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1 Introduction

In 1958, Iséki [1] introduced the notion of quasi-ideals for semirings without
zero and proved results on semirings using their quasi-ideals. The concept of bi-
ideals of associative rings was introduced by Lajos and Szász [2]. Any quasi-ideal
is a generalization of a left and a right ideal, while every bi-ideal is a generalization
of a quasi-ideal. Later, Chinram [3] introduced a generalization of quasi-ideals in
semirings called (m,n)-quasi-ideals and studied characterizations of regular semir-
ings using their (m,n)-quasi-ideals. Then, Munir and Shafiq [4] introduced and
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investigated some properties of the notion of m-bi-ideals in semirings as a gener-
alization of bi-ideals. In 2018, Rao [5] introduced the concepts of left (resp. right)
bi-quasi ideals of semirings which are generalizations of bi-ideals and quasi-ideals
of semirings.

Algebraic hyperstructure was introduced in 1934 by Marty [6], at the 8th

Congress of Scandinavian Mathematicians. In a classical algebraic structure, com-
position of two elements is an element, while in an algebraic hyperstructure, the
composition of two elements is a nonempty set. This theory was studied in the
following decades and nowadays by many mathematicians (see, e.g., [7], [8], [9],
[10]).

The concept of semihyperrins, which both the sum and the product are hyper-
operations, was defined by Vougiouklis [11] as a generalization of semirings. Omidi
and Davvaz [12] generalized the notions of m-left and n-right hyperideals in or-
dered semihyperrings to be (m,n)-quasi-hyperideals. Afterword, Nakkhasen and
Pibaljommee [13] introduced the concept of m-bi-hyperideals and characterized
regular semihyperrings by their m-bi-hyperideals. In this paper, we introduce the
concept of left and right (m,n)-bi-quasi hyperideals of semihyperrings which is a
generalization of n-bi-hyperideals and (m,n)-quasi-hyperideals of semihyperrings
and characterize regular semihyperrings using left (resp. right) (m,n)-bi-quasi hy-
perideals. In addition, we investigate the connections between left (resp. right)
(m,n)-bi-quasi hyperideals and some many types of hyperideals in semihyperrings.

2 Preliminaries

Let H be a nonempty set. A hyperoperation on H is a mapping ◦ : H ×H →
P∗(H), where P∗(H) denotes the set of all nonempty subsets of H (see, e.g., [7],
[8], [9], [10]). Then the structure (H, ◦) is called a hypergroupoid. If A,B ∈ P∗(H)
and x ∈ H, then we denote

A ◦B =
⋃

a∈A,b∈B

a ◦ b, A ◦ x = A ◦ {x} and x ◦B = {x} ◦B.

A hypergroupoid (H, ◦) is called a semihypergroup if for every x, y, z ∈ H,
(x ◦ y) ◦ z = x ◦ (y ◦ z), which means that⋃

u∈x◦y
u ◦ z =

⋃
v∈y◦z

x ◦ v.

A hyperstructure (S,+, ·) is called a semihyperring [11] if it satisfies the
following conditions:

(i) (S,+) is a semihypergroup;

(ii) (S, ·) is a semihypergroup;

(iii) x · (y + z) = x · y + x · z and (y + z) · x = y · x+ z · x, for all x, y, z ∈ S.
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A nonempty subset T of a semihyperring (S,+, ·) is called a subsemihyperring
of S if for all x, y ∈ T , x + y ⊆ T and x · y ⊆ T . For more convenient, we write
S instead of a semihyperring (S,+, ·) and AB instead of A ·B, for any nonempty
subsets A and B of S.

Next, we review some concepts in semihyperrings which will be used in later
section. For a semihyperring S and m ∈ N, we denote Sm = SS · · ·S (m times),
in addition, for every m,n ∈ N such that m ≥ n, we conclude that Sm ⊆ Sn.

A subsemihyperring A of a semihyperring S is called an m-left (resp. n-right)
hyperideal [12] of S if it satisfies SmA ⊆ A (resp. ASn ⊆ A), where m (resp.
n) is a positive integer. A subsemihyperring Q of a semihyperring S is called an
(m,n)-quasi-hyperideal [12] of S if it satisfies (SmQ) ∩ (QSn) ⊆ Q, where m and
n are positive integers. A subsemihyperring B of a semihyperring S is called an
m-bi-hyperideal [13] of S if it satisfies BSmB ⊆ B, where m is a positive integer.

