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1 Introduction and Preliminaries

As we know, iteration methods are numerical procedures which compute a
sequence of gradually accurate iterates to approximate the solution of a class of
problems. Such methods are useful tools of applied mathematics for solving real
life problems ranging from economics and finance or biology to transportation,
network analysis or optimization. When we design iteration methods, we have
to study their qualitative properties such as: convergence, stability, error propa-
gation, stopping criteria. This is an active area of research, several well known
scientists in the world paid and still pay attention to the qualitative study of
iteration methods; please, see [1-4].

Fixed-point iteration process for nonexpansive self-mappings including Mann
and Ishikawa iteration processes have been studied extensively by various authors
(see [6-7]). We know that Mann and Ishikawa iteration processes are defined as:

Tpp1 = (1 —an)tn + @yTx,, n>1, (1.1)

and
Yn = (1 - Bn)xn + BnT 'y,
Tnpr = (1 —op)xn + 0 Tyn, n>1, (1.2)

respectively. Obviously the iterative schemes and deals with one self-
mapping only. In 1986, Das and Debata [6] introduced and studied the case of
two mapping in iteration processes. This success can be rich source of inspriation
for many authors, see for example, Takahashi and Tamura [8] and Khan and
Takahashi [9]. For approximating the common fixed points, the two mappings
case has its own importance as it has a direct link with the minimization problem,
see for example Takahashi [10].

Being an important generalization of the class of nonexpansive self-mappings,
in 1972, Goebel and Kirk [11] introduced the class of asymptotically nonexpansive
self-mappings, who proved that if C is a nonempty closed convex subset of a real
uniformly convex Banach space and T is an asymptotically nonexpansive self-
mapping on C, then T has a fixed point.

In 1991, Schu [12] introduced the following modified Mann iteration process:

Ty = (1 — ap)xpn + @y T"x,, n>1, (1.3)

to approximate fixed points of asymptotically nonexpansive self-mappings in Hilbert
space. Since then, Schu’s iteration process has been widely used to approximate
fixed points of asymptotically nonexpansive self-mappings in Hilbert space or Ba-
nach spaces (see [12415]).

Let C be a nonempty closed convex subset of real normed linear space X. A
self-mapping T': C' — C is said to be nonexpansive if ||T(z) — T'(y)| < ||z — v
for all z,y € C. A self-mapping T : C — C is called asymptotically nonexpansive
if there exists a sequence {k,} C [1,00), k, — 1 as n — oo such that

[Tz — T"y|| < knllz —yl| (1.4)
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for all z,y € C and n > 1. A mapping T : C — C is said to be uniformly
L-Lipschitzian if there exists a constant L > 0 such that

[Tz = T"y|| < Lz -yl (1.5)

for all z,y € C and n > 1.
It is easy to see that if T'is an asymptotically nonexpansive, then it is uniformly
L—Lipschitzian with the uniform Lipschitz constant L = sup{k, : n > 1}.

Definition 1.1 (see [16]). A self-mapping T : C' — C'is called generalized asymp-
totically nonexpansive if there exists nonnegative real sequences {k,} and {d,}
with k, > 1, k, — 1 and §,, — 0 as n — oo such that

1Tz = T"y|| < knllz = yll + 0n (1.6)

forall z,y € Cand n > 1. T : C — C is said to be generalized asymptotically
quasi-nonexpansive if there exists nonnegative real sequences {k,} and {J,} with
kn, > 1, k, — 1 and §,, — 0 as n — oo such that

IT"% = T"p|| < knllz — pll + 6n (L.7)
for all z € C, p € F(T) (F(T) denote the set of fixed points of T') and n > 1.

It is clear from the definition that a generalized asymptotically quasi-nonexpan-
sive mapping is to unify various definitions of classes of mappings associated with
the class of generalized asymptotically nonexpansive mapping, asymptotically non-
expansive type, asymptotically nonexpansive mappings, and nonexpansive map-
pings. However, the converse of each of above statement may be not true. The
example shows that a generalized asymptotically quasi-nonexpansive mapping is
not an asymptotically quasi-nonexpansive mapping; see [16].

