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Abstract : We introduce the concept of a linear relational hypersubstitution for algebraic systems which

extends the concept of linear hypersubstitutions of universal algebras. The set of all linear relational
hypersubstitutions together with an operation introduced in [I] form a monoid. For this monoid and a
particular type 7 = ((m); (n)), we determine the order of its elements.
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1 Introduction

In [2], Denecke, Lau, Péschel, and Schweigert introduced the concept of a hypersubstitution of a given
type 7 for universal algebras. The authors use the concept of hypersubstitutions of arbitrary type 7 for
the characterization of so-called solid varieties of type 7. A solid variety is a variety which is closed under
the following operation: taking an algebra (A; (f/')icr) of type 7 = (n;)ier with the universe A and a
family (f#)ics of operations defined on A, where f; is m;-ary for i € I. Then we replace the operation
f by any m;-ary term operation ¢, for i € I, and obtain a new algebra (A; (t/);cs), which has also
to belong to the variety. So, a hypersubstitution of a given type 7 = (m;);ecs is a mapping which maps
each operation symbol f; to an my-ary term, for ¢ € I. Further, a binary operation oy, defined on the set
Hyp(7) of all hypersubstitutions of type 7 was introduced such that (Hyp(7); op, 0iq) is @ monoid (see [3]).
This monoid was studied intensively for both arbitrary type and for some fixed type 7. The semigroup
properties of the monoid of hypersubstitutions of type (2) was studied by Denecke and Wismath (see
[]). In [5], Wismath generalized these results for the monoid of hypersubstitutions of type (n). All
idempotent hypersubstitutions of type (2,2) are determined by Changphas and Denecke [6]. The order of
all hypersubstitutions of type (2,2) was studied by the same authors in [7]. Later in [§], Changphas and
Hemvong determined the order of hypersubstitutions of type (2,1). In 2012, the same authors considered
the order of hypersubstitutions of type (n) (see [9]).
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In this present paper, we focus on the notion of algebraic systems in the sense of Mal’cev [I0]. An
algebraic system of type (1,7') is a triple (A; (f)ier, (’yfl)jej) consisting of a universe set A, a family
(ffYier of operations defined on A, and a family (’yj“-“)jej of relations on A, where 7 = (m;);ecr is a
sequence of the arity of each operation fZA and 7" = (n;), e is a sequence of the arity of each relation 7;4.
There were first attempts to define a concept of a hypersubstitution for algebraic systems. The concept
of such hypersubstitutions, introduced in [I], does not be practicable enough. Another attempt to define
a hypersubstitution for algebraic systems was done by the second author in her Ph.D. Thesis. But this
concept has not proven to be impractical (see [I1]).

Therefore, we will introduce a new concept that generalizes the idea of a hypersubstitution (for a
universal algebra) of type 7 in a canonical way. An operation fZA on a set A corresponds to the m;-
ary term operation defined on A and a relation 7;-4 corresponds to the “nj-ary relation” on A. So, it
seems quite natural to say that hypersubstitutions (for algebraic systems) of type (7,7’) that we want
to consider assign an operation symbol f; to an m;-ary term, for ¢ € I, and assign a relation symbol
7 to an mj-ary relational term, for j € J. We call such mappings the relational hypersubstitutions of
type (1,7’), and denote the set of all relational hypersubstitutions of type (7, 7’) by Relhyp(r, 7). Hence,
this concept of a relational hypersubstitution of type (7,7’) is a canonical extension of the concept of a
hypersubstitution of type 7. It was proven in [11] that a structure (Hyp(r, 7');on, 0i4) forms a monoid,
and we can see immediately in the proof that that (Relhyp(r,7’); oy, 0i4) is a submonoid of the monoid
(Hyp(7,7'); on, 0id).

The aim of this paper is to determine the order of element of submonoid of relational hypersubstitu-
tions of type ((m), (n)), so-called, linear relational hypersubstitutions of type ((m), (n)), where m,n > 1.
That is, we have only one m-ary operation symbol and one n-ary relation symbol.

