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Abstract : Hulls of linear codes over finite fields have been introduced and become of interest due to
their wide practical applications. Recently, the concept of hulls has been generalized to linear and cyclic
codes over the finite chain ring Z4. In this paper, hulls of cyclic codes over a non-chain ring Fy + vFs
are studied, where v? = v. The hull dimensions and the average hull dimension E(n) of cyclic codes of
length n over Fy + vy are determined. Asymptotically, if n is odd, it turns out that E(n) is zero or it
grows the same rate as n.
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1 Introduction

In [1I], the hull of a linear code has been first introduced to classify finite projective planes. The hull
and the hull dimension of a linear code over finite fields have been of interest and extensively studied due
to their wide practical applications (see [2], [3], [4] and references therein). The enumeration of linear
codes of length n over a finite field whose hulls have the same dimension has been established in [4]. The
average hull dimension of linear codes of length n over a finite field has been given as well. The hulls
of cyclic codes over finite fields and the average hull dimension of cyclic codes have been discussed in
[B]. In [2], the hull dimensions of cyclic and negacyclic codes and the number of cyclic codes whose hulls
share the dimension have been presented. In general, the average hull dimension of constacyclic codes
over finite fields have been established in [5, [6] [7].

Codes over rings have become of interest after it has been shown that the Kerdock codes, Preparata
codes and Delsarte-Goethals codes can be obtained through the Gray images of linear codes over Z4 in
important works [8, ©]. Recently, the concept of hulls has been generalized to linear and cyclic codes
over the finite chain ring Z4 in [I0]. The characterization of the hull of a cyclic code over Z4 has been
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established in terms of the generators viewed as ideals in the quotient ring Z4[z]/(z™ — 1). The average
hull dimension of cyclic codes of odd length n over Z, has been established.

In this paper, we focus on hulls of cyclic codes over a commutative non-chain ring R := Fs + vy =
{0,1,v,7 := 1 + v}, where v? = v and the addition and multiplication are given in the Table |1} It is not

+10 1 v w 0 1 v w
0/]0 1 v wv 0|0 0 0 O
111 0 v w 110 1 v w
viv v 0 1 v| 0 v v O
viv v 1 0 v|0 v 0 w

Table 1: Multiplication and addition tables for Fy 4+ vy respectively.

difficult to see that R is a commutative ring with identity which is not a field since v -7 = 0. Moreover,
R is not a local ring since the ideals (v) and (7) are its distinct maximal ideals. Here, we focus on hulls
of cyclic codes of length n over R and determine the average hull dimension of such codes. A general
formula for the average hull dimension is established together with its asymptotic behavior.

The paper is organized as follows. Some preliminary results on binary cyclic codes and cyclic codes
over R are discussed in Section 2. The characterization of the hull of cyclic codes of length n over R is
given in Section 3 together with the determination of the dimensions of the hull of cyclic codes of length
n over R. In Section 4, the average hull dimension of cyclic codes of length n over R are studied.

2 PRELIMINARIES

In this section, some preliminary results on binary cyclic codes and cyclic codes over the ring R =
Fy 4+ vFFy are recalled and discussed.

Let R be a finite commutative ring. A linear code C of length n over R is defined to be an R-submodule
of R™. The Euclidean dual of C' is defined to be the set

n—1
ct = {(mo,...,aﬁnl) eR" | Zmici =0 for all (co,...,Cn—1) GC}

=0

and the Euclidean hull of C' is defined as Hull(C) = C' N C*. A linear codes of length n over R is said to
be cyclic if (¢p—1,¢0,...,cn—2) € C for all (cq,...,ch—1) € C. Useful properties of cyclic codes over Fo
and R are discussed in subsections 2.1 an 2.2, respectively.

2.1 Binary Cyclic Codes

In this subsection, properties of codes over R = Fy are recalled. A linear code of length n over Fs is
sometime called a binary linear code and it can be viewed as a Fa-vector space of Fy. The dimension of
a binary linear code C' is denoted by dim(C') = log,(|C|). Each binary cyclic code C of length n can be
identified as an ideal of the principal ideal ring Fao[z]/(2™ — 1) generated by a unique monic divisor g(x)
of 2™ — 1. Such a polynomial is called the generator polynomial for C' and dim(C') = n — deg g(z).