Iterative techniques for approximating fixed points of nonexpansive mappings
and their generalizations, for example, asymptotically nonexpansive mappings,
etc., have been studied by a number of authors (see, e.g., [13-17]) and references
cited therein.

In most of these papers, the well known Mann iteration process (see [17])
has been studied and the operator 7" has been assumed to map C' into itself. The
convexity of C' then ensures that the sequence {x,} generated by is well
defined. If, however, C is a proper subset of the real Banach space X and T maps
C into X (as is the case in many applications), then the sequence given by
may not be well defined. One method that has been used to overcome this in the
case of single operator T is to introduce a retraction P : X — C in the recursion
formula as follows: 1 € C,

Tpt1 = (1 —ap)zy + anPTx,, n>1. (1.8)

For nonself nonexpansive mappings, some authors (see [18-22]) have studied
the strong and weak convergence theorems in Hilbert space or uniformly convex
Banach space.
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The concept of nonself asymptotically nonexpansive mappings was introduced
by Chidume, Ofoedu and Zegeye [2] in 2003 as the generalization of asymptotically
nonexpansive self-mappings. The nonself asymptotically nonexpansive mapping is
defined as follows:

Definition 1.2 (see [2]). Let C' be a nonempty subset of a real normed linear
space X. Let P : X — C be a nonexpansive retraction of X onto C. A nonself-
mapping T : C' — X is called asymptotically nonexpansive if there exists a sequence
{kn} C[1,00), ks, = 1 as n — oo such that

IT(PT)" e — T(PT)"y|| < knllz — y] (1.9)

for all x,y € C and n > 1. T is said to be uniformly L-Lipschitzian if there exists
a constant L > 0 such that

|T(PT)" e — T(PT)" 'y < Ljjz -yl (1.10)
for all x,y € C and n > 1.

In [2], they studied the following iterative sequence: x; € C,
Tpi1 = P((1 — o)z + o, T(PT)" 2,) (1.11)

to approximate some fixed point of T under suitable conditions.
If T is a self-mapping, then P becomes the identity mapping so that (1.9)) and

(1.10) reduce to (1.4) and (1.5)), respectively. (1.11]) reduces to (1.3)).
In 2006, Wang [21] generalizes the iteration process (1.11)) as follows: x; € C,

Yn = P((]- - ﬁn)xn + ﬂnTQ(PT2)n_1xn)a
Tpy1 = P((1 — ap)xn + o, TL(PTY)" Yyn), n>1, (1.12)

where T7,T> : C — X are nonself asymptotically nonexpansive mappings and
{an}, {Bn} are real sequences in [0,1). He proved strong convergence of the se-
quence {z,} defined by to a common fixed point of 77 and T under proper
conditions. Meanwhile, the results of [21] generalized the results of [2].

The nonself generalized asymptotically nonexpansive and nonself generalized
asymptotically quasi-nonexpansive mappings are defined as follows:

Definition 1.3 (see [22]). Let C' be a nonempty subset of a real normed linear
space X. Let P : X — C be a nonexpansive retraction of X onto C. A nonself-
mapping T : C — X is called generalized asymptotically nonerpansive if there
exists nonnegative real sequences {k,} and {0,,} with k,, > 1, k, — 1 and 6, = 0
as n — oo such that

IT(PT)"~ e = T(PT)" Yyl < knllz =yl + dn (1.13)

forall z,y € C and n > 1. T : C — X is said to be generalized asymptotically
quasi-nonexpansive if there exists nonnegative real sequences {k,} and {0, } with
kn, > 1, k, — 1 and J,, = 0 as n — oo such that
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IT(PTY™ Yo = T(PTY" 9]l < kullz — pll + 8 (1.14)
forallz € C,pe F(T) and n > 1.

If T is a self-mapping, then P becomes the identity mappings so that
and reduces to and (1.7), respectively.

