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1 Introduction

As a generalization of rings, I'-rings were introduced by N. Nobusawa [I] in
1964. Also, as a generalization of semirings and I'-rings, the notion of I'-semirings
was introduced by M. K. Rao [2] in 1995. Some properties of ideals and k-ideals
in a I'-semiring were also discussed by M. K. Rao [2] in 1995 and T. K. Dutta
and S. K. Sardar [3] in 2000. T. K. Dutta and S. K. Sardar [4] in 2001 gave the
definition of prime ideals in I'-semirings and studied some of their properties. In
2017, M. K. Rao and B. Venkateswarlu [5] initiated the definition of primary ideals
in I'-semirings which is a generalization of prime ideals in I'-semirings.

The concept of 2-absorbing ideals in commutative rings was introduced by A.
Badawi [6] in 2007 which is a generalization of prime ideals in commutative rings.
Recently, A. Badawi [7] in 2014 introduced the concept of 2- absorbing primary
ideals in commutative rings and gave some characterizations related to it. The
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notion of 2-absorbing primary ideals in semirings was introduced by P. Kumar, M.
K. Dubey and P. Sarohe [§] in 2016.

Our main goal is to provide the notion of 2-absorbing primary ideals in com-
mutative ['-semirings which are extended from those in I'-rings. Also, we study
these properties and present some of their characterizations.

2 Preliminaries

In this section, we recall some of fundamental concepts and definitions which
are necessary for this paper.

Definition 2.1 ([2]). For any commutative semigroups (R,+) and (I',+), R is
called a I'-semiring if there exists a function - from R x I' x R into R, where
(z,7,y) is denoted by zvyy for all z,y € R and v € T, satisfying the following
properties: for all x,y,z € Rand 7,8 €T,

L xy(y +2) = xyy + 2yz and (x + y)y2z = 272 + y7yz;

2. z(y + B)y = zvy + xBy; and

3. (zvy)Bz = 2y(yBz).

Throughout this paper, let Zg be the set of non-negative integers. Then Zé
is a semigroup under the usual addition. For a I'-semiring R, # # A, B C R and
BeTl, let ATB={ayb|ac A,yeT andbe B } and ABB={afb|ac Aand
be B }.

Example 2.2. (1) Let R be the commutative semigroup containing all m x n
matrices over ZO+ under the usual addition and I' be the commutative semigroup
containing all n x m matrices over Z¢ under the usual addition. Then R is a
I'-semiring where a~b is the usual matrix product for any a,b € R and v € T'.

(2) For each n € N, recall that nZ§ = { na | a € Z{'} is a commutative semigroup
under the usual addition of integers. Then nZSr is an mZar -semiring for all m,n €
N where z7yy is the usual multiplication of integers for all z,y € nZ(J{ and vy € mZar.

Definition 2.3 ([2]). A I'-semiring R is said to have a zero element if there exists
an element 0 € R such that t+0 =z and Oax = za0 =0forallz € Rand a € T.

Definition 2.4 ([9]). A I'-semiring R is said to have a unity element if there
exists an element 1 € R such that for all z € R, there exists a € I" such that
lax =z = zal.

Definition 2.5 ([2]). A I'-semiring R is said to be commutative if zay = yaz
for all z,y € R and a € T.

Definition 2.6 ([2]). Let R be a I'-semiring and A be a subset of R. Then A is
called a I'-subsemiring of R if A is a subsemigroup of (R, +) and AT'A C A.
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Proposition 2.7 ([2]). Let R; be a T';-semiring for alli € {1,2,...,n}. Then
Ry X Re x -+ x Ry isa (I x Ty x -+ x T'y)-semiring where

(1,21, .., Zn) + (W1, Y2, - Un) = (@1 + Y1, 22+ Y2, ..., Ty + Yn) and
(ZEl,JCl,. .. 3‘17”)(71772’ o 77n)(y17y2a o 7yn) = (171’7191a17272312a .. a$n7nyn)

for all z;,y; € R;, v €T and i € {1,2,...,n}.
Moreover, if R; is commutative for all i € {1,2,...,n}, then the (I'y x Ty X
- x T'y)-semiring Ry X Ry X -+ X R, is also commutative.