3 Connections of (m,n)-bi-quasi hyperideals

In this section, we introduce the concept of left (resp. right) (m,n)-bi-quasi
hyperideals of semihyperrings. Then, we characterize regular semihyperrings using
their left (resp. right) (m,n)-bi-quasi hyperideals, and we present the connections
between left (resp. right) (m,n)-bi-quasi hyperideals and some many types of
hyperideals in semihyperrings.

Definition 3.1. A subsemihyperring A of a semihyperring S is called a left
(resp. right) (m,n)-bi-quasi hyperideal of S if it satisfies (SmA) ∩ (ASnA) ⊆ A
(resp. (ASm) ∩ (ASnA) ⊆ A), where m and n are positive integers.

If A is both a left and a right (m,n)-bi-quasi hyperideal of a semihyperring S,
then A is called an (m,n)-bi-quasi hyperideal of S.

Example 3.2. Let S =




0 u v w
0 0 x y
0 0 0 z
0 0 0 0

 | u, v, w, x, y, z ∈ N ∪ {0}

. Then

(S,+, ·) is a semiring under usual addition and multiplication of matrices, see [4].
For every A,B ∈ S, we define

A ≤ B iff aij ≤ bij ,

where i, j ∈ {1, 2, 3, 4}. Next, we define hyperoperations ⊕ and � on S by
letting A,B ∈ S,

A⊕B = {X ∈ S | X ≤ A+B},
A�B = {X ∈ S | X ≤ A ·B}.
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We can show that (S,⊕,�) is a semihyperring. Now, let

M =




0 a 0 0
0 0 0 0
0 0 0 b
0 0 0 0

 | a, b ∈ N ∪ {0}

 .

It is not difficult to check that M is a subsemihyperring of S. We consider

M · S ·M =




0 0 0 m
0 0 0 0
0 0 0 0
0 0 0 0

 | m ∈ N ∪ {0}

 .

It follows that M � S �M = {X ∈ S | X ≤M · S ·M} *M . Next, we consider

S3 =




0 0 0 n
0 0 0 0
0 0 0 0
0 0 0 0

 | n ∈ N ∪ {0}

 .

This implies that

S3 ·M =




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


 .

Thus,

S3 �M = {X ∈ S | X ≤ S3 ·M} =




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


 .

Hence, (S3 �M) ∩ (M � S �M) ⊆ M . Therefore, M is a left (3, 1)-bi-quasi
hyperideal of S, but it is not a 1-bi-hyperidea; of S.

Throughout this paper, we always assume that m and n are any positive
integers.

Theorem 3.3. Every n-left hyperideal of a semihyperring S is an (m,n)-bi-quasi
hyperideal of S.

Proof. Let A be an n-left hyperideal of a semihyperring S. Then A is a sub-
semihyperring of S and SnA ⊆ A. Thus,

(SmA) ∩ (ASnA) ⊆ ASnA ⊆ AA ⊆ A,
(ASm) ∩ (ASnA) ⊆ ASnA ⊆ AA ⊆ A.

Hence, A is an (m,n)-bi-quasi hyperideal of S.
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Theorem 3.4. Every n-right hyperideal of a semihyperring S is an (m,n)-bi-quasi
hyperideal of S.

Remark 3.5. Let S be a semihyperring. Then,

(i) every m-left hyperideal of S is a left (m,n)-bi-quasi hyperideal of S;

(ii) every m-right hyperideal of S is a right (m,n)-bi-quasi hyperideal of S.

Theorem 3.6. Every (m,n)-quasi-hyperideal of a semihyperring S is a left (m,n)-
bi-quasi hyperideal of S.

Proof. Let Q be an (m,n)-quasi-hyperideal of a semihyperring S. Then Q is
a subsemihyperring of S and (SmQ) ∩ (QSn) ⊆ Q. So, (SmQ) ∩ (QSnQ) ⊆
(SmQ) ∩ (QSn) ⊆ Q. Hence, Q is a left (m,n)-bi-quasi hyperideal of S.