In 2008, Deng and Liu [22] studied the following iterative sequence which
can be viewed as an extension for iterative schemes of Wang [21]: z; € C (i =
0,1,2,...,q and ¢ € N is a fixed number),

yn = P(@,x, + BnTg(PTQ)"*lxn +7,0n), n=0,1,2/...
Tn1 = P(anxn + ﬁnTl (PTl)n_lyn—q + 'Ynun)a n=q,q+1,q+2,...,
(1.15)

where T7,T5 : C' — X are nonself generalized asymptotically quasi-nonexpansive
mappings, {u,}, {v,} are bounded sequences in C' and {a,}, {60}, {1}, {@n},
{B,,} and {7,,} are real sequences in [0, 1] satisfying a,, + B, +vn = @n+8,+7, = 1
for all n > 0. They gave the following strong convergence theorem.

Theorem 1.4 (see [22]). Let X be a real uniformly conver Banach space, C' a
nonempty closed convex subset of X, Ty, Ty : C — X two uniformly L-Lipschitzian,
nonself generalized asymptotically quasi-nonexpansive mappings with nonnegative
real sequences {k,(f)}, {&(f)} C [1,00) (i = 1,2), respectively such that Zzozl(k,(f) -
1) < oo, Y00, 5 < 00. Suppose F = F(TY) N F(Ty) # 0. For any z; € C (i =
0,1,2,...,q9 and q € N is a fized number), let {x,} be the sequence defined by
(1.15) satisfying 0 < liminf,,_, oy, < limsup,,_, an <1, 0 < liminf, @, <
limsup,, .o @ <1, > 0% v <o and Y o7, < oo. If T1, Ty satisfies condition
A’ with respect to the sequence {x,}, then {x,} converges strongly to a common
fixed point of Ty, T5.

Recently, a new iterative scheme which is called the projection type Ishikawa
iteration for two nonself asymptotically nonexpansive mappings was defined and
constructed by Thianwan [23]. It is given as follows:

n=P((1—Bn)rn + BnTQ(PTQ)"_lxn)’
Tnt1 = P((1 = an)yn + an T (PT)" 'yn), n>1, (1.16)

where {a,,} and {8,} are appropriate real sequences in [0,1). He studied the
scheme for two nonself asymptotically nonexpansive mappings and proved strong
convergence of the sequences {z,} and {y,} to a common fixed point of T}, T5
under suitable conditions in a uniformly convex Banach space.

Note that Thianwan process and Wang process are independent:
neither reduces to the other.

If Ty =15 and ,, = 0 for all n > 1, then reduces to . It also can
be reduces to Schu process ([1.3).
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We note that, in applications, there are perturbations always occurring in
the iterative processes because the manipulations are inaccurate. It is no doubt
that researching the convergent problems of iterative methods with perturbation
members is a significant job. This leads us, in this paper, to introduce and study a
new class of two-step iterative scheme with perturbations for solving the fixed point
problem for nonself generalized asymptotically quasi-nonexpansive mappings. This
iterative scheme can be viewed as an extension for Ishikawa type iterative schemes
of Thianwan [23|. The scheme is defined as follows.

Let X be a normed space, C' a nonempty convex subset of X, P : X — C
a nonexpansive retraction of X onto C and 77,7, : C' — X are given mappings.
Then for an arbitrary x; € C, the following iteration scheme is studied:

Yn = P((l - Bn - ’Yn)xn + BnTQ(PTQ)n_lxn + ’Yn'Un)7
Int+1 = P((l - Qp — )\n)yn + anTl(PTl)n_lyn + )\nun)a n 2 ]-7 (117)

where {a,}, {Bn}, {7} and {A,} are appropriate real sequences in [0,1) and
{un},{v,} are bounded sequences in C. We then prove its strong convergence
under some suitable conditions in Banach spaces.

Note that Deng and Liu process and our process are independent:
neither reduces to the other.

If v, = A\, =0 for all n > 1, then reduces to (1.16)).

Now, we recall some well known concepts and results.

Let X be a Banach space with dimension X > 2. The modulus of X is the
function dx : (0,2] — [0,1] defined by

, 1
ox(€) = mf{l — |5 (@ +y)ll + 2] = L llyll = L e = llz —yll}.

Banach space X is uniformly convex if and only if dx(€) > 0 for all € € (0, 2].