Definition 2.8 ([2]). A subset I of a I'-semiring R is called an ideal in R if I is
a subsemigroup of (R,+), IR C I and RT'I C I.

It is clear that a I'-semiring R is an ideal in R. Moreover, if R is a I'-semiring
with zero 0, then 0 € [ for all ideal I in R.

Definition 2.9 ([2]). An ideal I in a I'-semiring R is called a k-ideal in R if for
all z,y € R,x+y €l and x € I implies y € I.

Example 2.10. From Example (2), Zg is a 5ZF -semiring. Moreover, 3Z7 is
a k-ideal in ZJ. However, 3Z$ — {3} is an ideal in Z§ but it is not a k-ideal in
Z3 because 6 + 3 € 3Z$ — {3},6 € 3ZF — {3} but 3 ¢ 32 — {3}.

Proposition 2.11 ([]). Let R be a I'-semiring with zero and a € R. Define

14 q S
<a> = { na + Z (IT]jtj + Z ukéka + Zvlula)\lwl |
k=1 =1

j=1
n € 7Zg,p,q,8 €LY, all tj,uk, v, w; € R and all 0,6, u, \ €T }.

Then (a) is an ideal in R containing a.

Definition 2.12 ([]). Let p be an equivalence relation on a commutative I'-
semiring R. Then p is called a I'-congruence on R if zpz’ and ypy’ implies
(+y)p(z’ +y') and (zyy)p(z'yy’) for all z,y,2",y' € R and v € T.

Definition 2.13 ([4]). Let I be a proper ideal in a commutative I'-semiring R
and pr be a I'-congruence on R. Then p; is called the Bourne I'-congruence
on R if for all z,y € R, zpry if and only if x 4+ i, = y + i2 for some iy,i5 € I.
The Bourne I'-congruence class of an element r of R is denoted by r/p; or
simply by 7/I and the set of all such I'-congruence classes of the elements of R is
denoted by R/py or simply by R/I.
For any proper ideal I of R, R/I is a commutative I'-semiring where

r/I+r'/I=(r+7v")/Iand (r/Ia(r'/I) = (rar’)/I for all r,7’ € R and a € T.
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Proposition 2.14 ([10]). If I and J are ideals in R and I G J, then
(i) I is also an ideal in the I'-subsemiring J; and

(i) J/I is an ideal in the T'-semiring R/I.

Lemma 2.15. Let I be a proper ideal in R and P be a k-ideal in R such that
I'S P. Then, for alla € R, a/I € P/I if and only if a € P.

Proof. 1If a € P, then it is obvious that a/I € P/I.

Next, let a/I € P/I. Then, a/I = p/I for some p € P. Thus, there exist
i1,i2 € I such that a +1i; = p 4+ i3. Since i1,io € I C P and P is a k-ideal, we
have a € P. O

3 Radical Ideals

Throughout this section, properties of radical ideals in commutative I'-semirings
are investigated. However, we focus on those which are involving with 2-absorbing
primary ideals which will be applied in the fourth section. In this section, let R
be a commutative I'-semiring.

Proposition 3.1 ([5]). Let I be an ideal in R. Then
VI:={x € R| there exists n € N such that (xy)" 'z € I for all vy € T}

is an ideal in R containing I where (z7)°z = x and (xvy)"x = (xv)"Lzyz for all
z€R,yeT and n € N. The ideal /T is called the radical ideal of I.

Proposition 3.2. Let I and J be ideals in R. If I C J, then VICVI.
Proof. The proof is straightforward. O

Proposition 3.3. Let R; be a commutative T';-semiring for all i € {1,2}. If I
and I are ideals in Ry and Ry, respectively, then /1| x vIo = I, x I5.

Proof. Let I and I be ideals in Ry and Rs, respectively.
First, let a« € /I, and b € +/I5. Then there exist n,m € N such that
(aa1)" ta € I; and (bao)™ b € I, for all a; € T’y and g € T'y. So,

((a,b) (a1, )" ™™ a,b) € I} x I for all a; € 'y and oy € I's.