Let f(x) =1+ ajz + -+ ap_12*~1 + 2% € Fa[z] be a polynomial of degree k whose constant term
is 1. The reciprocal polynomial of f(z) is defined to be f*(z) = 2*f (1). It is not difficult to see that
(f*(x))" = f(z). Then the polynomials over Fy[x] can be classified into 2 types. If f(z) = f*(z), then
f(x) is called a self-reciprocal polynomial. Otherwise, we have f(x) # f*(x) and the polynomials f(x)
and f*(x) are called a reciprocal polynomial pair.

For a given binary cyclic code C of length n with the generator polynomial g(z). The Euclidean dual

" —1

of C denoted by C* has the generator polynomial of the form h*(z) where h(z) = e (see [I1, Lemma
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2.1]). Note that h*(x) is a monic divisor of 2™ — 1 and lem(f(z), h*(x)) is the generator polynomial of
Hull(C) (see [2, Theorem 1]).

Let n be a positive integer and write n = 2¥7, where 7 is odd and v > 0 is an integer. For an odd
positive integer j, ord;(2) is the multiplicative order of 2 modulo j. Let

Ng:{€21:€|(2k+1)forsomek€N}.

By [2} Equation (6)], 2™ — 1 can be factored into a product of monic irreducible polynomials over Fy of
the form

e 7) o 80) 2
" =1=0"-1)" = [ (][] II (Ilf@e@] . (2.1)
jlmjeNy \ i=1 jm, €N, \ i=1
where o0) o)
N J N J
() = ordj(2)’ 3(])—m7

fij(x) and f(z) form a reciprocal polynomial pair of degree ord;(2) and g;;(z) is a self-reciprocal

()

polynomial of degree ord;(2). Let By =deg [] < I g (x)) The number Bg can be simplified as
jlm,jeNs \ i=1

follows

() ;
Bi=deg [[ ([[ow®|= Oii(Jé()Q).ordj(z): S o).

jlm,jeN2 \ 1=1 JEM,JEN2 JEN,JEN2
The number Bz plays a crucial role in the study the average dimension of the hull of cyclic codes over R
in Section [

2.2 Cyclic Codes over [y + vlFy

Some results on cyclic codes of length n over R = Fy 4+ vFy in [I2] are recalled and additional useful
properties of linear and cyclic codes over R are discussed and proved.

Recall that R = Fo+vFy = {0,1,v,9 := 1 + v}, where v? = v. For each element in R can be uniquely
written as a+bv for some a,b € Fy. Then the map ¢ : R — Fa XF3 defined by ¢(a+bv) = (a,a+Dd) is aring
isomorphism form R to Fy x Fo. The map ¢ can be extended to be a ring isomorphism ¢ : R™ — Fy x F§
given as follows

o(r) = d(ao + bov, ..., an-1 + by—1v) = (a0, ..., an-1,00 + b, - -, @n-1+by_1).

Moreover, the map ¢ can be viewed as an Fs-linear isomorphism. Hence, a linear code C of length n over
R can be viewed as a vector space over Fo and denoted by dims(C) the 2-dimension of C, the dimension
of C over Fy. It is not difficult to see that dimy(C) = log,(|C)).

For each linear code C of length n over R, let

R(C) ={a|a+bv e C for some a € F§} and T(C) ={a+b|a+ bv € C for some a € F}}.
It is not difficult to see that R(C) and T(C) are binary linear codes of length n.
Lemma 2.1. Let Cy and Cy be binary linear codes of length n. Then (14 v)Cy NvCy = {0}.

