
were also established in [3]. Seo et.al. [4] presented Hadamard product versions
of complementary inequalities of .

In [5], Mond and Pecari¢ gave an another operator version of for unital
positive linear maps associated with convex functions. Let 4, € B(H)*® be such
that Sp(4;) C J, ¢; : B(H) — B(K) a unital positive linear map and w; > 0 with
sum one. Then for every operator convex function f :J — R,

k k
S wii(A)] < D wigi(f[A]). (1.3)
=1 i=1

Some bounds of were obtained in [6]. In [7], the authors gave several com-
plementary inequalities of in the case k = 1. Hansen et al.[§] obtained a
generalization of for unital fields of positive linear maps and obtained con-
verse inequalities in the new formulation.

In this paper, we establish Jensen type inequalities for bounded linear op-
erators on a Hilbert space, convex/concave functions and unital positive linear
maps involving certain operator products and sums. The products and the sums
concerned here are the Tracy-Singh product, the Khatri-Rao product, the Tracy-
Singh sum, and the Khatri-Rao sum. We apply Mond-Pacari¢ method to certain
operator-convex functions to get Jensen’s type operator inequalities. Moreover,
we derive some generalizations of Jensen’s type operator inequalities concerning
functional calculus of two-variable functions. Our results include Kantorovich-type
operator inequalities for the products and the sums.

This paper is organized as follows. In Section [2| we provide some preliminaries
about two kinds of operator products and sums, and Mond-Pecari¢ method for
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convex functions. These facts will be used in Sections [3] and Section [3] we
derive several inequalities of Jensen’s type involving Tracy-Singh products and
Khatri-Rao products. Jensen’s type inequalities concerning Tracy-Singh products
and Khatri-Rao products in terms of functional calculus of two-variable functions
are presented in Section[d In Section[5] we establish Jensen’s type inequalities for
Tracy-Singh sums and Khatri-Rao sums.

2 Preliminaries

2.1 Operator Products and Operator Sums

From the projection theorem for Hilbert spaces, we can make the following
decompositions:

H = é%i, K = él@.
i=1 j=1

where all H; and K; are Hilbert spaces. For each ¢ and j, let F; : H; — H and
F; : Kj — K be the canonical embeddings, and P; : H — H; and Q; : K — K; be
the orthogonal projections. Each A € B(H) and B € B(K) thus can be expressed
uniquely as operator matrices
A = [AylL, and B = [Bul;%,

where A;; = P,AE; € B(H;,H;) and By, = QrBF, € B(K;, Ky) for each 4, j, k, .

Recall that the tensor product of A € B(H) and B € B(K) is a unique bounded
linear operator from H ® K into itself such that for all x € H and y € K,

(A® B)(z®y) = Az ® By.

Definition 2.1. Let A = [4;]}/L, € B(H) and B = [By;i"; € B(K). We

i,j=1
define the Tracy-Singh product of A and B to be the operator matrix

AX B = “Aij@Bkl}kl]ij (2.1)

m

which is a bounded linear operator from @;_, @j-, H; ® K; into itself. When

m = n, we define the Khatri-Rao product of A and B to be the bounded linear
operator

AEOB = [AU ® Bij]ij (22)

which is a bounded linear operator from ;" ; H; ® K; into itself.
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Lemma 2.2 ([9, [10]). Let A, B,C, D be compatible operators. Then
1. The map (A, B) — AKX B is bilinear.
2. (AR B)(CR D)= (AC)X (BD).

3. If A and B are positive and invertible, then (AKX B)? = AP X BP for any
peR.

4. IfA>C>20and B> D >0, then AKB>CKXD > 0.
Foreachi =1,...,k, let H; be a Hilbert space and decompose H; = @2, Hi

where all #H;, are Hilbert spaces. For a finite number of operators 4; € B(#,;) for
i=1,...,k, we use the following notations

k
X4 = (AR A) R K A1) K Ay,
=1
k
A = (A BA)B - B A1) D A
=1

Lemma 2.3 ([I1]). There is a unital positive linear map ¢ such that

forany A, € B(H;), i1 =1,...,k.

