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Abstract : A number of arithmetic functions, referred to as the generalized unitary-Euler’s totient,
generalized unitary-Cohen’s totient, generalized unitary-divisor, generalized unitary-Liouville, odd-phi,
and even-phi functions which generalize the classical totient, divisor and Liouville functions, are intro-
duced in the setting of unitary convolution. Basic properties of these functions extending the existing
ones are established. Results related to the problem of counting exponentially odd and exponentially
even numbers are derived as applications.
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1 Introduction

An arithmetic function, [I], is a complex-valued function defined on the set of positive integers. The set
of arithmetic functions, A, with addition 4, and unitary convolution LI defined, respectively, by

(f +9)(n) = f(n) +g(n), (fUg)(n)=7_ f(n/d)g(d),

d||n

where d||n denotes the unitary divisor (i.e., those divisors d of n for which ged(d,n/d) = 1), is a commu-
tative ring with zero divisors [2]. The identity element under the unitary convolution is the function

1 ifn=1
I)=3. "
0 ifn>1.
A non-zero arithmetic function f is said to be multiplicative if
flmn) = f(m)f(n) whenever ged(m,n) = 1.

Note that a unitary convolution of two multiplicative functions is a multiplicative function.
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A modern systematic study of unitary convolution seems to be started by Cohen. In [3], mimicking
the classical case, he introduced the unitary Euler’s totient as follows: for a,b € Z with b > 0, denote by
(a,b). the greatest divisor of a which is a unitary divisor of b; when (a,b). = 1, the integer a is said to
be semiprime to b. The unitary Euler’s totient, ©, is defined to be the number of positive integers that
are semiprime to n, i.e.,

z<n
(z,n).=1

A semi-reduced residue system mod n, denoted by SRRS(n), is a set of integers in a residue system mod
n that are semiprime to n. In the same paper, Cohen introduced a unitary Ramanujan sum c¢*(m,n) by

c*(m,n) = Z exp(2mima/n)

z€SRRS(n)

where the summation extends over the integers = in a semi-reduced residue system mod n. Based upon
this notion, we observe that

#(n) =c"(0,n).
Cohen also defined
A(n) = c"(1,n)

and proved a unitary analogue of the Md&bius inversion formula which states that for f, g € A, we have

n) =Y g(d) < g(n)=>Y nld)f(n/d),

d||n d||n

as well as several identities relating to these functions such as

> ) =mn, D oEd) =1I(n),  B(n)=(GUR)n), fi(n) = (=1)“t" (1.1)

d||n d||n

where (1(n) := n, and w(n) denotes the number of distinct prime factors of n with w(1) = 0. In addition,
Cohen introduced the concept of an exponentially odd number which is an integer n € N whose prime
factorization takes the form n = p{*...p% with all powers a; being odd positive integers. Denote by
E, the set of all exponentially odd numbers. Observe that n € F, whenever its greatest unitary square
divisor (the largest unitary divisor which is a square) is 1, and so 1 € E, (because its greatest unitary
square divisor is 1).

Apart from Cohen’s work, Rao in [4] gave the following extension of Cohen’s totient. For n,m, k € N,
let (n, mk)z denote the largest unitary divisor of m* that divides n and is a kth power. Denote the unitary
analogue of Cohen’s totient, i (m), as the number of positive integers n < m¥ such that (n,mk)z =1.
Rao proved that

m) = X dmon/d) = G umom) = [T (1= s ). (1.2
df|m pln

where (i (n) := n* and v, (m) denotes the highest power of the prime p that divides m. This result implies
at once that ¢} is a multiplicative function and obviously that ¢} = . Let d(n) denote the number of
unitary divisors of n, and let 71 (n) denote the sum of the kth power of the unitary divisors of n (see also

B)), i.c.,
din) =3 1=2°M p(n) =Y d*" = (G LUU)(n).

d|In d||n
where U(n) := 1 for all n € N. Rao also established the identities

Z%Ok n/d Zas+k Jer(n/d) =n Us(”)

d||n d||n
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Recently, in [6], a generalized unitary Mébius function was introduced via
fia(n) = (=)™ (neN, a € C\{0}), fo:=1, i, ==, fi_, = U.