Proof. Let € (14 v)C; NvCs. Then (1 + v)c; = & = veg where ¢1 € Cq and ¢ € Cy. It follows that
0 =c1 + (¢1 + c2)v, and hence, ¢; = 0 = ¢cg. Therefore, x = 0 and (1 + v)Cy NvCy = {0} as desired. O

For linear codes C; and Cy of length n over R, the direct sum of C; and Cs is defined to be
CioCy = {Cl + c2 | cp € Ci,c0 € CQ}

satisfying Cq N Cy = {0}. In this case, for every ¢ € C1 @ Cy, there exist unique ¢; € C7 and ¢o € Co
such that ¢ = ¢1 + ¢o.
A linear code C of length n over R can be written as the direct sum of R(C) and T'(C) as follows.
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Theorem 2.2 ([12, Theorem 3.1 and Corollary 3.3]). Let C be a linear code of length n over R. Then
o(C) = R(C) x T(C) and |C| = |R(C)|| T(C)|. Moreover, C can be uniquely expressed as C = (1 +
v) R(C) @ v T(C).

The decomposition of the intersection of any two linear codes of the same length over R is given in
the next theorem.

Theorem 2.3. Let C = (14+v)R(C)®vT(C) and D = (1+v)R(D) ®vT(D) be linear codes of length
n over R. Then CND = (1+v)(R(C)NR(D))®v(T(C)NT(D)).

Proof. Let ¢ = (1+v)d +vc” € CND. Since c € C = (1 +v)R(C) ® v T(C), we have ¢ € R(C) and
" € T(C). Since ¢ € D = (1 +v)R(D) @ vT(D), we have ¢’ € R(D) and ¢’ € T(D). It follows that
¢ € R(C)NR(D) and ¢ € T(C)NT(D). Hence, ¢ € (14 v) (R(C)NR(D)) ® v (T(C)NT(D)). The
reverse inclusion is obvious. O

Each cyclic code C of length n over R can be viewed as an ideal of the quotient ring R,, = R[z]/(z™—1)
and the corresponding ideal is generated by

((1 + U)gl (LC), ng(x))a
where ¢1(x) and go(x) are monic divisors of ™ — 1 over Fy [12, Theorem 4.5]. Furthermore, |C| =

92n—deggi(z)—deg 92(z) n this case, the 2-dimension of C' is 2n — deg g (x) — deg g2 (z). By [1Z, Corollary
4.8], the dual C* of C is generated by

(L +0)hi(2),vh5(2)), (2.2)

where hq(z) = ;1(3 and he(x) = ;2(3
Let C(n) be the set of all cyclic codes of length n over R. The average 2-dimension of the hull of

cyclic codes of length n over R is defined to be

dimy Hull(C)
E(n) = _—
CGZCEn) IC(n)]

The characterization of Hull(C) and the average 2-dimension E(n) will be discussed in Sections 3 and 4,
respectively.

3 Hulls of Cyclic Codes over Fy + vFy

In this section, algebraic structure of the hull of a cyclic code of length n over R = Fo + vFy are
focused on. Subsequently, the 2-dimensions of the hulls of cyclic codes of length n over R are determined.

Theorem 3.1. Let C = (1 + v)C; @ vCsy be a cyclic code of length n over R generated by ((1 +
v)g1(x),vg2(z)), where gi1(x) and g2(x) are monic dwisors of ™ — 1 over Fa. Then Hull(C) is gen-
erated by

(1 +v)lem(gi (), hi(2)), viem(ga(z), h3(z)))
% and ho(z) = -1

where hy (z) = 7?11(; ?]2(39) .
Proof. Note that g;(x) and go(z) are generator polynomials of binary cyclic codes Cq and Cs, respectively.
By Equation (2.2)), we have C+ = (1 + v)C{- @ vCs- generated by ((1 4+ v)hi(z),vhi(x)), where hy(z) =

z;l(;i and ho(z) = f;;l(jr% Moreover, hi(z) and h}(x) are the generator polynomials of binary cyclic codes




Hulls of Cyclic Codes over the Ring Fy + vy 139

Ci and Oy, respectively. By [2, Theorem 1], the generator polynomials of Hull(Cy) and Hull(Cy) are
lem(g1 (), h3(z)) and lem(ga(x), b5 (2)) respectively. Therefore, by Theorem [2.3

Hull(C) = C N C* = ((1 4 v) Hull(Cy), v Hull(Cy))

is generated by
(1 +v) lem(gi (), hi(x)), viem(gz(x), hy(x)))

as desired. O

The 2-dimension of Hull(C) is given in Theorem based on the following lemma.