Definition 2.4. Let A = [A;];""., € B(H) and B = [Bul;;", € B(K). We

i,j=1
define the Tracy-Singh sum of A aild B to be

ABB = ARIx+ I R B (2.4)

which is a bounded linear operator from EBZL;L H; ® K; into itself. When m = n,

we define the Khatri-Rao sum of A and B to be
AEB = AR+ Iy 0B (2.5)
which is a bounded linear operator from @?:1 H; ® KC; into itself.

Applying the unital positive linear map in Lemma we obtain a relation
between Tracy-Singh and Khatri-Rao sums as in [12].

Lemma 2.5 ([12]). There is a unital positive linear map ¢ such that Y(AHBB) =
AR B for any A € B(H) and B € B(K).
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2.2 Bounds for Jensen’s Inequality for Operators

In [6], Mond and Peéari¢ established the following results which give rise to
the reverse of operator Jensen’s inequality (1.3)).

Lemma 2.6 ([0]). Let A; € B(H)** be such that Sp(4;) C [m, M], ¢; : B(H) —
B(K) be a unital positive linear map and w; a positive real number fori=1,... k
with Zle w; = 1. Let f: [m,M] — R be a strictly-convex twice-differentiable
function. Suppose that either (i) f(x) > 0 for all x € [m, M|, or (it) f(z) <0 for
all x € [m, M]. Then

k k
Zw:-@(f[&p < Af[_Z w;ipi(A;)] (2.6)

holds for some X\ > 1 in case (i), or A € (0,1) in case (ii).

Lemma 2.7 ([6]). Let A;, ¢; and w; be as Lemma([2.6 Let f : [m,M] — R be a
differentiable convex function such that f' is strictly increasing on [m, M]. Then

k k
Zwi¢)i(f[Ai]) < R [ widi(4))] (2.7)

holds for some k satisfying 0 < k < (M —m)(pu — f'(m)) where p = W

—m

Lemmas [2.6] and were known as Mond-Pecarié¢ method.

3 Jensen’s Type Inequalities Involving Tracy-Singh
Products and Khatri-Rao Products via Mond-
Pecari¢ Method

In this section, we apply the Mond-Pecari¢ method to derive certain inequali-
ties of Jensen’s type for Tracy-Singh products and Khatri-Rao products of opera-
tors.

Let us start with recalling some terminologies. Let J be an interval. A function
f:+J — Rif said to be convex if

f(l=a)s+at) < (1—a)f(s) +af(t) (3.1)

for any s,t € J and a € [0,1]. We say that f is concave if —f is convex. More
generally, f is said to be operator convex if

fll—a)A+aB] < (1-a)f[A]+af[B] (3.2)

for any o € [0,1] and A, B € B(H)** whose spectra are in J. We say that f is
operator concave if —f is operator convex.
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Definition 3.1. A function f : J — R is said to be submultiplicative (resp.
supermultiplicative) with respect to the Tracy-Singh product if

fIARB] < fIAIR f[B] (resp. f[AKB] < flA]X f[B])
for all A € B(H)** and B € B(K)** whose spectra of A, B and AK B are contained
in J.

Proposition 3.2. Let A; € B(H)**, B, € B(K)*® be such that Sp(4; X B;) C
[m, M] and w; > 0 fori=1,...,k with Zlewi =1. Let f:[m,M] = R be a
function.

1. If f is operator-convex and submultiplicative with respect to the Tracy-Singh
product, then

k k

f[z w;A; X B;] < Z w; f[A;] X f[Bil, (3.3)
k k

f[z w;A; @ B;] < Z w; f[A;] 3 f[Bil. (3.4)

2. If f is strictly-convex twice-differentiable and supermultiplicative with respect
to the Tracy-Singh products, and either (i) f(x) > 0 for all x € [m, M], or
(i) f(x) <0 for all x € [m, M], then

szf szA X B;] (3.5)
szf szA [ By, (3.6)

where \ is given in Lemma [2.6,

3. If f is operator-concave and supermultiplicative with respect to the Tracy-
Singh product, then the opposite inequalities hold in and (| .