2 Preliminaries

For a natural number n, (N denotes the set of all natural numbers) let X, := {z1,29,...,2,} be a
finite set of variables and let X := {z; : i € N} be countable infinite set. We consider the indexed set
(fi)icr of operation symbols, where f; is m;-ary, for ¢ € I, and let 7 = (n;);c7. Further, we consider the
indexed set (;);jes of relation symbols, where ~y; is nj-ary, for j € J, and let 7/ = (n;);cs. The pair
(1,7") is called the type of an algebraic system (see [I0]). Let us note that 7 is called the type of the
(corresponding) universal algebra. The set TE“(Xn) of all n-ary linear terms of type 7 is the smallest
set containing X,, and is closed under the following operation: if i € I and t1,...,t,, € Ti*(X,,) with
var(t,) Nvar(t;) = 0 for all 1 < k < 1 < my, then fi(t1,...,tm,) € Ti*(X,,) (see [12]). Here var(t) is the
set of all variables occurring in the term t.

Definition 2.1 ([, 11} 13]). For any n € N, we define an n-ary quantifier free linear formula of type
(1,7') in the following inductive ways.
(i) If t1,ty € TH(X,) with var(ty) N var(ty) = 0, then the equation t ~ ty is an n-ary quantifier free
linear formula of type (1,7').
(ii) For any j € J, if t1,...,t,, € TH™(X,,) and var(ty) Nwvar(t;) = O for all 1 < k < 1 < ny, then
Yj(t1 ... tn,) is an n-ary quantifier free linear formula of type (7, 7).
(i) If F is an n-ary quantifier free linear formula of type (7,7'), then =F is an n-ary quantifier free
linear formula of type (1,7').

(i) If Fy and Fy are n-ary quantifier free linear formulas of type (t,7'), then Fy V Fy is an n-ary
quantifier free linear formula of type (7,7')..

~ We denote the set of all n-ary linear formulas and the set of all linear formulas of type (7,7') by
Fl(‘Tr‘J,)(Xn) and Fl(lTn’T,)(X), respectively. That is, Fl(lTn’T,)(X) = Unen FII;tT,)(Xn). We let r.I*’l(lTn,T,)(X) be
the set of all linear formulas of type (7, 7’) of the form (ii) in Definition Remark that Fi® )(Xn) =0
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if and only if n < n; for all j € J. We note here that for any n € N, we can define an n-ary quantifier
free formula of type (7,7') by using the usual terms and omitting the conditions var(¢1) N var(te) = 0
and var(tg) Nvar(t;) = 0 for all 1 < k <1 < m; (see [I, 1I]). In the same manner, the set of all n-ary
quantifier free formulas and the set of all quantifier free formulas of type (7,7’) are denoted by F; 1 (X,)
and F(; . (X), respectively.

For any m,n € N, t1,...,t,, € Ti™Xn), s1,...,8m € ThM(X,), and Fy, Fy € F{¥ ) (X,,) with

(.

var(sg) Nvar(s;) = 0 for all 1 <k < <m. Then we define the superposition partial operation

R (TH(X,0) UFE ) (X)) % (TH(X,))™ —oms TH(X,,) U, (X,,)
by the following steps.
(1) R™(t1,81,---y8m) = ST (t1,81,. -, 8m)-

(il) R™(t1 = t2, 81,y 8m) := R (t1,81,. .+, Sm) =~ R (t2, 81, .., 5m).

(i) Ry (vi(tr, . ostn,)s81seeey8m) =Y (R (1, 81,000y 8m)s ey R (o s 81,00 8m))-

(iv) RI(=F1, 81,y 8m) = " RI(F1,81,. .., Sm)-

(v) RM(FAV Fo,81,...,8m) = R(F1,81,---,8m) V R (Fa, 81, .., Sm)-
This operation define a partial many-sorted algebra

formclone"™ (7, 7') := (T (X,,) U Fl(iTriT,)(Xn)nzl; (R mn>1s (Tk)1<k<n,neN)s

moreover, this algebra satisfies the superassociative law (see [14]).
A linear relational hypersubstitution (for algebraic systems) of type (7,7’) is a mapping

o:{firiel}ufy;:jeJt —» TINX)UrFE ) (X)

the set of all linear relational hypersubstitutions of type (,7’). We define a binary operation oy on the
set Relhyp(7,7’). In order to do this, we introduce the extension of a mapping o € Relhyp!™(7,7’) to a
transformation & on T (X) U FI(TJ,) (X) in the following way:

with o(fi) € TH(X,,,), for i € I, and o(v;) € rFl(igr,)(an), for j € J. Denoted by Relhyp™(r,7’)