Lemma 3.2. Let v be a nonnegative integer. Let 0 < a,b,c < 2 be integers. Then the following
statements hold.

1. 0 <2¥ —max{a,2” —a} <2V7L.

2. 0 <2vH —max{b,2" — ¢} — max{c,2" — b} < 2v.

Proof. To prove Statement 2, we consider the following two cases.
Case I: 0 < a < 271, We have —2¥ < —a < 0 which implies that 2=l < 2¥ — g < 2Y. Hence,
2! < max{a,2" —a} <2".
Case IT: 2/ < a < 2¥. We have —2¥ < a < —2¥~! which means 0 < 2¥ — a < 2"~!. Consequently,
2! < max{a,2” —a} <2".
All together, we conclude that 0 < 2 — max{a, 2" — a} < 2"~L. Hence, Statement 1 is proved.
To prove Statement 2, we consider the following two cases.
Case I: max{b, 2" —c} = b. We have max{c, 2" —b} = ¢ which means 2"*! —max{b, 2 — ¢} — max{c, 2" —
b} =21 —h—c. Since 2V <b+c <2V we have 0 <2V —ph—c < 2V,
Case II: max{b,2" — ¢} = 2 — ¢. We have max{c,2¥ — b} = 2¥ — b which implies that max{b, 2" —c} +
max{c,2” —b} = 2" —c+2"—b = 2" —c—b. Thus 0 < 2""! —max{b, 2 —c} —max{c, 2" —b} = b+c < 2".
Hence, we conclude that 0 < 2! —max{b,2” — ¢} — max{c, 2" — b} < 2”. Therefore, Statement 2 is
proved. O

Theorem 3.3. Let n be a positive integer and write n = 2¥7, where m is odd and v > 0 is an integer.
Then the 2-dimensions of the hull of cyclic codes of length n over R are of the form

Z ordj (2) caj + Z Ordj(2) : ij

jEM,jEN, JEN,jEN2

where 0 < aj <2¥ and 0 < b; < 2V

Proof. Let C = (14 v)Cy @ vC> be a cyclic code of length n over R generated by ((1+ v)g1(z),vg2(x)).
Then C+ = (1 + v)Ci ® vCy generated by ((1 + v)hi(z),vh3(z)) by Equation (2.2). Note that
g1(2), g2(x), b3 (x) and hi(x) are monic divisors of z™ — 1.
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By Equation (2.1)), we have

v(5)
II Ilst

jlm,jEN2 i=1

v(5)
II Il9i@

jIm,jEN, i=1

()
II Ilos

jlm,jeN2 i=1

v(5)
II Il

jlm,jeN2 i=1

v(7)

II Il

jlm,jEN2 i=1

v(7)

II o

jlm,jENy i=1

B()

o) T II fu)

j|m,j N2 i=1

v ] Hfm

Jjlm,j¢N2 i=1

2 —aij H H fl]

jlm,jgN2 i=1
B()

I 1T

jlm,jgN2 i=1

v
2 —Ujj

., B(5)
N | B 1)

jlm,jgN2 i=1
B()

I 117

jlm,jgN2 i=1

v
2" —uij

'U”

()%
)

()"
z bl

2 —bij (x)Q"—cij7

2 —Vij fz*j (x)gl'_wij,
2”—07‘,]' f;;(x)2u_bij7

2 e f;; ('/L‘)2V_vij )

for some 0 S Qg bij7 Cijy Ujj, Vi, Wij S 2Y.