4. If f s strictly-concave twice-differentiable and submultzplzcatwe with respect
to the Tracy-Singh product, and either (i) f(x) > 0 for all x € [m, M], or
(ii) f(x) <0 for all x € [m, M], then the opposite inequalities hold in ([3.5)

and .

Proof. 1. Using the submultiplicativity of f with respect to the Tracy-Singh prod-
uct and the classical Jensen inequality (|1.3)), we have

k k k
=1 =1

=1
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Applying Lemma and Inequality (1.3)), we get

k k k
) wiAdim Bi] = f>_ wip(A;®B)] < > wih(f[Ai B Bi])
i=1

. =1 =1 .
< Zwa[AMf[BA) = Zwif[Ai] B f[Bi].

2. Using the supermultiplicativity of f with respect to the Tracy-Singh product
and Lemma [2.6] we have

k k k
D wiflAIRf[B] < Y wif[AiRB;] < Af[> wid; K By).
i=1 i=1 i=1
Applying Lemmas [2.3] and we get

k k k
Zwif[Az‘] B flBi] = Zwiw(f[Ai]@f[Bi]) < Y wip(f[A; ¥ Bi])

i=1

k k
< MD_wip (A B By)] = MY widi & By).
i=1

i=1
The proof of Cases 3 and 4 are similar to those for Cases 1 and 2, respectively. [

We now consider the special case when f(t) = t?, x > 0. It is well-known that
f is convex if either p < 0 or p > 1, while it is concave if 0 < p < 1. It is clearly
from Lemma that (AX B)P = AP X BP for any p € R. For this reason, in the
next corollary, we focus only on inequalities concerning Khatri-Rao products.

Following [13], the generalized Kantorovich constant K (m, M, p) and the con-
stant C(m, M, p) are defined as follows:

_ mMP —MmP [(p—1)(MP —mP)]"
wonat) = G5 [y |
C(m, M,p) = W+(p—l) (M) ;

We denote K (m, M) = K(m,M,—1) = K(m, M, 2) the original Kantorovich con-
stant.

Corollary 3.3. Let A € B(H)" and B € B(K)™" be such that Sp(AKB) C [m, M].
For any p > 1, we have

(Am B < AP@BP < K(m,M,p)(Am B). (3.7)

While, for 0 < p < 1, we have the reverse inequality in (3.7)). If AQB is invertible,
then (3.7) holds for any p <0 orp > 1.
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Corollary includes the following Kantorovich type inequalities for opera-
tors:
(Am B)?

A’@mB? < K(m,M)(A® B)?, (3.8)
(AmB)™! <

<
< A'eB™? < K(m,M)(AnB)™".

Both inequalities were originally proved in [14].

Proposition 3.4. Let A;, B; and w; be as in Proposition[3. Let f : [m, M] — R
be a differentiable function.

1. If f is convex and supermultiplicative with respect to the Tracy-Singh prod-
uct, and f' is strictly-increasing on [m, M|, then

k k
> wi fA] R f[Bi] — f>_ wiAi K Bj] < kI, (3.10)
1:1 z:l
> wif[A) B f[Bi] - f[>_widi B Bi] < K, (3.11)
i=1 i=1

where K is given in Lemma [2.7.