Theorem 3.7. Every n-bi-hyperideal of a semihyperring S is an (m,n)-bi-quasi
hyperideal of S.

Proof. Let B be an n-bi-hyperideal of a semihyperring S. Then B is a sub-
semihyperring of S and BSnB ⊆ B. Consider (SmB) ∩ (BSnB) ⊆ BSnB ⊆ B
and (BSm) ∩ (BSnB) ⊆ BSnB ⊆ B. Hence, B is an (m,n)-bi-quasi hyperideal
of S.

We note that arbitrary intersection of left (resp. right) (m,n)-bi-quasi hy-
perideals of a semihyperring S is not empty, then it is also a left (resp. right)
(m,n)-bi-quasi hyperideal. If follows that arbitrary intersection of (m,n)-bi-
quasi hyperideals of a semihyperring S is not empty, then it is also an (m,n)-
bi-quasi hyperideal.

A semihyperring S is called regular (see, [14], [15]) if for each a ∈ S, there
exists x ∈ S such that a ∈ axa.

Theorem 3.8 ([14]). Let S be a semihyperring. The following conditions are
equivalent:

(i) S is regular;

(ii) a ∈ aSa, for every a ∈ S;

(iii) A ⊆ ASA, for all ∅ 6= A ⊆ S.

Theorem 3.9 ([13]). Let S be a semihyperring and m1,m2 ∈ N such that m =
max{m1,m2}. Then S is regular if and only if R ∩ L = RSmL for any m1-left
hyperideal L and m2-right hyperideal R of S.

Theorem 3.10. Let S be a semihyperring and n ≥ m. Then S is regular if and
only if A = (SmA) ∩ (ASnA) for every left (m,n)-bi-quasi hyperideal A of S.
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Proof. Assume that S is regular. Let A be a left (m,n)-bi-quasi hyperideal of
S. Then (SmA) ∩ (ASnA) ⊆ A. By Theorem 3.8, we have that

A ⊆ (AS)A ⊆ (ASAS)A ⊆ · · · ⊆ (AS · · ·AS︸ ︷︷ ︸
m terms

)A ⊆ SmA,

A ⊆ ASA ⊆ A(SA)SA ⊆ A(SASA)SA

⊆ · · · ⊆ A(SA · · ·SA︸ ︷︷ ︸
n terms

)SA ⊆ ASn+1A ⊆ ASnA.

It follows that, A ⊆ (SmA) ∩ (ASnA). Hence, A = (SmA) ∩ (ASnA).
Conversely, assume that A = (SmA) ∩ (ASnA) for every left (m,n)-bi-quasi

hyperideal A of S. Let L be an m-left hyperideal and R be an n-right hyperideal
of S. By Theorem 3.4 and Remark 3.5, we have that L and R are left (m,n)-bi-
quasi hyperideals of S. Then R∩L is a left (m,n)-bi-quasi hyperideal of S, By
assumption, R∩L = [Sm(R∩L)]∩[(R∩L)Sn(R∩L)] ⊆ (R∩L)Sn(R∩L) ⊆ RSnL.
On the other hand, RSnL ⊆ R ∩ L. Thus, R ∩ L = RSnL. By Theorem 3.9, S
is regular.

Theorem 3.11. Let S be a semihyperring and n ≥ m. Then S is regular if and
only if A = (ASm) ∩ (ASnA) for every right (m,n)-bi-quasi hyperideal A of S.

Theorem 3.12. Let S be a semihyperring. Then S is regular if and only if
A ∩ L ⊆ ASkL for every m-left hyperideal L and (m,n)-bi-quasi hyperideal A of
S, where k = max{m,n}.