The main objectives in [6] were
(i) to prove the following generalized unitary Mdbius inversion formula: for f,g € A and oo € C\ {0}, we
have

F) =Y gy (5) <= g(0) = 3~ F (5 )Fia(d). or symbolically, f=gUfi_, =g =fU
d||n d||n

(ii) to derive some characterizations of multiplicative function using generalized unitary Mobius function.

Here, we continue our unitary investigation by further generalizing the unitary totient, unitary divisor
and unitary Liouville functions. This is done by introducing the so-called gu-Euler’s totient, gu-Cohen’s
totient, gu-divisor, gu-Liouville, odd-phi, and even-phi functions (the abbreviation gu stands for gener-
alized unitary). Apart from deriving properties of these functions which extend the existing ones, in the
last section, we apply these results to functions that are related to the problem of counting exponentially
odd and exponentially even numbers.

2 Preliminaries

There are two parts in this section; generalized unitary analogues are defined in the first part and their
properties are established in the second part.

2.1 Definitions

Let o € R.
1. The gu-Euler’s totient, %, is defined by

Ea = Cl U ﬁa'
2. The gu-Cohen’s totient, ¢, is defined by

QOZ = Ca U .

3. The gu-divisor function, *(n), is defined to be the sum of the a‘* power of positive unitary divisor
dof n,ie.,

7(n) = 3 a° (n € N).
d||n

4. The gu-Liouville function, )., is defined by
Aa(n) = ()™ (neN), A :=I,
where }(n) is the number of prime factors of n counting with multiplicity with (1) = 0.
The following facts are easily checked.

e The gu-Euler’s totient, gu-Cohen’s totient, gu-divisor function and gu-Liouville function are mul-
tiplicative functions.

_ )2 dm d(—a)*/4 if o € R\ {0}
* Paln) = {Cl(n) ifa=0.
e For a € N, the function ¢}, is identical with the unitary analogue of the Cohen’s totient.
e 0% =(C, UTi_q.
e 7l =7 and 3’ (n) = d(n).
e )\ is identical with the classical Liouville function, which is defined by A(n) = (—1)%) ([1]).

e For a € N, we have A\, = ALJ--- LI X (the unitary convolution of « factors).
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2.2 Properties

In this sub-section, we derive a number of properties relating to the functions defined above some of
which generalize those in (1.2). Note first that for a, 8 € C\ {0}, 71, UTig = fi 5 (see [6]).

Proposition 2.2.1. For a,8 € R, n € N, p prime, we have

1) 5% (n) = [T, (°™) +1)

2) (o =pUT"

3) Pa(n) =11, (p»(™ — a)

4) Xajpn Pald) = [, (7™ +1-a)

5) P, UG =¢ U Cs Uiy g

6) ¢a(n) =11, (™™ —1)

7) Yan Pald) = Ca(n)

8) Ca Ul = (s Uy

9) o Uud=75"
10) ¢t UTP = ¢ U s
11) 3 4yjn Aa(d) =TT,y (14 (—a)»)
12) (Ao UTig) (n) = L ()™ — B)
13) A U7”)(n) = [1,}, @"»™ + (=) +1)
14) Mo UBp)(n) = Iy, (P + (—a)»™) = B)
15) QaUgp)(n) =TI1,, (0" + (ma)»t) —1).

Proof. 1) Since 7* is multiplicative, we get (1) = 1. To prove the assertion, it suffices to evaluate
7 (p*) for prime p and a € N, which is

Ea(pa) _ Z d :paa +1.
d|[p®

Assertions 2), 5), 7), 8), 9) and 10) follow, respectively, from the identities

FUTY = UG UTiy = Ca
@a |_|66:C1 Uﬁa |_|C,3 l—lﬁ—1:<1 UCﬂ l_lﬁoc—l
Y o¢h(d) = (pauU)(n) = (CaURUE_1)(n) = Caln)

d||n
Ca'—lsﬁz:CaUCBuﬁ:CBuCauﬁ:CBUQOZ
SDZHE:Cal—lﬁl—lﬁ72:Ca |—|E71:Ea
i UoP = UREUCUR = CaUCgUT = (U (s
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Since the functions 3, %, Aq U g, Ao LT, N U g, Ao U ¢} are multiplicative, as in the proof of
Assertion 1), Assertions 3), 6), 12), 13), 14) and 15) follow at once from the evaluation