2. If f is concave and submultiplicative with respect to the Tracy-Singh product,
and f' is strictly-decreasing on [m, M|, then the opposite inequalities hold

in (B.10) and (B.11).
Proof. We only prove the Case 1. Applying Lemma we get

k k k
i=1 i=1

i=1

We have by Lemmas [2.3] and [2.6] that

k k k
Y wiflA]la f[B] = Y wab(fIA] R fIB]) < Y with(f[Ai R By)
=1 i=1 i=1
k

k
< KL+ D wip(A; R B)] = kI + f[>_wiAi @ Bi].0
=1 =1

Corollary 3.5. Let A € B(H)' and B € B(K)" be such that Sp(AXKB) C [m, M].
For any p > 1, we have

AP @ BP — (A@ B)P < C(m, M,p)I, (3.12)

While, for 0 < p < 1, we have the reverse inequality in (3.12)). Moreover, if AQ B
is invertible, then (3.12)) holds for p < 0 orp > 1.
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Corollary includes the following operator Kantorovich type inequalities:

M —m)?
A’mB?>—- (A Bzg(il
05" - (Aa B) Mm
AT S\2
A B ' —(ApB)! < MI.
Mm

Both inequalities were proved already in [I4, Proposition 3].

4 Generalizations of Jensen’s Type Operator In-
equalities in Terms of Two-Variable Functions

In this section, we generalize Jensen’s type operator inequalities involving
Tracy-Singh products and Khatri-Rao products in terms of functional calculus
of two-variable functions. Let us introduce some hypotheses and notations used
in this section.

Hypothesis 4.1. For eachi=1,...,k, let A; € B(H;)** be such that Sp(4;) C
[m, M] with m < M.

Hypothesis 4.2. Sp ( &le Ai) C [ma, Ma] with ma < My.

Hypothesis 4.3. Foreachi=1,...,k, let ¢; : B(H;) — B(K;) be a unital positive
linear map.

Hypothesis 4.4. Sp ( &le ¢1-(A1-)) C [mg, My] with mg < M.
For a function f : [m,M] — R, we denote the slope and the intercept of a
linear function through (m, f(m)) and (M, f(M)) by puy and vy, respectively, i.e.
OO fOm) M JGm) —mp ()

M—m ’ M —m '

For a function f : [m, M]U [ma, Ma] — R, we denote fiy and vy for the slope
and the intercept of a linear function through (ma, f(ma)) and (My, f(Ma)),
respectively.

In order to defined F[A, B] where F a real-valued function of two variables,
we apply the functional calculus on the tensor products (see e.g. [I5, [16]). In
particular, if F(u,v) = v~'/2uv='/2  then F[A, B] = B-Y/2AB~1/2.

Theorem 4.5. Assume Hypotheses[{.1 and[{.2 Let f : [m, M]U[Ma, Ms] — R,
g:[ma,Ma] >R and F: U xV — R be functions such that

k k
Sp (DX f1A4:]) USp (g DXJAi + 74I) € U, g(lma, Ma]) C V.

i=1 i=1

Suppose that F is bounded and operator-monotone in the first variable.
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1. If f is convex and supermultiplicative with respect to the Tracy-Singh prod-
uct, then

k k
FIX fAL. o Al <{ sup F<ﬂft+ﬁf7g<t>>}f, (4.1)
=1 =1

maStSMa

k k
FIE ALl Al < { o Ftonao | G2

maStSMa

2. If f is concave and submultiplicative with respect to the Tracy-Singh prod-
ucts, then the opposite inequalities hold in (4.1)) and (4.2) with inf instead

of sup.

Proof. We only prove Case 1. It follows from the convexity of f that f(t) < fipt+0y
for every ¢ € [ma, M4]. Using functional calculus, we have

k

k
FIX Al < fig DX Ai + ¢ 1

i=1 i=1
Using the supermultiplicativity of f with respect to the Tracy-Singh product, we
get

k k

X 1A < g X Ai + 1. (4.3)

i=1 i=1
Since F' is operator-monotone in the first variable, we obtain

k k k

F{&f{Ai]yg[& sz]] < F[ﬂf éAﬁﬂfﬂg[& Ai]}

=1 =1 1= =1

< { sup F(ﬂft+l7f,g(t))}f.
maA<t<Ma

Applying Lemma with (4.3) and using the monotonicity of F(-,v), we obtain

(2. O

Notice that Theorem when k = 2, can be viewed as Tracy-Singh/Khatri-
Rao products versions of [4, Theorem 2].