(i) olx;] :=a; for i € N;
(i) G[fi(t1,-.. tm,)] is the term R™i(o(f;),0[t1],-..,0[tm,]), where i € I and ty, ..., ty,, € TV(X,,),
i.e., we replace any occurrence of the variable zy in o(f;) by the term a[ty], for k € {1,...,m;};
(iii) o[y;(t1,. .., tn,)] is the expression Ry’ (o(v;),0t1],...,0[tn,]), where j € J and ty,...,t,, €

Tl"(X,,), i.e., we replace any occurrence of the variable z; in the expression o(v;) by the term
olte], for k€ {1,...,n;}.

We observe that @ restricted to T2 (X) is the extension of the corresponding linear hypersubstitution
of type 7 to terms (see [I5} [16]). Let us now consider the binary operation oy, on Relhyp"™(r,7) defined
by o1 o 02 := 71 0 0 for all linear relational hypersubstitutions o1, 09 of type (7,7’). In [14], Denecke
showed that the structure (Hyp“’ﬂ (1,7'); on, 0ia) forms a monoid. Then the following proposition can be
obtained immediately.

lin(

Proposition 2.2. The structure (Relhyp"™(7,7'); on, 04q) is a submonoid of (Hyp"™ (1, 7');0n, 0ia).
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3 Substructure of Linear Relational Hypersubstitutions

We introduce here two substructures of the structure (Relhyplin (7,7'); on, 0id ), moreover, we focus on a
particular type when 7 = (m) and 7/ = (n) with m,n > 1. We denote a linear relational hypersubstitution
o of type ((m), (n)) by 04 ~(sy,....s,) if 0(f) =t and () = ¥(s1,...,5,) where ¢ is an m-ary linear term
of type (m) and ¥(s1,..., Sn) is an n-ary linear formula of type ((m), (n)).

Definition 3.1. A linear relational hypersubstitution of type ((m),(n)) is called a linear projection
relational hypersubstitution of type ((m),(n)) if it maps operation symbol f to a variable which pre-
serve arity. The set of all linear projection relational hypersubstitutions of type ((m), (n)) is denoted by

p-Relhyp™™((m), (n)).

Definition 3.2. A linear relational hypersubstitution of type ((m), (n)) is called a linear relational pre-
hypersubstitution of type ((m), (n)) if it maps operation symbol f to a non-variable which preserve arity.
The set of all linear relational pre-hypersubstitutions of type ((m), (n)) is denoted by pre-Relhyp"™((m), (n)).

Lemma 3.1 ([I5]). The extension of any linear hypersubstitution maps a linear terms to linear terms.

Lemma 3.2 ([I4]). The extension of any linear hypersubstitution of type (7,7') maps a linear formula
of the form y(s1,...,8n,) to a linear formula of the form ~(t1,... ty;).

By Lemma [3.1] and we have the followings proposition.

Proposition 3.3. The algebras

p-Relhyp"™((m), (n)) := (p-Relhyp""((m), (n)); on)

and the algebra _ '
pre-Relhyp"((m), (n)) := (pre-Relhyp""((m), (n)); o, 0:4)

is a subsemigroup and a submonoid of the monoid Relhypli"((m), (n)), respectively.

In this paper, we will determine the order of elements in the monoid of linear relational hypersubsti-
tutions of a particular type ((m), (n)). Let S be a semigroup and a € S. The order of a is defined as the
cardinality of (a) the subsemigroup generated by a.

4 The Order of Linear Projection Relational Hypersubstitu-
tions

In this section, we will focus on the order of elements in p-Relhyp"™((m), (n)) the semigroup of
linear projection relational hypersubstitutions of type ((m), (n)) by separating our consideration into two
cases; (i) m=1and n > 1, and (ii) m > 2 and n > 1.