Bulr™) = (GUEDE) = 3 d(-a)* () = po(—a)=® 4 (—a)#@") = po —q
d||pe

0o (0?) = (Ca UR)(P?) = (") + Cal(p”) =p** =1

o 007 = 32 Rl (%) =0 47507 = (" = 5

(o 0710 = 3= Rl (U7 ) =50 49707 = (e 497 41
(ati2)5) = 3 Rald)7 () =Ral07) +25l0) = (-0 47 = 5
(a0 = 3 Rl (5 ) = Ral®) + 0507) = (=) 457 -1

When n = 1, we have

S Bu(d) = 7o (1) = 1, 3 Rald) = Ra(1) = (—a)°M) = 1.

d||1 d||1

For n > 2, since the functions %, LI U, )\, are multiplicative, as in the proof Assertion 1), Assertions 4)
and 11) follow from

@o L)) =Y 2,(0") =Ba(l) + Ba(p®) =p" +1 -«
d||p®
Z Xoc(d) = Xoz(l) +Xa(pa) =1+ (_Q)Q(pa) =1+ (_a)a.
d||pe

3 Results

Complementing the concept of exponentially odd numbers, an exponentially even number is defined to
be a positive integer whose prime factorization contains only even prime powers, and let E. be the set of
all exponentially even numbers. Let 8(n) be the maximal unitary divisor of the exponentially even part
of n, with 8(1) := 1 and let «(n) be the maximal unitary divisor of the exponentially odd part of n, with
a(1) := 1. For any positive integer whose prime factorization is n = p{* - - - p%= qll’1 -+ gb, where p;, g; are
distinct primes, and a;,b; € N are such that each a; is odd, and each b; is even, we clearly see that

qll’1 ---qb if there is at least one b; # 0 pyt - p%  if there is at least one a; # 0
6(”) = . ; CY(’I’L) = .
1 ifall b, =0 1 if all a; = 0.

Table 1 : Examples of a(n) and 5(n)

n d; d||n di;d € E, | da;d € E. | a(n) | B(n)
2 1,2 1,2 1 2 1
8 1,8 1,8 1 8 1
12 1,3, 4, 12 1,3 1,4 3 4
16 1, 16 1 1, 16 1 16
24 11,3,8,24 | 1, 3,8,24 1 24 1
36 | 1,4,9, 36 1 1,4,9, 36 1 36
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1. The even-phi function, 7(n) is defined to be the number of integers m < n which is semiprime
to B(n), i.e.,

m<n

(m,B(n))«=1

2. The odd-phi function, g(n) is defined to be the number of integers m < mn which is semiprime

to a(n), i.e., N
o(n) = Z 1.

m<n
(m,a(n))«=1

Table 2 : Examples of the even-phi function and the odd-phi function

n | Bn) | mym<nand (m,B(n))s=11|7(n) | a(n) | mym <nand (m,a(n)). =1 ¢(n)
2 1 1,2 1 2 1 1
8 | 1 1,2,...,8 7 8 1,2, ...,7 7
12| 4 1,2,3,5,6,7,09,10, 11 8 3 1,2,4,5,7,8, 10, 11 8
16 16 1, ..., 15 16 1 y ooy 16 16
2% | 1 1,...,24 14 | 24 1,2,4,5,7,10, 11, 13 14
14, 17, 19, 20, 22, 23
36| 36 | 1,2356,710, 11,13, | 24 | 1 1,....36 36
14, 15, 17, 19, 21, 22, 23,
25, 26, 29. 30, 31, 33, 34, 35

Let

K(n) = (y/n)  if nis a perfect square
o otherwise.