Proof. Assume that S is regular. Let L be an m-left hyperideal, A be an (m,n)-
bi-quasi hyperideal of S and k = max{m,n}. Let a ∈ A ∩ L. By Theorem 3.8,
we have a ∈ aSa ⊆ a(Sa)Sa ⊆ a(SaSa)Sa ⊆ · · · ⊆ a(Sa · · ·Sa︸ ︷︷ ︸

k terms

)Sa ⊆ aSk+1a ⊆

ASkL. Hence, A∩L ⊆ ASkL. Conversely, let L be an m-left hyperideal and R
be an n-right hyperideal of S. By Theorem 3.4, we have that R is an (m,n)-
bi-quasi hyperideal of S. By assumption, R∩L ⊆ RSkL, where k = max{m,n}.
It is easy to show that RSkL ⊆ R∩L. Thus, R∩L = RSkL. By Theorem 3.9,
S is regular.

Theorem 3.13. Let S be a semihyperring. Then S is regular if and only if
R∩L ⊆ RSkA for every m-right hyperideal R and (m,n)-bi-quasi hyperideal A of
S, where k = max{m,n}.

Theorem 3.14. Let S be a regular semihyperring and A be a nonempty set of S.
Then the following statements hold:

(i) if A is an m-left hyperideal of S, then A is a right (m,n)-bi-quasi hyperideal
of S;

(ii) if A is an m-right hyperideal of S, then A is a left (m,n)-bi-quasi hyperideal
of S;
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(iii) if A is an (m,n)-quasi-hyperideal of S, then A is a right (m,n)-bi-quasi
hyperideal of S.

Proof. (i) Assume that A is an m-left hyperideal of S. By Theorem 3.8, we
have (ASm) ∩ (ASnA) ⊆ ASnA ⊆ (AS)A ⊆ (ASAS)A ⊆ · · · ⊆ (AS · · ·AS︸ ︷︷ ︸

m terms

)A ⊆

SmA ⊆ A. Hence, A is a right (m,n)-bi-quasi hyperideal of S.
(ii) The proof is similar to (i).
(iii) Assume that A is an (m,n)-quasi-hyperideal of S. By Theorem 3.8,

we have

ASm ⊆ AS ⊆ AS(AS) ⊆ AS(ASAS) ⊆ · · · ⊆ AS(AS · · ·AS︸ ︷︷ ︸
n terms

) ⊆ ASn+1 ⊆ ASn,

ASnA ⊆ (AS)A ⊆ (ASAS)A ⊆ · · · ⊆ (AS · · ·AS︸ ︷︷ ︸
m terms

)A ⊆ SmA.

This implies that (ASm) ∩ (ASnA) ⊆ (SmA) ∩ (ASn) ⊆ A. Therefore, A is a
right (m,n)-bi-quasi hyperideal of S.

Theorem 3.15. Let S be a regular semihyperring and A be a nonempty subset of
S. Then the following statements are equivalent:

(i) A is an (m,n)-bi-quasi hyperideal of S;

(ii) A is an m-bi-hyperideal of S;

(iii) A is an n-bi-hyperideal of S;

(iv) A is an (m,n)-quasi-hyperideal of S.

Proof. (i)⇒ (ii): Assume that A is an (m,n)-bi-quasi hyperideal of S. Clearly,
ASmS ⊆ SmA. By Theorem 3.8, we have ASmA ⊆ ASA ⊆ A(SA)SA ⊆
A(SASA)SA ⊆ · · · ⊆ A(SA · · ·SA︸ ︷︷ ︸

n terms

)SA ⊆ ASn+1A ⊆ ASnA. It follows that

ASmA ⊆ (SmA) ∩ (ASnA) ⊆ A. Therefore, A is an m-bi-hyperideal of S.
(ii) ⇒ (iii): Assume that A is an m-bi-hyperideal of S. By Theorem 3.8,

we have ASnA ⊆ ASA ⊆ A(SA)SA ⊆ A(SASA)SA ⊆ · · · ⊆ A(SA · · ·SA︸ ︷︷ ︸
m terms

)SA ⊆

ASm+1A ⊆ ASmA ⊆ A. Hence, A is an n-bi-hyperideal of S.
(iii) ⇒ (iv): Assume that A is an n-bi-hyperideal of S. Let a ∈ (SmA) ∩

(ASn). By Theorem 3.8, we have a ∈ aSa ⊆ (ASn)S(SmA) ⊆ ASnA ⊆ A. That
is, (SmA) ∩ (ASn) ⊆ A. Hence, A is an (m,n)-quasi-hyperideal of S.