Thus, (a,b) € /I1 x I. Hence, I} x \/Io € /I; x I5.
Next, let (p,q) € v/I1 x I. Then, there exists m € N such that

((p, q)(1,2))™ *(p,q) € I x I for all a; € Ty and ay € T'y.

Hence, (pa1)™ !p € I and (qag)™ tq € Iy for all a3 € T'y and ap € T'y. So,

(p,q) € VT x VIo. Thus, vI; x I, C VT x /1.
Therefore, /I x \/Is = V11 x I». O
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Proposition 3.4. Let I be a proper ideal in R and P be a k-ideal in R such that

IS P. Then VP/I C \/P/I.

Proof. Let 7 € v/P. Then there exists n € N such that (ra)”~'r € P for any
a € I. So, ((r/)a)"X(r/I) = ((ra)""1r)/I € P/I for any a € I'. Thus,
r/I € /P

Therefore, VP/I C \/P/I. O

Definition 3.5 ([2]). Let R; and Ry be I'-semirings (not necessary commutative).
Then g : Ry — Ry is called a homomorphism if g(z + y) = g(x) + g(y) and
g(zyy) = g(x)vg(y) for all z,y € Ry and v € I.

Definition 3.6. Let Ry and Ry be I'-semirings (not necessary commutative) and
g : Ry — Ry be a homomorphism. Then g is called an epimorphism if g is
surjective.

Example 3.7. Note that 3Z7 and Z /7Z7 are 5Z{ -semirings. Define f : 3Z& —
ZE 778 by f(z) = 2/TZ§ for all @ € 3ZF. Then f is an epimorphism.

Proposition 3.8. Let Ry and Ry be commutative I'-semirings, g : Ry — Rs be a
homomorphism and I be an ideal in Ry. Then g~ (V1) = /9~ 1(I).

Proof. Clearly, g~ 1(I) is an ideal in R;.

First, let a € g~*(v/I).Then, g(a) € VI. So, there exists n € N such that
(g(a)a)"tg(a) € I for all « € T. Thus, g((ac)" ta) = (g(a)a)" tg(a) € I for
all @ € T. Then, (aa)"ta € g7}(I) for all « € T. So, a € \/g~1(I). Hence,
g (VD) € Vg (D).

Next, let a € /g~ (I). Then, there exists n € N such that (aa)" " 'a € g~(1)
for all @ € T. Thus, (g(a)a)" tg(a) = g((ac)"ta) € I for all « € T. So,
g(a) € VI, ie., a € g ' (\I). Then, \/g=1(I) C g~ (V1).

Therefore, g~ (V1) = /g~ 1(I). O

Unlike the previous proposition, g(v/T) = y/g(I) holds provided that g must
also be surjective and I has to be a k-ideal.

Proposition 3.9. Let R; and Ry be commutative I'-semirings, g : R1 — Ra be
an epimorphism and I be a k-ideal in Ry such that { x € Ry | 3 a,b € Ry such
that x = a +b and g(a) = g(b) } C 1. Then g(vI) = \/g(I).

Proof. Clearly, g(I) is an ideal in Rs.

First, let a € g(v/I). Then, there exists p € /I such that g(p) = a. So,
there exists n € N such that (pa)"~tp € I for all « € . Thus, (aa)" ta =
(g(p)a)"*lg(p) = g((pa)"~1tp) for all « 6 I'. Since (pa)"~'p € I, we have
(a)"ta € g(I) for allaef So, a € \/g(I). Hence, g(v/T) C \/g(I).

Next, let @ € y/g(I). Then, there ex1sts n € N such that (aa)™ la € g(I) for
all € T. Fix a € F So there exits p € I such that g(p) = (aa)" 'a. Since g

is surjective, there exists ¢ € Ry such that g(¢) = a. Thus, g(p) = (aa)" la =



54 Thai J. Math. (Special Issue, 2020)/ N. Sangjaer and S. Pianskool

(9(¢)a)"1g(q) = g((qa)"1q). So, p+ (qa)""'q € { x € Ry | 3 b,c € Ry such
that x = b+ c and g(b) = g(c) } C I. Since p € I and [ is a k-ideal, (qa)" " 'q € I.
Then, ¢ € VI. Thus, a € g(v/I). Hence, \/g(I) C g(V/I).