In this part, we show that the even-phi function can be written as the unitary convolution of {; with
K and the odd-phi function can be written as the unitary convolution of (; with T defined to be a
multiplicative function such that for p prime,

—1 ifaisodd
T(p*) = {

0 if ais even.
We start with some auxiliary results.
Lemma 3.1. For any prime p and a € N, we have
LGRS S O LA
Proof. 1f a is odd, then 8(p®) = 1, a(p®) = p®, and if a is even, then B(p®) = p®, a(p®) = 1. Thus,

") = Z 1= {p“7 if a is odd g(p“) _ Z 1

a _ . . )
tt P 1, if ais even o
(m,B(p*))=1 (m,a(p™))«=1

p*—1, ifaisodd
p?, if a is even.

O

To state the next lemma more conveniently, we introduce the following terminology. An arithmetic
function f is said to be multiplicative over E, (respectively, over E.) if f(1) =1 and f(mn) = f(m)f(n)
for relatively prime m,n € E, (respectively, E.).
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Lemma 3.2. The functions T and 5 are both multiplicative over both E, and E..

Proof. Since (1) = 1, we get

= > 1= > 1=L

m<1 m<1
(m,B(1))x=1 (m,1).=1

For pi*...p% (> 1) € E,, with p; being prime and a; being odd, we have 8(py* - --p%) = 1. Using part
2 of Lemma we deduce that

FpPt-opl) = > 1= > 1=pfple =Fpi) - 7(pd),
m<pte-ps m<pytephs

(m,B(pyt--pee))w=1 (m,1).=1

which implies that 7 is multiplicative over E,.
Similarly, for qll’1 ~-q’ (> 1) € E., with ¢; being prime and b; being even, from B(qlfl ceghr) =
qll’1 -+ gbr using part 1 of Lemma we have

@y aqr) = > 1= > 1

m<qyt gl m<qyt gl
b . b
(m,B(ayqlm))-=1 (m, q11~~~q$r)*=1
q T
b 1 i r—1 b;
_qll... § E b b _|_..._|_(_1) E q; +
1,j=1,i<j qz q] i=1

= (1" — 1)(g” — 1) o (q,f —1)=7(a") - 7(a),
which shows that 7 is multiplicative over E,.. The proof for the function gij is similar and is omitted. [
Next, we show that 5 and 7 are multiplicative functions.
Theorem 3.3. Both T and qNS are multiplicative functions.

Proof. For a prime factorization p{* - - pgﬁq[fl .-+ gbr, where each a; is odd(even) and each b; is even(odd),
we get B(pft---pogtt - qlr) = &' - 0. Putting p = p* ---p% and using part 2 of Lemma [3.1] we
have

;(ptlll...p?sqin,.,qu):%'(pqll’l...qu): Z 1= Z 1
m<pgit--qbr m<pgytqlr
(m ﬁ(pq‘;l---qﬁr)) =1 (magyteqtr).=1
T
pq pq q _ )
=pay ... Z par g 1[, ot ()Y pal (-
1,7=1,i<j i 13 1=
b - _
=plgy" = 1)+ (g —1)—p11- pe gyt — 1)+ (gbr — 1)

=7F(p) - T (2T () - '*(qi“)-

Since 7(1) = 1, the multiplicativity of 7 is immediate. The proof for the function 5 is similar and is
omitted. O

It is shown in [3] that (K U U)(n) = xo(n) where x,(n) is the characteristic function of n being
exponentially odd, while [7], (T'UU)(n) = x.(n) where x.(n) is the characteristic function of n being
exponentially even. We end the paper with the promised result
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Theorem 3.4. We have _
?:Cl UK, ¢=¢GUT.
Proof. Clearly,
(GUK)1) =GM)KQA) =1=7().
For n > 1, since (1, K and 7 are multiplicative functions, it suffices to verify their values at prime power

p®, which is

a if a is odd -

(GUE)(P") =) Gd)K (23;) =K({p") +p*K(Q1) = {p =7(p").

@ —1 ifaiseven
dl|p" p

When n = 1, we have

(GQUT)(1) =GMT(1) =1 =¢(1).

For n > 1, since (3,7 and 5 are multiplicative functions, it suffices to verify their values at prime power
p®, which is

GUIE") = X G (%) =107 + 70 = {j ot dfaisodd g,

if a is even
d||p* p
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