A subset C of X is said to be a retract if there exists a continuous mapping
P : X — C such that Px = «x for all z € C. Every closed convex subset of a
uniformly convex Banach space is a retract. A mapping P : X — X is said to be
a retraction if P? = P. It follows that if a mapping P is a retraction, then Pz = z
for every z € R(P), the range of P.

A set C' is optimal if each point outside C' can be moved to be closer to all
points of C. It is well known (see [7]) that

(1) If X is a separable, strictly convex, smooth, reflexive Banach space, and if
C cX is an optimal set with interior, then C' is a nonexpansive retract of X.

(2) A subset of I?, with 1 < p < 00, is a nonexpansive retract if and only if it
is optimal.

Note that every nonexpansive retract is optimal. In strictly convex Banach
spaces, optimal sets are closed and convex. Moreover, every closed convex subset
of a Hilbert space is optimal and also a nonexpansive retract.

Recall that two mappings S, T : C — X, where C is a subset of a normed
space X, are said to satisfy condition A" (see [24]) if there exists a nondecreasing
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function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0 for all » € (0,00) such that
either
o — Sall > f(d(z, F) or |- Tl > f(d(z, F))

for all z € C, where d(z, F) = inf{|jx —¢|| : ¢ € F = F(S)N F(T)}.

Note that condition A" reduces to condition (A) (see [15]) when S = T. Maiti
and Ghosh [25] and Tan and Xu [15] have approximated fixed points of a nonex-
pansive mapping T' by Ishikawa iterates under the condition (A).

In the sequel, the following lemmas are needed to prove our main results.

Lemma 1.5 (see [15]). Let {an}, {bn} and {6,} be sequences of non-negative real
numbers satisfying the inequality

i1 < (1+68,)an + by, n>1.

If 55 by < 0o and Y07 | 6, < 00, then

(i) limy, o0 ay, exists;

(i) In particular, if {an} has a sequence {an,} converging to 0, then
lim,, o0 an, = 0.

Lemma 1.6 (see [12]). Let X be a real uniformly convex Banach space and 0 <
p < t, < q <1 for all positive integer n > 1. Also suppose that {x,} and {y,}
are two sequences of X such that limsup,,_, . ||z.|| < r, limsup,,_, . [|yn|| <7 and
limy, o0 |[tn@n + (1 — tn)ynl| = 7 hold for some r > 0, then lim, o0 ||Zn — ynl| = 0.

2 Main Results

In order to prove our main results, the following lemmas are needed.

Lemma 2.1. Let X be a real Banach space and C a nonempty closed conver
nonezxpansive retract of X with P as a nonexpansive retraction. Let Ty, 15 : C' — X
be two nonself generalized asymptotically quasi-nonexpansive mappings of C with
sequences {kgf)}, {57(5)} C [1,00) (i = 1,2), respectively such that Z;’;l(kﬁf) -1) <
00, >y 5 < 00 and F = F(Ty) N F(Ty) # 0. Suppose that {an}, {Bn}, {n}
and {\,} are real sequences in [0,1) such that Y > vp, <00, Y o Ay < 00 and
{un},{vn} are bounded sequences in C. From an arbitrary x; € C, define the

sequence {x,} by (1.17). If g € F, then lim, o ||z, — q|| exists.
Proof. Let q € F, by boundedness of the sequences {u,} and {v,}, so we can put

M = max{sup [[un — ql|, sup [|vn —q|[}.
n>1 n>1

Setting kS = 14757, B = 1+ 7P Since 2%, (k) — 1) < 00 (i = 1,2), so
> i < oo, > ri? < . Using 1) we have
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lyn — all = [IP((1 = Bn — V) 2n + BuT2(PT2)" ' &n + mvn) — P(q)]|
< (X = B = ¥n)(@n — @) + Bu(To(PT2)" 'zn — q) + Yn(vn — )|
<(1- Bn — o)l @n = qll + Bl T2 (PT2)" 'z, — g +7n||vn ol
(1= Bo = y)llen — all + Ba(L + 1) |2n — gl + 6 + v M
(1- Bn Y)llzn = all + (B + Bar)an — qll + 67 + 7n M
|z — all + 7P |20 — gl + 62 + 7 M
1+ 7P |lzn — gl + 62 + 1M,