Miéi¢ et.al [17] showed that if f : [m, M] — R is a continuous convex function,
g : [m, M] — R is a continuous function, and A € B(H)** with Sp(4) C [m, M|,
then for a given a € R, there exists the suitable constant 8 such that

(f[Alz,z) < ag({(Az,z))+ (4.4)

holds for every unit vector € H. Now, we will derive Tracy-Singh/Khatri-Rao
products versions of (4.4) by applying Theorem [4.5] for F(u,v) = u — aw.
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Corollary 4.6. Assume Hypotheses[{.] and[{.4 Let f : [m, M]U[ma, Ms] — R,
g:[ma, Mgl = R and a > 0.

1. If f is convex and supermultiplicative with respect to the Tracy-Singh prod-
uct, and g is strictly-convexr and differentiable, then

k k
& flA)] < ag@ A+ I, (4.5)
z;1 7.;1
[ f14] < agl[z] 4] + 51, (4.6)

hold for 5 = figto + V5 — ag(to), where s, vy are given in Theorem and

the unique solution of ag'(t) = fiy if ag'(ma) < fiy < g’ (Ma),
to = ma if iy < ag'(ma),
Ma if jip = ag'(Ma).

2. If f is convex and supermultiplicative with respect to the Tracy-Singh prod-
uct, and g is conver and continuous, then ) and . hold for

o )ma if ff < aflg,
0= o -
My if ff = ofig.

3. If f is concave and submultiplicative with respect to the Tracy-Singh product,
and g 1is strictly-concave and differentiable, then the opposite inequalities
hold in and with the same ty in Case 1 but the opposite condition
while determining to.

4. If f is concave and submultiplicative with respect to the Tracy-Singh prod-
uct, and g is convex and continuous, then the opposite inequalities hold in
(4.5) and (4.6) with the same to in Case 2 but the opposite condition while

determining t.

Notice that when k& = 2, Corollary can be viewed generalization of of [4]
Theorem 5].

Corollary 4.7. Assume Hypotheses[{.1] and[{.3 Let f : [m, M]U[ma, Ma] = R
be a continuously twice-differentiable function, g : [ma, Ma] = R be a continuous
function and o > 0.

1. If f is conver and supermultiplicative with respect to the Tracy-Singh prod-
uct, and g is strictly positive, then

k
, uft+Vf
@f[m] < mAgf‘é‘MA{ } X|A (4.7)
k
_ uft+Vf
[ /140 < m%?;‘MA{ o } EA (48)
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2. If f is conver and supermultiplicative with respect to the Tracy-Singh prod-
uct, and g is strictly negative, then the inequalities (4.7) and (4.8]) hold with

min instead of max.

3. If f is concave and submultiplicative with respect to the Tracy-Singh product,
and g is strictly positive, then the opposite inequalities hold in (4.7) and (4.8)

with min instead of max.

4. If f is concave and submultiplicative with respect to the Tracy-Singh product,
and g is strictly negative, then the opposite inequalities hold in (4.7) and

E3).

Proof. Applying Theorem for the function F(u,v) = v~ "2uv~1/2. Since
h(t) = “fgt(':)”f is continuous on [m4, M 4], it has the global extreme points on
[ma, Ma. O

In the next theorem, we give Jensen’s type inequalities concerning Tracy-Singh
and Khatri-Rao products.

Theorem 4.8. Assume Hypotheses and. Let f: [m, M]U[mg, My] —

R be a function.

1. If f is operator-convex and submultiplicative with respect to the Tracy-Singh
product, then

k k

f[g $i(A;)] < |X| ¢i(f[Ai]), (4.9)
k k

f[l:] #i(Ag)] < |I| ¢i(f[Ai])- (4.10)

2. If f is operator-concave and supermultiplicative with respect to the Tracy-
Singh product, then the opposite inequalities of (4.9) and (4.10) hold.

Proof. We only prove Case 1. The inequality (4.9) follows from the submulti-
plicativity of f respect to the Tracy-Singh product, and Jensen’s inequality (1.3]).