Therefore, g(vI) = \/g(I). O

4 2-absorbing Primary Ideals

In this section, we introduce the concept of 2-absorbing primary ideals in a
commutative I'-semiring and investigate some results related to it. Throughout
this section, let R be a commutative I'-semiring.

Definition 4.1 ([4]). A proper ideal P in a commutative I'-semiring R is called
a prime ideal in R if whenever a,b € R, al'b C P implies a € P or b € P.

Example 4.2. From Example (2), Zg is a commutative 5Zg -semiring. Then
the ideal 2Z is a prime ideal in Z .

Proof. Let x,y € Z§ be such that 2T'y C 2Z$. So, 2 | x-5-y. Hence, 2 | = or
2 |y. Thus, z € 223' ory € 228'. Therefore, 223' is a prime ideal in Zar. O

Definition 4.3 ([5]). A proper ideal I in a commutative I'-semiring R is called a
primary ideal in R if whenever a,b € R, al'b C I implies a € I or b € /1.

The following is the immediate result obtained from the definitions.
Remark 4.4. Every prime ideal in R is a primary ideal in R.

The following definitions that are given in the context of I'-semirings were
inspired by [I1].

Definition 4.5. A proper ideal I in a commutative I'-semiring R is called a 2-
absorbing ideal in R if whenever z,y,z € R, 7,8 € I and xyyBz € I implies
zyy € I or xfz €1 or yBz € I.

Definition 4.6. A proper ideal I in a commutative I'-semiring R is called a 2-
absorbing primary ideal in R if whenever z,y,z € R, 7,08 € I" and zyyfSz € I,
then vy € I or xf8z € VI or yBz € VI.

Definition 4.5 and Definition 4.6 lead to the following remark.
Remark 4.7. Every 2-absorbing ideal in R is a 2-absorbing primary ideal in R.
However, the converse of the above remark does not hold.

Example 4.8. From Example (2), ZS‘ is a commutative 5Z§ -semiring. Then,
8Z{ is a 2-absorbing primary ideal in ZJ but it is not a 2-absorbing ideal in Z .
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Proof. Let z,y,z € Z$ and v, 8 € 5Z be such that zyyBz € 8ZF. If 8 | zyy, we
are done. Suppose 8 { z7yy. Then, 2 | Bz. So, 8 | (zBza)?xBz for all a € T, that

is ¥4z € \/8Z7 . Thus, 8Z is a 2-absorbing primary ideal in Z .

Since (2)(5)(2)(5)(2) € 8Z7 and (2)(5)(2) ¢ 8Z , it follows that 8Z¢ is not a
2-absorbing ideal in Z . O

We can see from the next example that primary ideals need not be 2-absorbing
ideals or prime ideals.

Example 4.9. From Example (2), Zg‘ is a commutative 5Z8' -semiring. Then,
the ideal 27Z8r is a primary ideal in ZB’ but it is not a 2-absorbing ideal so that it
is not a prime ideal in Z(J{ .

Proof. Let z,y € ZS‘ be such that 'y C 2723'. If 27 | 2, then z € 2723'. Suppose
27 f z. Since 2Ty C 27Z7, 3 | ay for all o € 5ZF. Hence, 27 | (ya)3y for all

o€ 528_. So, y € \/2728'. Thus, 2726" is a primary ideal in Za'.

Since (3)(5)(3)(5)(3) € 27Z¢ and (3)(5)(3) ¢ 27Z7, it follows that 27Z] is
not a 2-absorbing ideal in Z . O

Next, we present a relationship between prime ideals and 2-absorbing ideals
as well as a relationship between primary ideals and 2-absorbing primary ideals.

Proposition 4.10. Every prime ideal in R is a 2-absorbing ideal in R and then
it is a 2-absorbing primary ideal in R.

Proof. Suppose that I is a prime ideal in R. Let x,y,z € R and ~, 8 € I" be such
that zyyBz € I. Then, xyyl'yBz C I. Since [ is a prime ideal, we have xvyy € I
or yBz € 1.

Therefore, I is a 2-absorbing ideal in R. O

Proposition 4.11. FEvery primary ideal in R is a 2-absorbing primary ideal in

R.