Since Hull(C) generated by ((1 + v)lem(g1(z), hi(z)), viem(gz(x), h3(x))), we have

v()
tem(gy(2). hi(e)) =[] T giglaymesten? =)
jIm,jEN, i=1
B()
H H fij (w)max{bij,QV_Cij}f;} (‘%,)rnax{c”72'/_17”}7 (3.1)
Jlm,jgN2 i=1
7()
lem(gs (), [T Loyt
jlm,jEN, i=1
B(5)
H H fii Hlax{vz:j12”—wz'j}fé(m)max{ww@"—w}_ (3.2)
Jlm,jgN2 i=1

By Equations (3.1) and (3.2)), it can be concluded that

dimy (Hull(C)) =2n — deglem(gy (z), hi(z)) — deglem(ga(x), hi(z))
— (n — deglem(gi(2), hi(2))) + (n — deglem(gs (), hj (x)))
v(d) B(J)
= Z ord, ( Z 2Y 4 Z ord, ( Z ovtl
JjEM,jEN2 JEN,jZ N> i=1
v(7)
Z OI'dj(Q) Z max{aij, 2D — aij} —+
jEM,jEN, i=1
B(5)

+

> ord;(2) ) (max{b,;, 2"

JEM,jEN2 i=1

bij})

— Cij} + max{cij, 2V —
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v(5) B(5) v(5)
Z ord,(2) Z 2V 4+ Z ord,(2) Z vt — Z ord,(2) Z max{u;j, 2" —u;;}
jEMFEN, i=1 JEM,jEN, i=1 jEM,FEN, i=1
B()
+ Z ord,(2) Z (max{v;;, 2" — wy; } + max{w;;, 2" —v;;})
jEN,jZ Ny i=1
v()
= Z ord,(2) Z (2¥ — max{a;;,2" —a;;}) +
jEMmFEN, i=1
B(7)
Z ord,(2) Z (2"+1 — (max{b;;,2" — ¢;;} + max{c;;,2" — bi;})) | +
jEMm,jEZNs i=1
v(F)
Z ord,;(2) Z (2¥ — max{u;;,2" —ui;}) +
jEMmFEN, i=1
B(7)
Z ord,(2) Z (2"Jrl — (max{v;;, 2" — wi;} + max{w;;,2" — v;;}))
jEm,jEZN> i=1
v(3)
= Z ord;(2) Z (2”+1 — max{a;;,2" — a;;} — max{u;;,2" — u;;}) +
JEM,JEN2 =1
B()
Z OI‘dj(Z) Z (2u+2 — (max{bij, 2V — Cij} + max{cij, 2V — sz}) —
JEM,jE€ N> i=1
(max{v;;, 2" — w;; } + max{w;;,2" —v;;})) (3.3)
= Z ord;(2) - a; + Z ord;(2) - b, by Lemma [3.2
JEM,JEN2 JEN,JEN>
where 0 < a; <2 and 0 < b; < 2v+L, O

Example 3.4. Let n = 14. Thenn =7 and v = 1. The divisors of 7 are 1 and 7. Note that 1 € Ny
and 7 ¢ Na. Since ord; (2) = 1 and ord;(2) = 3, by Theorem[3.3, the 2-dimensions of the hulls of cyclic
codes of length 14 over R are of the form

a1+3'b77

where 0 < a1 <2 and 0 < by < 4, which are 0,1,2,...,13 and 14.

4 The Average 2-Dimension F(n) and Bounds on F(n)

In this section, an explicit expression for the average 2-dimension F(n) of the hull of cyclic codes
over R is given in terms of By and the length of codes. Subsequently, some bounds on E(n) are given
together with the asymptotic behavior of E(n).

Lemma 4.1. Let v be a nonnegative integer and let 0 < a,b,c < 2 be integers. Then

.9V 611
1. E(max{a,2” —a}) = 2241 — Ty ond

2. B (max{b,2" — c}) = L5257,

where §ov =1 if v > 0, and 6o» =0 if v = 0.
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Proof. The statements can be obtained using arguments similar to those in the proof of [3 Theorem
23]. O

The formula for the average 2-dimension of the hull of cyclic codes of length n over R is given as
follows.