Applying Lemmas [2.2] and and inequalities (1.3) and (4.9)), we have

k k k
FILe] ¢i(Ad)] = f[¢(|z| #i(Ai))] < zb(f[Xl ¢i(A)])
i=1 i=1 i=1
< ¢(|X| floi(A:)]) < E‘ oi(f[Ai])- O
i=1 i=1

We mention that (4.10) is an operator extension of [2, Theorem 2.1].
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Corollary 4.9. Assume Hypotheses and. Let f : [m, M]U[mg, My] —
R, g:[mg, Mp] = R and F : U x V — R be functions such that

k
Sp (X 6i(f[Ai]) U f([me, My]) € U,  g(lmg, My]) C V.

i=1
Suppose that F is bounded and operator-monotone in the first variable.

1. If f is operator-convex and submultiplicative with respect to the Tracy-Singh
product, then

k k
FI[X (A ol 61 (A0)] >{ inf F(f(t»g(t))}L (4.11)
=1 i=1

md,gthd,

md,gthd)

k k
FIE o alB o] > { | mt FUGa)}bL @)

2. If f is operator-concave and supermultiplicative with respect to the Tracy-
Singh product, then the opposite inequalities hold in (4.11)) and (4.12)) with

inf instead of sup.

Proof. Tt follows from the monotonicity of F(-,v) and Theorem [4.8 O

Theorem 4.10. Assume Hypotheses and [4.4} Let f : [m,M] — R,
g:[mg, My] - R and F: U xV — R be functions such that

k k

Sp ( & ¢i(f[Ai])) USp (//} & Gi(A;) + ’/’;I) C U, g(lmg, Mg]) CV.

i=1 i=1
Suppose that F is bounded and operator-monotone in the first variable.

1. If f convex, then
k k
FHXl i (f1AD), 9IX] 81 (A))]] < { s F(uft + V’ﬁﬂ(ﬂ)} I,
(4.13)

k k
F[E@(f[&]%a[@@(&)]] <{ sup F(u,’?“rvlfvg(t))}f-

mg <t My
(4.14)

2. If f is concave, then the opposite inequalities hold in (4.13)) and (4.14)) with

inf instead of sup.
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Proof. For the first assertion, assume that f is convex. Then f(t) < pst + vy for
every t € [m, M]. Using functional calculus, we get
flA] < ppAi +vpl
for all i = 1,..., k. Since ¢; is a unital positive linear map, we get
oi(flAi]) < ppoi(Ai) + vyl
We have by the monotonicity of the Tracy-Singh product that

k k k k
& di(flA]) < |X| pydi(As) + IXI vel = pf |X| ¢i(A;) + VEL (4.15)
i=1 i=1 i=1 i=1
Since F' is operator-monotone in the first variable, we obtain
k k k k
FIBRo:(f1AD, ol 040l < F [ B 6s(A4) + v 1, g[[X] 6i(A)]]
i=1 i=1 i=1 i=1
< { sup F(p’;tJrl/’;,g(t))} I
me<t< My

We get (4.14)) by applying (4.15]) with Lemma and using monotonicity of F'(-,v).

The proof for the second assertion is similar to the previous case. O

Applying Theorem for the function F(u,v) = u — av, we obtain the
following corollary.

Corollary 4.11. Assume Hypotheses and , Let f : [m,M] — R,
g : [mg, My] = R and o > 0.

1. If f is convex and g is strictly-convex differentiable, then

k k
X ¢:(flA:]) < aglX] ¢i(A:)] + BI, (4.16)
i=1 =1

k k
[«] ¢i(flAi]) < ag[[<] ¢:(A))] + B, (4.17)
i=1 =1

hold for 8 = ,u’fcto + 1/’]? — ag(to), where

the unique solution of ag'(t) = u’} if ag'(mg) < u’} < ag'(My),

to = {mg if ph <ag'(mg),
M, if wh > ag' (M)

2. If f is convex and g is concave, then (4.16) and (4.17)) hold for

b = Jme U pf<opg,
My if ph > ap,.
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3. If [ is concave and g is convez, the opposite inequalities hold in (4.16)
and (4.17)) with the same to in the case 1 but the opposite condition while
determining t.