4.1 Case (i): m=1and n>1

We denote an m-ary term f(- - - f(z1)) of type (1) with k occurrence of the operation symbol f by £ (7).
Note that f©(z;) = z;. Let £ := (N)* ~ {(0,...,0)} and K’ := (N)". For every (ki,...,k,) € K', we
let

p‘Relhyphn’(kl’m’kn)((1)1 (n)) = {le,’y(f(kl)(xa(l)),-~.,f(’“")(xa<n))) roe S"}’

where S, is a symmetric group on n. Then we can see that

p-Relhyp™((1), (n)) := | J  p-Relhyp"™*15)((1), (n)).
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Proposition 4.1. Let (k1,...,k,) € K'. The structure
p-Relhyp"™ 1) ((1), (n)) := (p-Relhyp™™*1*)((1), (n)); 01)
is a subsemigroup of p-Relhyp'™((1), (n)).
)

Proof. Clearly, p-Relhyp"™*1-*)((1), (n)) C p-Relhyp"™((1), (n)). Let 01,0 € p-Hyp(i, _ 1.1((1), (n)).
Then

T1 = Oy y(FFD (@a()) e fED @aqy))  AD 02 = Op (500 (2p01)),.0es f ) (23(n))
for some «, 8 € S),. It is clear that (0'$17,Y(f(k1)(wa(l))7.”)f(kn)(wa(n))) op O—$17,}/(f(k1)($B<1))7.”)f(kn)(wﬁ(n))))(f) =
x1. Now, we consider
(Uﬂvh’v(f("l)(ﬂva(1>)7-~7f<"'")(l‘a(m)) ©h 0—3«'17’Y(f(k1)(3’513(1))7---1f(k")(xﬁ(n))))(’y)
= Jiclw(f(kl)(Icu(l))7---,f(k">(ﬂca(n)))[Uﬂhﬁ(f(’“l)(ﬂfﬁ(l))7~~-»f(’“")(ﬂﬂ(n)))(7)]
]

= 8$1»7(f(k1)(ma(l))"--af(k")(:Ea(n))) [’y(f(kl)(xﬁ(l))7 Tt f(kn)(xﬁ(n)))

= Ry ((f*) (@aq@))s -+ fE (@a(m))s 2801, - Ta(m)
= YRy (F*) (@a(), 250y, -2 p))s - o B (F5 (@a(my), 2501), -+ Tp())
= (" @pa))s - FE (@ ga(m))-
Since «, 8 € S, Ba € S,. This implies that o7 o, 09 € p—Relhyp““’(kl"“’k")((1), (n)). O
Proposition 4.2. Let (ki,...,k,) € K. Then we have
p-Relhyp'™ (1), (n)) 1= (p-Relhyp"™ (1), (m)):n)

and
p-Relhyp"™ ¥ (1) (n)) := (p-Relhyp"™*F) (1), (n)); 04)

are tsomorphic.
Proof. 1t is clear that the mapping
¢+ p-Relhyp™ (0 ((1), (n)) — p-Relhyp"™ ") ((1), (n))

defined by ga(axl,7(za<1)7___,xa(n))) = Oy AV (FFD (a1 fE) (2 (my)) for all a € S, is an isomorphism. O

Theorem 4.3. The symmetric group (Sp;o) and p-Relhyplm’(O"“’O)((1), (n)) are anti-isomorphic.
Proof. We define the mapping
p: p-Relhyp"™ 0 ((1), (n)) = S,

by ‘P(U:rlﬁ(xam,m,ma(n))) = «. It is not difficult to see that ¢ is bijective. Next, we show that ¢ is an

. . lin
anti-homomorphism. Let Oy A (@a(tysnsTam) 011 @ ot (1) seersTar () € p-Relhyp (0, ’O)((l), (n)). Then

<P(O-$17’Y(Ia(1)>m7wa(n)) Sh awlﬁ(wa/(l),~~~7€Ea/(n)))
= 50(0901,'y(z(a/a)(l),...,x(a/a)(n)))
=doa
= 50(01'1#(1'&/(1)auwﬂéa/(n))) ©h QD(Jl‘l,"/(7«'&(1)7---@&(71)))'

Therefore, we obtain as desire. O
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Corollary 4.4. Let Oy (T a(1)rrTa(my) € p-Hyp”"’(O*“"O)((l), (n)). Then the order of Oy 4 (T (1) Tar(n)
is equal to the order of a in the symmetric group on n.