IAN A IA

and so

[Zns1 — gl = [P((1 = an — An)yn + anT1(PT)™ Yy + Apun) — P(q)||

< = an = X)W — @) + an(T1(PT)" ' yn — @) + An(un — 9|
< (1= an = Aa)llyn — all + anl| 7L (PT)" yn — all + Anllun — 4l
< (1= an—X)llyn — qll + an(t +70)lyn qll + 60 + A M
= (1= an = A)llyn — gl + (an + O‘nrg))nyn —q|| + 57(3) + A M
< llyn = all + P lyn — gll + 65 + X M

= (1+ )y — all + 6 + A M

< @+ +r)en — gl + 6 +7a M) + 60 + A M

1+ + )|z, — gl

+ (146D 4 1+ M)y, M+ 60D + A, M

(147D + 7D +rPr@)||z, — gl + 23,

where 5(1) =1+ 7’5}))5&2) + (14 r( ))'ynM + 6;1) + A\, M and we note here that
anle%) < oo since Y07 | v < 00, ZZO 1A <00, >0 ri < oo, > 16(1

oo and Y7 6(2 < o0o. Since Y07 (rn SO r,(})r,(f)) < oo we obtained by
Lemma [L.5] (i ) that limy, o ||z, — q|| exists. ThlS completes the proof. O

Lemma 2.2. Let X be a real uniformly conver Banach space and C a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T, Ty : C — X be two uniformly L— Lipschitzian, nonself generalized asymptot-
ically quasi-nonexpansive mappings of C' with sequences {k,(f)}, {57(:)} C [1,00)
(i = 1,2), respectively such that Zzo:l(kﬁf) —1) < o0, Y07, 5% < oo and
F = F(T1)NF(Ty) # 0. Suppose that {an}, {Bn} are real sequences in [e,1 — €
for some € € (0,1), {7}, {\} C [0,1) such that > 07 1 vn < 00, Yooy An < 00
and {un}, {v,} are bounded sequences in C. From an arbitrary x1 € C, define the
sequence {x,} by . Then lim, oo || — Thxn|| = limy, o0 |27, — Tozy]| = 0.
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Proof. Let q € F. Setting ky(ll) =1+ r%1)7 kr(f) =1+ 7“7(,2). By Lemma we see
that lim, e ||z, — ¢|| exists. It follows that {z,} and {y,} are bounded. Also,
{tn, — yn} and {v, — x,,} are bounded. Now we set

C = max{sup ||un — ynll, sup ||vn — z, ||}
n>1 n>1
Assume that lim, o |2, — ¢|| = ¢. In addition,

lyn = all < (1473l — all + 82 + 7 M, (2.1)

where the notation M is taken from Lemma 211
Taking the lim sup on both sides in the inequality (2.1)), we have

limsup [y, — ql| <e. (22)
n— oo
Note that ||yn — ¢+ An(tun — Yn)|l < |yn — ¢l| + A C gives that

lim sup Hyn —q+ )\n(un - yn)H <c (23)
n—oo

In addition, | T4 (PT0)™ 2 4n — ¢+ A (tn — yn) || < k5 lym — al| + 65 + A C, taking
the lim sup on both sides in this inequality, we have

limsup || T3 (PT)™ Yy — g+ A (un — yn)|| < e (2.4)

n—oo

In addition,

o1 = gll < 1= an = An)(yn = @) + an (TL(PT)" yn — ) + An(un — 9|
< () @ 4 D)z, — gl + 5, (25)

where the notation 5%1) is taken from Lemma
Since Zle(r$1)+r$f)+r$)r§)) <00, >0 eV < 0o and lim,,_, o, |zni1—qll = ¢,
letting n — oo in the inequality (2.5]), we have

lim [[(1 = an = An)(yn — @) + O‘n(Tl(PTl)n_lyn —q) + An(un —q)|| = ¢

n—oo

(2.6)
From

”(1 - an)(yn —q+ )\n(un - yn)) + an(Tl(PTl)nilyn —q+ /\n(un - yn))” =
||(1 — Qp — )\n)(yn - Q) + an(Tl(PTl)n_lyn - Q) + )‘n(un - C])”

and (2.6]), we have

nh_{I;o (1= an)(Yn — g+ An(un —yn)) + an(Tl(PTl)n_lyn = q+ An(tn —yn))|l
=c.