Proof. Suppose that [ is a primary ideal in R. Let z,y,z € R and v,5 € " be
such that xyyBz € I. Then, xyyl'yBz C I. Since I is a primary ideal, we have
zyy € I or yBz € VI. Thus, I is a 2-absorbing primary ideal in R. O

We can see from the next example that 2-absorbing ideals and 2-absorbing
primary ideals need not be primary ideals.

Example 4.12. From Example (2), Zsr is a commutative 525r -semiring. Then,
the ideal 10ZJ is a 2-absorbing ideal in ZJ so that it is a 2-absorbing primary
ideal. However, it is not a primary ideal in Zg .
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Proof. Let x,y,z € Z§ and 7,3 € 5Z¢ be such that xyyBz € 10ZI. Then,
10 | yyBz. So,2 |z or2|yor2|yor2|for2|z If2|xor2]|y, then
10 | xyy. If 2| z, then 10 | yBz. If 2| vy or 2 | B, then 10 | z-yy or 10 | z8z. Hence,
VY € 1OZ5r or zfz € 15Zar or yBz € 10Z8”. Thus, 10Zar is a 2-absorbing ideal in
ZS‘ and then it is a 2-absorbing primary ideal.

Since 2(5Z§)1 C 10Zd, 2 ¢ 10Z7 and 1 ¢ 1/10Z, it follows that 10Z{ is not

a primary ideal in Zar. O
The following results are inspired by results in [7], [I1] and [§].

Theorem 4.13. Let Ry and Ry be commutative I'-semirings and g : Ry — Ro be a
homomorphism. If I is a 2-absorbing primary ideal in Ry such that g~*(I) # Ry,
then g~ (I) is a 2-absorbing primary in R;.

Proof. Suppose that [ is a 2-absorbing primary ideal in Ry such that g=1(I) # R;.
Then, g~(I) is a proper ideal in R;. Let 2,9,z € R and 8,7 € T be such that
xByyz € g~ 1(I). Then, g(z)Bg(y)vg(2) = g(xByyz) € I. Since I is a 2-absorbing
primary ideal in Ry, we have g(z8y) = g(x)Bg(y) € I or g(zvz) = g(z)yg(z) € VI
or g(y72) = g(y)79(2) € VI. Hence, xfy € g~(I) or xyz € g~ (VI) = \/g~ ()
oryyz € g (VI) = /g 1(I).

Therefore, g~*(I) is a 2-absorbing primary ideal in R;. O

Theorem 4.14. Let Ry and Ro be commutative I'-semirings, g : R1 — Ro be
an epimorphism and I be a k-ideal in Ry. If I is a 2-absorbing primary ideal in
Ry such that g(I) # Re and { x € Ry | 3 a,b € Ry such that t = a + b and
gla) = g(b) } C I, then g(I) is a 2-absorbing primary ideal in Ra.

Proof. Suppose that I is a 2-absorbing primary ideal in R; such that g(I) # Ro
and { x € Ry | 3 a,b € Ry such that x = a+ b and g(a) = g(b) } C I. Then, g(I)
is a proper ideal in Ry. Let z,y,z € Rp and v, € T be such that xyyBz € g(I).
Then, there exists t € I such that zyySz = g(t). Since g is surjective, there
exist p,q,7 € R such that g(p) = z,9(q) = y and ¢g(r) = z. Hence, g(pyqfr) =
9(p)v9(q)By(r) = zyyBz = g(t). So, pygfr +t € { * € Ry | 3 b,c € Ry such
that = b+ c and g(b) = g(c) } C I. Since t € I and [ is a k-ideal, pygfr € I.
Since I is a 2-absorbing primary ideal, pyq € I or pBr € VI or ¢Br € v/I. Hence,
zyy = g(p)v9(q) = 9(pyq) € g(I) or xBz = g(p)Bg(r) = g(pBr) € g(VI) = \/9(I)
or yBz = g(p)By(r) = g(abr) € 9(VI) = \/g(I).

Therefore, g(I) is a 2-absorbing primary ideal in Rs. O

Theorem 4.15. Let I be a proper ideal in R and P be a k-ideal in R such that
1 g P. Then P is a 2-absorbing primary ideal in R if and only if P/I is a
2-absorbing primary ideal in R/I.