By Proposition and Corollary we conclude the following result.
Theorem 4.1. The order of a linear projection relational hypersubstitution of type ((1), (n)) is equal to
the order of a permutation on n.
4.2 Case (ii): m>2and n > 1
For any i € {1,...,n}, we let B; := {Jziﬂ(%(l)7,__7,",3(!@)) :a € Sy }. Then we can see that

n

p-Relhyp™ ((m), (n)) := | B:.

i=1
It is clear that B; is closed under oy. Therefore, we obtain the following proposition.
Proposition 4.5. The algebra B; := (B;;0,) is a subsemigroup of p-Relhyplm((m)7 (n)).
Theorem 4.6. Leti € {1,...,n}. The symmetric group (Sp;o) and B; are anti-isomorphic.
Proof. By the same arguments of Theorem [£.3] we can show that the mapping
p: B = S,

defined by ¢ (04, (2 = « is an anti-isomorphism. O

a(1)7"'7'7:u(7L)))

By the above theorem, we have the following result.

Theorem 4.2. The order of a linear projection relational hypersubstitution of type ((m), (n)) is equal to
the order of a permutation on n.

5 The Order of Linear Relational Pre-Hypersubstitutions

Now, we will consider the order of linear relational pre-hypersubstitutions of type ((m), (n)). We will
separate our consideration into two cases; m =1 andn > 1, and m > 2 and n > 1.

5.1 Case (i): m=1and n>1

We define the sets
B, = {Uf(m),’v(f(%(l))7-~~7f(37a(n))) ra € Sy}

and
By = {Uf(l)(m)ﬂ(f““l)(Ia(l)),--<7f(’“")(:va(n))) 1>, (kl, .. ,kn) ek, ace Sn}

Then it is clear that pre-Relhyp™((1), (n)) = By U By. We can see that Bj is closed under oy,. Hence,
we have the following proposition.

Proposition 5.1. The structure
B, := (B1;0n,0:4)

is a submonoid of pre-Relhyp"™((1), (n)).

By the similar argument of Theorem we obtain the following results.
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Proposition 5.2. The monoid By and the symmetric group (Sy;o) are anti-isomorphic.
Corollary 5.3. The order of any element in By is equal to the order of a permutation on n.

Next, we will first show that By := (By;op, 014) is a submonoid of pre-Relhyp'™((1), (n)).

Lemma 5.4. Let 0 € By. Then for each 1 <i < n, we have that G[f*) (x;)] = f*)(2;) for all k > 1.

Proof. This is obvious by induction on k.

Lemma 5.5. Let k,l > 1 and O£ (21),7(51,0,80 )2 TFD (21),7(f1,. ) € By. Then

(109 @) 4 (510 ms50) Oh T (1) ry(tr ) (F) = LD (1)

Proof. We will give a proof by induction on [. If [ = 2, then

(T £ (21)y(515.0s5m) Oh TFD (21) 9 (t1,0nst)) ()
=0 109 (21) 7 (51,000s50) [T F D (@1) 9 (1 sovostn) ()]
=G 109 (a1) (51, Lf P (1))
= Ri(0509 (21) i (51,8m) ()5 a'\f(’f)(a:l),'y(sl,...,sn)[f(lil)(xl)])
= Ri(fM(z 1)731(%‘(@ @) (510msn) (F)s T 10 (1) (51,08 [T1]))
= Ri(f® (21), Ri(f®) (21),21))
= Ri(f®) (21), P (21))
= fOR) (1) = fV (ay).

Now, we assume that

(O£ (1) (o1, 50) Oh T £ () y(tr i) (F) = FECTD (@),
Then

(T 10 (@1) (5152 r5m) OB TFD (1) iy (1 nnstn)) ()
= 050 (@1) 7 (51,000050) [T F DO (@1) 1t o) ()]
=51 (1) (51, LD (21)]
= R0 () (s1.sn) (F)r T 10 (o) ooy [P (@1)])
= Ri(f® (21), FFD (1))
= f*(zy).