(2.7)
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By using (2.3)), (2.4)), (2.7) and Lemma we have
lim |7y (PTY)" 'y — yal| = 0. (2.8)

n— oo

In addition,
I T2(PT2)" ' — g + Y (va — zo)l| < |1 T2(PT2)" " 2n — gll +nllvn — @nl|
< kD |z —qll + 68 +mC,
and taking the lim sup on both sides in this inequality, we have

lim sup ||T2(PT2)"_1xn —q+Yn(vn —zp)|| < e (2.9)

n— oo
Using (1.17)), we have
lZnt1 —all < (1= an — Ap)llyn — gl + O‘n”Tl(PTl)n_lyn —qll + Anllun — 4|
= (1= an = A)llyn — gl + anl| T (PT)" Y — Y + yn — |
+ Anllun — yn +yn — 4|l
< (1= an = M)y — all + anl| T2 (PT)" yn — yal|
+ anlyn = all + Anllun = ynll + Anllyn — 4l
< lyn — all + T (PT)"™ "y — ynll + AnC- (2.10)

Taking the lim inf on both sides in the inequality (2.10), by (2.8), > 02, A, <
and lim, o0 ||Zn+1 — ¢|| = ¢, we have

liminf |y, —q| > ¢ (2.11)
n—oo

It follows from (2.2) and (2.11) that lim, o ||yn — ¢|| = ¢. This implies that
c= lm |y, —qf < lim [[(1 =5 =72)(@n —q)

+ ﬂn(T2(PT2)n_1mn - Q) + 'Vn(vn - Q)H
< lim |z, —q| = ¢,
n— o0

and so
T [|(1 = B — 70 (20 — @) + Bu(Ta(PT2)" " 20 — @) + Yu(vn — )| = . (2.12)
From

H(l - Bn)(xn —q+ 'Vn(Un - xn)) + ﬂn(TZ(PTQ)n_lxn —q+ 'Vn(vn - xn))”
=11 = B = W) (@n — @) + Bu(Ta(PT2)" 2y — ) + Yn(vn — 9|
and , we have

nhango H(1_6n)(xn_q4'7n(vn_xn)) =+ /Bn(T2(PT2)n71xn_Q+77L(vn_$n))|| =cC
(2.13)
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Note that ||z, — ¢+ Yn(vn — Zo)|| < ||2n — ¢l] + C gives that

lisnsup [[2n — ¢ + Y (vn — 20)]| < c. (2.14)
n—oo
Using (2.9)), (2.13)), (2.14) and Lemma we obtain
lim || To(PT2)" 'z, — z,| = 0. (2.15)
n—oo

From y, = P((1 = Bn — Yn)Tn + BuTo(PT2)" 12 + Ynvn), Doney ¥n < 00 and
, we have
[yn — znll = [[P((1 = Bn — Yn)Tn + BnTQ(PT2)n_1mn + Yntn) — Tnl|
< (=B = vn)(Tn — T0) + /Bn(TQ(PTQ)nilxn = Tn) + Y (vn — 20|
< ﬂnHTZ(PTz)n_lxn = Tpll + Y llvn — 24|
< HT2(PT2)n71xn = Zn || + 7 C
—0 (as n — ). (2.16)

Now, since T; (i = 1,2) are uniformly L-Lipschitzian for Lipschitz constant L =
maXlSigg{Li} > 0. We note that

T (PT2)"  an — @l = [T (PT)™ @0 — Y + Yo — |
< ||T1(PT1)n71$n = Ynll + [|yn — x|
= | Ty (PT)" 2y, — TH(PTY)™ Yy
+ Tl(PT1)n71yn = Yull + [|yn — zall
<N (PT)" 2y — Ti(PTY)™ g,
+ T (PT)"  yn = yall + llyn — 2l
< Lllzy = ynll + 1T0(PT)"™ g = yull + lyn — zall.