Proof. First, suppose that P is a 2-absorbing primary ideal in R. Then, P/I is a
proper idealin R/I. Let x,y, 2z € Rand v, 8 € T be such that (x/I)y(y/I)3(z/I) €
P/I. Hence, (zyyBz)/I € P/I and then by Lemma xyyPz € P. Since P
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is a 2-absorbing primary ideal, zyy € P or 28z € VP or yBz € vP. Hence,
(2/T(w/1) = (wv)/1 € P/ or (2/1)B(z/T) = (@B2)/I € VP/I € \/P[T or
(y/I)B(z/I) = (yBz)/I € VP/I C \/P/I. Thus, P/I is a 2-absorbing primary
ideal in R/I.
Next, suppose that P/I is a 2-absorbing primary ideal in R/I. By Lemma
P is a proper ideal in R. Let z,y,z € R and v, € T be such that zyySz € P.
Hence, (z/I)v(y/I)B(z/I) = (ayypBz)/I € P/I. Since P/I is a 2-absorbing pri-
mary ideal, (zyy)/I = (x/I)v(y/I) € P/I or (zfz)/I = (x/1)B(z/I) € \/P/I
or (ypz)/I = (y/I)B(z/I) € \/P/I. If (zyy)/I € P/I, by Lemma then
xyy € P. Suppose (z8z)/I € \/P/I. Then there exists n € N such that
xBza)" LzB2) /I = (((zB2)/I)a) " ((xB2)/I) € P/I for all a € T'. By Lemma
2.15, (zBza)" 'zBz € P for all a € T. Hence, Bz € /P. Similarly, if
(yBz)/I € \/P/I, then yBz € \/P.

Therefore, P is a 2-absorbing primary ideal in R. O

If I is an ideal in R, then it can be shown that (I :z) ={r € R| ryx € I for
all ¥ € T' } is an ideal in R containing I for all z € R.

Theorem 4.16. Let I be a 2-absorbing primary ideal in R and /I be a prime
ideal in R. Then (I : x) is a 2-absorbing primary ideal in R for all x € R\V/I.

Proof. Let x € R\V/I. Then (I : z) is a proper ideal in R. Moreover, let a,b,c € R

and 7,8 € I be such that aybfc € (I : x). Hence, ay(bBc)Bx € I. Since I is a

2-absorbing primary ideal, aybBc € I or aBx € VT or bBcfz € VI.

Case 1. aybfc € I. Since I is a 2-absorbing primary ideal, ayb € I C (I : x) or

afe CVIC V(I x) or be CVIC (I:x).

Case 2. afz € VI. Hence, aBcl'z C v/I. Since z ¢ VT and VT is a prime ideal,

we have afc € VI C /(I : x).

Case 3. bfcBz € VI. Hence, bfcBcl'x C \/I. Since x ¢ /T and VT is a prime

ideal, b3cfc € V/I. Then there exists n € N such that (bScBea)” 'bBcSe € I for all

a €T. So, (bBeca)*'bfc € I for all a € T. Tt follows that bBc € VI C /(I : x).
Therefore, (I : x) is a 2-absorbing primary ideal in R. O

Lemma 4.17. Let I be a 2-absorbing primary ideal in R and /I be a k-ideal
in R. Suppose that there exist a,b € R, an ideal J in R and v, € T' such that
aybBJ C I. If ayb ¢ I, then afJ C T or b3J C V1.

Proof. Assume avyb ¢ I. Suppose that afJ € /T and bBJ & V1. Then, there
exist ji,jo € J such that afBj; ¢ /T and bBjs ¢ V/I. Since aybBjy € I, ayb ¢ I
and afj1 ¢ VI, we have bBj; € V1. Since aybBjs € I, ayb ¢ I and bBjs ¢ VI, we
have afjs € V1. Since aybB(j1 + j2) € I and ayb ¢ I, we have afB(j1 + j2) € VI
or bB(j1 + j2) € V1.

Case 1. af(j, + j2) € VI. Since VT is a k-ideal in R and afBjs € V1, it follows
that afj; € VI, which is a contradiction.