Thus, we obtain as desire.

Lemma 5.6. Let (ki,...,k,),(l1,...,1n) €K, k1 >1 and

T (1) 7 (FED (@ (1)) f E1 (@) T FDO (@) v (FED (@ (1) )seeen ) (@ (my)) € By

Then

(Uf“‘)(11)ﬁ(f(kl)(Ia(l)),--~7f("")(ra(n))) Ch Uf“)(rl)fy(f(ll)(%(1))7~~-»f(l")(Ifx(n))))(’y)
= y(fFrtle)(@g,q)), ..., fEFlom) (@g0))).

89
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Proof. By Lemma we have that

(509 (1) VS FD @a 1)) EP @amy)) OB TFD (@) V(S (@2 ) O (30 ))) (V)
= 040 @) AU D @) B0 @D 1O @) /(0D @007, £ 8 @00y ) (V)]
= 6f(k)(a:1)7'y(f(’“1)(wa(1)),.‘.7f(kn)(;pa(n)))[’Y(f(ll)(xﬁ(l)% ce f(l")(l’/i(n)))]
= Ry (v(f* ) (@aq)s - F5 (@aim))s
T 19 (1) (£ (1) oo f) (L (@800
T f0 (@) A ED) (1)), f<k">(xa<n> W @an))
= Ro (Y (" @aqy)s- o S @am)s F 1 (@p00))s oo £ (@)
= (fEHe) (@ga)), oo fEF) (@50(0))).- 0
By Lemmas [5.5] and [5.6] we conclude that:
Proposition 5.1. The structure By := (By;on,04q) is a submonoid of pre-Relhyp"™((1), (n)).
Corollary 5.2. Let o € By. Then the order of « is infinite.
Therefore, we obtain the following theorem.

Theorem 5.3. The order of a linear relational pre-hypersubstitution of type ((1),(n)) is either equal to
the order of a permutation on n, or infinite.

5.2 Case (ii): m>2and n>1
We observe that

pre—Relhyphn((m), (n)) == {O-f(fa(l)7"-7-’Ea('m))77(ma,(1)7"'7ma,(n)) ta € Sp,al € S}

Proposition 5.7. The algebra

pre-Relhyp"((m), (n)) := (pre-Relhyp""((m), (n)); on, 0ia)

anti-isomorphics to the direct product Sy, X Sy, where Sy, and S, is a symmetric group on m and n,
respectively.

Proof. Let ¢ : pre-Relhyp"™((m), (n)) = Sy, x S, be a mapping defined by

SO(O-f($a(l)7-“7wa(‘m))77(wa/(l)a“'7$a/(n))) = (a’ O/)'

It is not difficult to see that ¢ is a bijection. To show that ¢ is an anti-isomorphism. Let 1,02 €
pre-Relhyp"™((m), (n)). Then
01 = O—f(;ca(l),...,xa(m)),'y(a:a/(l),...,xa/(n)) and 02 = O-f(xg(l),...,Qflg(m)),’y(xﬁ/(l),..A,xﬁ/“l))

for some o € S, and o/ € S,,. Thus,

@(Uf(xa(l),...,;ca(m)),7(%/(1),...,%/(”)) Oh Uf(xﬁ(l),...,x,B(,,L)),»y(xﬁ,(l),...,a:ﬁ,w))
PO f(@pa (1) @aim) V@ at (et ar(n)
= (Ba, B'a’)
=(B,8") o (e, )
= @(Jf(wﬂ(l)v~~-v‘”ﬁ(m))v"f(7”ﬁ’(1)7""9”13’("))) © QP(Uf(wa(l)7---’$a<m>)77(%%1)7---’%/(11)))'

Thus, we obtain as desire. O
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Therefore, we obtain the following theorem.

Theorem 5.4. The order of a linear relational pre-hypersubstitution of type ((m), (n)) is the order of an
element of direct product of symmetric group on m and n.
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