Thus, it follows from (2.8)) and (2.16]) that

lim |7y (PT))" ‘2, — 2, = 0. (2.17)
n—oo

By using (1.17)), we have

||xn+1 - an < (1_O‘n_)‘n)|‘yn - xn” + O4n||T1(PTl)n_lyn - xn” + )‘nHun_an
< (I—an=2n)llyn — @l + O‘n”Tl(PTl)nilyn —Yn + Yn — Tall
+ Anlltun = Yn + Yn — Ta|
< (L—an =)y — zall + anHTl(PTl)n_lyn — Ynl|
+ anllyn — znll + Anllun — ynll + Anllyn — 2n|l
< lyn = @all + ITL(PT)"™ Y — yull + AnC-
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It follows from (2.8)), (2.16) and >" >, A, < oo that

nl;rrgo |Xnt1 — znl = 0. (2.18)

Using (2.17)) and (2.18)), we have

[€n1 = T (PT)"  @nga|l = [#ng1 — 20 + 20 — TL(PT)" 2y
+ Ty (PT)™ Yo, — Ty (PTY) ™ L ||
<Nwngr = @al + 1T (PT)" g =Ta (PT1)" |
+ T (PT)" ey — |
< ||$n+1_$n||+L”xn+1_an+||T1(PTl)n_1xn_xn”7
—0 (as n — o0). (2.19)

In addition, for n > 2,

[2n 1 = T (PT)" *2nga || = [€n1 — 2n + 20 — To(PT1)" 2y,
+ Ty (PT))" 2z, — Th(PTY)" 21|
< #nt1 — zall + ||T1(PT1)H_2xn — Tl
+ | T (PT)" 221 — T (PTY)" 2|
< #nt1 = ol + T2 (PT)" 22 — 2|
+ Ll|#ns1 — @al|.

It follows from (2.18]) and (2.19) that
lim ||zpq1 — Th(PT))" 22041 = 0. (2.20)

n—oo

We denote as (PT1)'~! the identity maps from C onto itself. Thus by the inequal-

ity (2.19) and (2.20)), we have

[#n41—T1%n g1l = |20 — To(PT)™ ' @pgy + Ty (PT)" ' @ngs — Tina |
< Nlwnsr = Ti(PT)" 2 |+ | T (PT)™ 2y — Thwnyg |
< N#nr = TP || + LI(PT)" g1 — 2|
= [|#n1 =T1(PT0)" @ [+ LI (PT2)(PT1)" * 21 = P(ni) |
< |@ng1 — T (PT)" g | + LI Ty (PTY)™ *2pg1 — T |
—0 (as n — 0),
which implies that lim,, . ||z, — Th @y || = 0. Similary, we may show that
lim |z, — Taz,| = 0.
n—oo

The proof is completed. U
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We prove the strong convergence of the scheme |i under condition A” which
is weaker than the compactness of the domain of the mappings.

Theorem 2.3. Let X be a real uniformly convex Banach space and C a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T, Ty : C — X be two uniformly L— Lipschitzian, nonself generalized asymptot-
ically quasi-nonexpansive mappings of C satisfying condition A" with sequences
{kg)}, {653)} C [1,00) (¢ = 1,2), respectively such that Zzozl(ky(f) —1) < o0,
S 5) < 00 and F = F(Th)NF(Ty) # 0. Suppose that {a,}, {Bn} are real se-
quences in [e, 1—€| for some e € (0,1), {7}, {A\} C [0,1) such that > 7 | vn < o0,
Yoot i A < 00 and {uy},{v,} are bounded sequences in C. Then the sequences
{zn} and {y.} defined by the iterative scheme converge strongly to a com-
mon fized point of Ty and Ts.

Proof. By Lemma 2.2} we have lim, o [|2n, — T1%y || = limp o0 |20 — Toan || = 0.
It follows from condition A that

lim f(d(zn, F)) < lm ||z, — Tiz,| =0 or
n— oo

n—oo
. < 1 _ —
nh_}rr;o fld(zn, F)) < nh_)rr;onn Tox,| = 0.