Theorem 4.2. Let n be a positive integer and write n = 2¥7, where m is odd and v > 0 is an integer.
The average 2-dimension of the hull of cyclic codes of length n over R is

v+l 4 1> (22” +ovtl 43— 352u>
- n

B(n) =n <3(2V +1) 12(2 + 1)

Proof. Let C be a cyclic code of length n over R. Then, by Theorem m Hull(C) is generated by
(L +v)lem(gi (), hi(x)), viem(gz(x), hy(x))) .
Then

dimg Hull(C') =2n — deglem(g1 (), h(z)) — deglem(ga(z), h3(x)
= (n — deglem(g: (2), h1(2))) + (n — deglem(ga(x), h; ()
Let Y be the random variable of the 2-dimension dims(C'), where C' is chosen randomly form C(n) with

uniform probability. The average 2-dimension E(n) can be determined in terms of the expectation E(Y)
as follows

E(n) =E(Y)
=F (n —deglem(g1 (), h](z))) + E (n — deglem(ga(x), hi(x))

()
=n—F Z OI‘dj (2) Z max{aij, 2V — aij}
i=1

JEM,JEN2
B()
+ Z OI‘dj (2) Z (max{bij, 2V — cij} + max{cij, 2V — blj}) +
JEM,jE& N> i=1

7()
n—F Z ord;(2) Z max{u;;, 2" —u;;}
i=1

jEN,JEN2
B()
+ Z OI‘dj(2) Z (IDELX{’UZ'J'7 2V — wij} + max{wij, 2V — vij})
JEM,jEZ N> i=1
=n— Y ord;(2)-7(j) - E(max{a;;,2" — a;})
JjEN,jEN>
— ) ord;(2)- B(j) - B (max{b;, 2" — ¢ij} + max{c;;, 2" — bij}) +
JEN,jEN>
n— > ord;(2)- () - BE(max{u;, 2" —u;;})
JjEN,JEN2

- Z ord;(2) - B(j) - E (max{vij, 2" — w;;} + max{w;j, 2" — vi;})
jeﬁ)j€N2
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=|n- Z o(j) - E(max{a;j,2"

JEM,JEN2

- > e

JEM,JEN2

E (max{b;;,2"

l\D\’—‘

n— Z o(j) - E(max{u,;, 2"

JEM,JEN2

- > 9

JEM,jEN>
=(n — By - E(max{a;;,2" — a;;}) —
(n — By - E(max{u;j, 2" —u;;}) —

E (max{v;;, 2"

l\D\’—‘

=2 (n — By - E (max{a;j,2" —a;;}) —

2o e (I gy o

— a;;j})

— ¢ij} + max{c;;, 2" —

— ui;})

— w;; } + max{w;;, 2"

(ﬁ - Bﬁ) . E(max{bij, 2v
(7 — Br) - E(max{v;;, 2"
(ﬁ — Bﬁ) -FE (max{bij, id

1 1 2 +1
(s~ srm) (5

2 1 2v+1
=N | - - —F — Bﬁ
(3 3(2v + 1)> < 6

as required.

L 2- 36
6(2" + 1)

The next corollary follows immediately from Theorem

Corollary 4.3. Let n =n2", where nn is odd and v > 0. Then the following statements hold.

3

1. E(n) < 2.

7Bﬁ
) .

|

3|

2. E(m) =
5. E(m) < %.

2 (42" + 5)
6(2" +1)
2 — 365
12(27 + 1)))

bij})

— vij})

—cij})) +
D
cij}

— Wyj

Z

+

) by Lemma

In the case where n is odd, we have the following upper and lower bounds.

Theorem 4.1. Let n be an odd integer. Then the following statements hold.

1. E(n) =0 if and only if n € Ns.
2. §<E(n) < 2?” for alln € N».

143

Proof. Let Es(n) denote the average hull dimension of cyclic codes of length n over Fo. By [3] Corollary
The results can be derived analogous to [3, Theorem

11] and Theorem we have E(n) = 2E3(n).

25].

O

From Theorem [£.1] we can conclude that the average 2-dimension of the hull of cyclic codes of odd
length n over R is zero or grows the same rate as n.
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