4. If f is concave and g is strictly-concave differentiable, the opposite inequali-
ties hold in (4.16)) and (4.17) with the same to in the case 2 but the opposite

condition while determining tq.

Notice that the cases 1 and 3, when & = 1, in Corollary conclude the
results in [7, Theorem 2.1 and 2.2].

If f:R — R is a convex function, then a subdifferential function of f on
[m, M] is any function s : [m, M| — R such that

s(t) € [fL(@), L @), t € (m, M),

where f’ and f! are the one-sided derivatives of f and s(m) = f/ (m) and s(M) =
fL(M). Subdifferential function for concave functions is defined in analogous way.
In [8], Hansen et.al. gave some inequalities of Jensen’s type for unital fields if linear
maps involving subdifferential functions. In the next theorem, we give related
inequalities of Theorem [£.10] by using subdifferentials.

Theorem 4.12. Assume Hypotheses 43 and [[4 Let f : R = R, g :
[mg, Mgl — R and F : U xV — R be functions such that g([mg, My]) C V
and

k

Sp (DX i (F1AD) U{f(@)" +s(2)"(y = 2") s 2,y € [m, M]} C U.

i=1
Suppose that F is bounded and operator-monotone in the first variable.

1. If f is conver on [m, M], then for every x € [m, M],

> { inf F(f(z)kJrs(x)k(txk),g(t))}l, (4.18)

me St Mg

k
FIED oi(f[AD), gl[] oi(A0)]]

> { inf F(f(a:)k—l—s(x)k(t—xk),g(t))}l. (4.19)

2. If f is concave on [m, M|, the opposite inequalities hold in (4.18) and (4.19)

with sup instead of inf.
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Proof. We only prove the case f is convex. Let x € [m, M]. Since f is convex,
we have f(y) = f(x) + s(z)(y — x) for y € [m, M]. Using functional calculus, we
get flA;] = f(a)] + s(x)(A; —xI) for all i = 1,..., k. Since ¢; is a unital positive
linear map, we have

¢i(fAi]) = f(2)] = s(2)(¢i(Ai) — 2I).

We have by the monotonicity of the Tracy-Singh product and Lemma that

k k
XJoi(f1Ad) > X f @)1 = K] s(@)(6i(4) = a1)
k k
= @) BT - s@)* (X o) — K1)
k
= f(a)"I — s(x)"( g ¢i(A;) — 1),

Using Lemma [2.3] we get
k k
[ i(fIA]) > fl@)FT — s(2)*([£] ¢s(Ai) — 2*1).
i=1 i=1

Applying the monotonicity of F(-,v), we obtain (4.18]) and (4.19)). O

Applying Theorem for the function F(u,v) = u — av, we obtain the
following corollary.

Corollary 4.13. Assume Hypotheses -] and {4 Let f : R - R, g :
[m, M] — R be functions, @ >0 and ¢ € [m, M].

1. If f is convexr and g is strictly-concave differentiable, then

k k
|z¢i(f[Ai]) P ag[|Z| ¢i(Ai)] + B, (4.20)
k k

|Z| oi(f[Ai]) = OZQ[E ¢i(Ai)] + B, (4.21)

hold for 8 = f(c)* + s(c)k(to — c*) — ag(to), where

the unique solution of ag'(t) = s(c)* if ag'(My) < s(c)* < ag'(my),
to=qme if s(c)f > ag'(mg),
M, if s(0)F < ag/(M,).
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2. If f is conver and g is continuous and convez, then the inequalities hold in

[@20) and [@E21) for

3. If f is concave and g is strictly-convex differentiable, the opposite inequalities
hold in (4.20) and (4.21)) with the same tg in the case 1 but the opposite
condition while determining t.

4. If f is concave and g is continuous and concave, the opposite inequalities
hold in (4.20) and (4.21) with the same tog in the case 2 but the opposite

condition while determining tg.