Case 2. bB(j1 + j2) € VI. Since VT is a k-ideal in R and b3j; € V1, it follows
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that bBjy € /I, which is a contradiction.
Therefore, a8.J C VT or b3J C V1. O

Next, we present a characterization of 2-absorbing primary ideals.

Theorem 4.18. Let I be a proper k-ideal in a commutative I'-semiring R with
zero and /T be a k-ideal in R. Then I is a 2-absorbing primary ideal in R if
and only if whenever ideals I1, I3, I3 in R and ~,3 € T’ with [yyI,B8I3 C I, then
Lyl C T or I1BI3 C VT or LRI C VI

Proof. First, suppose that I is a 2-absorbing primary ideal in R and let I, I and
I3 be ideals in R and «, 8 € I be such that I1yIs513 C I. Suppose to the contrary
that I1yly € I and I, I3 ¢ /T and Iy8I5 ¢ v/I. Then, there exist a,q, € I; and
b, g2 € I3 such that ayb ¢ I and ¢1 515 £ VT and ¢85 Z V1. Since q1vq2315 C T
and ¢18Is € VI and ¢8I5 € VI, b Lemma we have q1yg2 € I. Since
aybBI3 C I and ayb ¢ I, by Lemma we have a3l C VT or bBI5 C /1.
Case 1. aBl; C /I and bBI; ¢ V1. Since q1ybBI; C I and bBI; ¢ /I and
q18Is € VI, by Lemma vve have g1vb € I. Since VT is a k-ideal and afI3 C
VI and q18I3 € VI, we have (a + q)BI3 € V/I. Since (a + q1)ybBIs C 1,
(a+q1)BIs € VT and bBIs ¢ v/T, by Lemma 4.17, we have (a + ¢1)vb € I. Since
I is a k-ideal and g1vb € I, we have ayb € I, which is a contradiction.
Case 2. af8ls € VT and b3 C v/I. This case is not possible similarly to Case 1.
Case 3. afls C /T and bBIs C VI. Since VT is a k-ideal, bfI; C /I and
¢@BIs € VI, we have (b + qo)BI3 Z /1. Since VT is a k-ideal, a3 C /I and
q1BIs € V1, we have (a+q1)B13 € VI. Since q1y(b+q2)BIs C I, 1313 € /T and
(b+ q2)B8I3 € VI, by Lemma we have ¢1v(b+ ¢g2) € I. Since I is a k-ideal
and q1vq2 € I, we have q1vb € I. Since (a + q1)vq2fls C I, ¢33 € /T and
(a+q)BIs Z VI, by Lemma we have (a + q1)vge € I. Since I is a k-ideal
and q1yq2 € I, we have ayge € I. Since (a4 q1)y(b+q2)Is C I, (a+q)Bls VI
and (b + ¢2)BIs € VI, by Lemma we have (a + ¢1)y(b+ g2) € I. Since
I is a k-ideal, ¢1vq2 € I, ayqs € I and ¢1vb € I, we have ayb € I, which is a
contradiction.
Hence, Il’)/IQ - I or 11513 - \/T or 12[3]3 - \/j

On the other hand, suppose that whenever ideals I, 5, I3 in R and ~,3 € T’
with I1yIof1I3 C I, then I1ylo C I or 1,313 C /T or I,8I3 C V1. Let x,y,2 € T
and 7,8 € T be such that xyyfz € I. Then, (x)y(y)5(z) € I. By assumption,
vy € (x)y(y) € I or 2Bz € (x)B(z) € VI or yBz € (y)B(z) € VI. So, I is a
2-absorbing primary ideal in R. U

Finally, 2-absorbing primary ideals in a commutative (I'y x I'y)-semiring Ry X
Rs are provided.

Theorem 4.19. Let R; be a commutative T';-semiring for all i € {1,2}.

(i) If Iy is a 2-absorbing primary ideal in Ry, then I; X Ry is a 2-absorbing
primary ideal in Ry X Rs.



On 2-Absorbing Primary Ideals in Commutative I'-Semirings 59

(ii) If I is a 2-absorbing primary ideal in Rs, then Ry X Is is a 2-absorbing
primary ideal in Ry X Rs.