(iv)⇒ (i): Assume that A is an (m,n)-quasi-hyperideal of S. By Theorem
3.6, we have that A is a left (m,n)-bi-quasi-hyperideal of S. By Theorem 3.8,
we have

ASm ⊆ AS ⊆ AS(AS) ⊆ AS(ASAS) ⊆ · · · ⊆ AS(AS · · ·AS︸ ︷︷ ︸
n terms

) ⊆ ASn+1 ⊆ ASn,

ASnA ⊆ (AS)A ⊆ (ASAS)A ⊆ · · · ⊆ (AS · · ·AS︸ ︷︷ ︸
m terms

)A ⊆ SmA.
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Thus, (ASm) ∩ (ASnA) ⊆ (SmA) ∩ (ASn) ⊆ A. Hence, A is a right (m,n)-bi-
quasi hyperideal of S. Therefore, A is an (m,n)-bi-quasi hyperideal of S.

The following example, we show that any (m,n)-quasi-hyperideal in a reg-
ular semihyperring is not necessary an m-left hyperideal and an n-right hyper-
ideal.

Example 3.16. Let S =

{[
a b
c d

]
| a, b, c, d ∈ N ∪ {0}

}
. Then (S,+, ·) is a

semiring under usual the matrix addition and the matrix multiplication. For
any A,B ∈ S, we define A ≤ B iff aij ≤ bij , where i, j = {1, 2}. Next, we define
hyperoperations ⊕ and � on S by letting A,B ∈ S,

A⊕B = {X ∈ S | X ≤ A+B},
A�B = {X ∈ S | X ≤ A ·B}.

We can show that (S,⊕,�) is a semihyperring. Let A =

[
a b
c d

]
∈ S, where

a, b, c, d ∈ N ∪ {0}. Choose X =

[
1 1
1 1

]
∈ S. Then

A ·X ·A =

[
a2 + ab+ ac+ bc ab+ b2 + ad+ bd
ac+ ad+ c2 + cd bc+ bd+ cd+ d2

]
.

Consider a ≤ a2 + ab+ ac+ bc, b ≤ ab+ b2 + ad+ bd, c ≤ ac+ ad+ c2 + cd, and
d ≤ bc + bd + cd + d2. This implies that A ≤ A ·X · A. Thus, A ∈ A �X � A.
Hence, S is a regular semihyperring. Now, let

Q =

{[
0 0
0 x

]
| x ∈ N ∪ {0}

}
.

It is easy to show that Q is a subsemihyperring of S. Consider

S3Q =

{[
0 m
0 n

]
| m,n ∈ N ∪ {0}

}
,

QS2 =

{[
0 0
k l

]
| k, l ∈ N ∪ {0}

}
.

Hence,

S3 �Q = {X ∈ S | X ≤ S3 ·Q} * Q,

Q� S2 = {X ∈ S | X ≤ Q · S2} * Q.

On the other hand, (S3�Q)∩(Q�S2) =

{[
0 0
0 y

]
| y ∈ N ∪ {0}

}
= Q. Therefore,

Q is a (3, 2)-quasi-hyperideal of S, but it is not a 3-left hyperideal and is not
a 2-right hyperideal of S.

Finally, we conclude the connections between left (resp. right) (m,n)-bi-
quasi hyperideals and many types of hyperideals in semihyperrings as the follow-
ing
figure:
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Figure 1: The connections of hyperideals in semihyperrings

where:

LBQ(m,n) denotes the set of all left (m,n)-bi-quasi hyperideals;

RBQ(m,n) denotes the set of all right (m,n)-bi-quasi hyperideals;

Bm denotes the set of all m-bi-hyperideals;

Bn denotes the set of all n-bi-hyperideals;

Q(m,n) denotes the set of all (m,n)-quasi-hyperideals;

Lm denotes the set of all m-left hyperideals;

Ln denotes the set of all n-left hyperideals;

Rm denotes the set of all m-right hyperideals;

Rn denotes the set of all n-right hyperideals;

denotes the normal implication;

denotes the implication with regular semihyperring as an assumption.
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