5 Jensen’s Type Inequalities Involving Tracy-Singh
Sums and Khatri-Rao Sums

This section deals with operator inequalities for Tracy-Singh sums and Khatri-
Rao sums. recall the following result.

Lemma 5.1 ([I8]). Let A € B(H)" and B € B(K)*. For any p € N, we have
APH B? < (AHB)P.

In [T2], Corollary 26], this inequality holds for the Khatri-Rao sum of operators
when A and B are the direct sums A = A1 ®--- P A, and B=B;Dd---P B,
when A; € B(H;) and B € B(K;) for each i = 1,...,n. Now, we will give an upper
bound for AP @ BP without these conditions.

Proposition 5.2. Let A € B(H)" and B € B(K)* be such that Sp(AH B) C
[m, M]. For any p € N, we have

AP ® B? < K(m,M,p)(A®m B)P, (5.1)

APm BY < (A® B)? +C(m,M,p)l.
Proof. Using Lemmas and applying Lemma [2.6] for the function f(t) = ¢?
with k =1, we get

AP @ BP = (AP B BP) < o((AB B)P)
< K(m, M,p)p(AB B) = K(m, M,p)(A® B)".
Using Lemmas and applying Lemma for the function f(¢) = ¥ with
k=1, we get
AP ® BP — (Am B)? = (AP H BP) — [(AH B)]P
< G(ABBY)—p(ABBY < Clm, Mp)I. O
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Matrix versions of inequalities in Proposition were given in [I9] Theorem
3.11].

Corollary 5.3. Let A € B(H)" and B € B(K)™ be such that Sp(ABB) C [m, M].
Then
A’®mB? < K(m,M)(A® B)?, (5.3)
)2
M=m7,
4

We now consider special cases of Lemmas and For any A, B € B(H)"
and p € (—00,0) U[1,00), we have

A’mB? < (AmB)* + (5.4)

K(m, M

AP+ B < %(A#—B)p, (5.5)
1

AP 4+ B? < 51 (A+ B)? +2C(m, M, p)I. (5.6)

From above inequalities, we will consider the Khatri-Rao sum and Tracy-Singh
sum as the “sum”. The following theorem gives upper bounds for (A B B)? and
(A® B)? when p € R.

Theorem 5.4. Let A € B(H)" and B € B(K)" be such that Sp(A) C [m, M] and
Sp(B) C [m, M]. For any p > 1, we have

K(m, M, p)
op—T1

1
51 (A® B)? +2C(m, M, p)I. (5.8)

While, for 0 < p < 1, we have the reverse inequalities in (5.7)) and (5.8). If Am B
is tnvertible, then (5.7)) and (5.8) hold for p < 0 and p > 1. We can replace the
Khatri-Rao sum ® in (5.7) and (5.8)) by the Tracy-Singh sum B.

Proof. From Lemma setting k = 2, wy = wy = % and f(t) =t (p < 0 or
p > 1), we get

AP ® B? < (Am B)?, (5.7)

AP m BP <

K(m,M,p)

2P l61(A) + (B (59)

S 101(47) + 0a(BY)] <

Using Lemmas and (5.9), we have
AP® BP = AP@I+4+1:B?P
= Y((ARI)P) +¢((I W B)")
K(m,M,p)
201
K(m, M, p)

- =By

Similarly, we get (5.8 by applying Lemmas and O

[W(ART) + (IR B)"
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Corollary 5.5. Let A € B(H)" and B € B(K)" be such that Sp(A) C [m, M]
and Sp(B) C [m, M]. Then

A2@ B2 < M(A B)?, (5.10)
A2@B? < %(AB)2+MI. (5.11)
If A® B is invertible, then
A'®m B! < 4K (m,M)(A® B)™!, (5.12)
A'mB < 4ABB)' + WMM;mWI. (5.13)

All inequalities in Corollarywere proved in [20, Theorems 15 and 17] under
the condition mI < (AXI) @ (I K B) < MI.
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