Proof. Note that Ry X Ry is a commutative (I'; x I'y)-semiring.

(i) Suppose that I; is a 2-absorbing primary ideal in R;. Then, I} X Ry is
a proper ideal in Ry X Ry. Let x1,y1,21 € Ri, T2,y2,20 € Ra, 71,61 € I'1 and
Y2, B2 € I'y be such that (z1,22)(v1,72) (Y1, y2)(B1, B2)(21, 22) € I1 x Ry. Hence,
r171y18121 € I;. Since I; is a 2-absorbing primary ideal, x1v1y1 € I or 16121 €
VI or y1B1z1 € VIi. If 211y € In, then (z1,22)(71,%2) (Y1, y2) € I X Ry. If
1‘1,8121 € \/H, then (zl,Ig)(ﬁl,ﬂg)(Zl,Zg) € \/H X Ry C /11 X Rs. Slmllarly, if
ylﬂlzl € \/H, then (ylny)(ﬂlaﬁZ)(Zl,Zg) S \/ITX Ry C /I X Ry. Thus, I; X Ry
is 2-absorbing primary ideal in Ry X Rs.

The proof of (ii) is similar to the proof of (i). O

Theorem 4.20. Let R; be a commutative I';-semiring with zero Og, and unity
1R, such that Or, # 1g, for alli € {1,2}. If I is a 2-absorbing primary ideal in
Ry X Ry, exactly one of these holds:

(i) I =11 x Ry for some 2-absorbing primary ideal I in Ry;
(ii)) I = Ry x Iy for some 2-absorbing primary ideal Iy in Ra;
(isi) I =1, x Iy for some primary ideal I; in R; for all i € {1,2}.

Proof. Suppose that I is a 2-absorbing primary ideal in Ry X Ry. Then, I = I} x I,
for some ideals Iy in Ry and I5 in Ry. Assume Iy = Ry. Then I; must be a proper
ideal in Ry. Let z,y,z € Ry and v,8 € 'y be such that zyyBz € I;. Let
a € Ry and 0 € T's. So (z,a)(7,d)(y,a)(B,0)(z,a) € I X Ry. Since I; X Ry is a 2-
absorbing primary ideal, (z,a)(v,d)(y,a) € I1 X Ry or (z,a)(8,0)(z,a) € /11 X Ra
r (y,a)(B,0)(z,a) € V1 X Ry. If (z,a)(7,0)(y,a) € I1 X Ry, then zyy € I.
If (x,a)(83,0)(z,a) € vVI1 Xx Re = /I; x Ry, then 8z € /I;. Similarly, if
(y,a)(B,0)(2,a) € v/I1 X Ry, then, yBz € /I;. Thus, I; is a 2-absorbing pri-
mary ideal in R;.

By similar argument, if Iy = Ry, then I is a 2-absorbing primary ideal in R.

Now, suppose that I; # R; and I # Rs. Suppose that I; is not a pri-
mary ideal in Ry. If 1, € V13, then lr, € I3, so Iy = Ry which is a con-
tradiction. Hence, 1g, ¢ +/Is. Since I is not a primary ideal in R, there
exist b,c € Ry such that bl'c C I; but neither b € I; nor ¢ € /I;. Since 1g,
and 1g, are unities, there exist a, o’ € T'; and «” € T's such that balg, = b,
1g,@'c = ¢ and 1g,0/'1p, = 1g,. Since bl'c C I, we have bac € I;. Hence,
(0, 1g, ) (0, &) (1R, ,0R,) (¢, ") (e, 1R,) = (bac,0g,) € I1 x Iy = I. Since I is a
2-absorbing primary ideal, we have

(bvoRz) = (b 1R2)( /)(1R1a0R2) €1l or
(bac, 1r,) = (b, 1r,) (e, @) (¢, 1r,) € VI = VT x /T or
(670R2) = (1R1aOR2)( )(C 1R2 S f \/E \/I;
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Hence b€ I or 1p, € VI or ¢ € \/I, which is a contradiction. So I; is a primary
ideal in R;. Analogously, I5 is a primary ideal in Rs. O
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