In the both case, lim, o f(d(xn, F)) = 0. Since f : [0,00) — [0,00) is a nonde-
creasing function satisfying f(0) = 0, f(r) > 0 for all » € (0, 00), we obtain that
lim,, o0 d(xy, F') = 0. That is

nh_}rrgo yl*réfF len — y*|| = nh_)rr;O d(xn, F) = 0.
It implies that

e 5 Non =7l =0

So, for any given € > 0, there exists p € F' and N > 0 such that for all n > N
|z — pl| < 5. This shows that

[Zn+m = Zull < |Tntm — pll + |20 — pll

< c + - €
2 2
for all n > N and m > 1. Hence, {z,} is a Cauchy sequence and so is conver-
gent since X is complete. Let lim, o0 2 = w. From lim, o |2, — Thz,| =
limy,, o0 |2, — Toxy|| = 0 and the continuity of 77 and T5, we have ||Thu — ul| =

ITou — u|| = 0. Thus u € F. From ([2.16)), we have

lim Hyn - xn” =0,
n—oo

it follows that lim,,_, ||y — u|| = 0. This completes the proof. O

The following result follows from Theorem [2.3]
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Theorem 2.4. Let X be a real uniformly convex Banach space and C a nonempty
closed conver nonexpansive retract of X with P as a nonexpansive retraction.
Let T, Ty : C — X be two nonself asymptotically nonerpansive mappings of
C satisfying condition A" with sequences {kg)} C [1,00) (i = 1,2) such that
Z;’;’:l(k,ﬁ” —1) < o0 and F = F(Th) N F(T2) # 0. Suppose that {on}, {Bn}
are real sequences in [e,1 — €] for some ¢ € (0,1), {vn}, {A} C [0,1) such
that Y 0% 1y < 00, Dor 1 Ay < 00 and {un},{v,} are bounded sequences in C.
Then the sequences {x,} and {y,} defined by the iterative scheme converge
strongly to a common fized point of T1 and T5.

For 7, = A, = 0, the iterative scheme (1.17) reduces to that of (1.16| for
uniformly L-Lipschitzian, nonself generalized asymptotically quasi-nonexpansive
mappings and the following result is directly obtained by Theorem [2.3]

Theorem 2.5. Let X be a real uniformly convex Banach space and C a nonempty
closed convex monexpansive retract of X with P as a nonexpansive retraction. Let
T1,T5 : C — X be two uniformly L— Lipschitzian, nonself generalized asymptot-
ically quasi-nonexpansive mappings of C satisfying condition A" with sequences
{k,@h {(5,@} C [1,00) (i = 1,2), respectively such that Zio:l(ks) —1) < oo,
> 5 < 0o and F = F(Ty) N F(Ty) # 0. Suppose that {«,} and {B,} are
real sequences in [e,1 — €| for some € € (0,1). Then the sequences {x,} and {yn}

defined by the iterative scheme (1.16|) converge strongly to a common fized point
of Th and Ts.

The following result follows from Theorem [2.5

Theorem 2.6. Let X be a real uniformly convex Banach space and C' a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction.
Let T, Ty : C — X be two nonself asymptotically nonerpansive mappings of
C satisfying condition A" with sequences {ky(f)} C [1,00) (i = 1,2) such that
Zle(ks) —1) < o0 and F = F(Ty) N F(T) # 0. Suppose that {c,} and {8}
are real sequences in [e,1 — €] for some € € (0,1). Then the sequences {z,} and
{yn} defined by the iterative scheme converge strongly to a common fized
point of Ty and Ts.

In the remainder of this section, we deal with the strong convergence of the
new iterative scheme (1.17)) to a common fixed point of nonself generalized asymp-
totically quasi-nonexpansive mappings in a real Banach space.

Theorem 2.7. Let X be a real Banach space and C' a nonempty closed convex
nonexpansive retract of X with P as a nonexpansive retraction. Let Ty, Ts : C' — X
be two nonself generalized asymptotically quasi-nonexpansive mappings of C with
sequences {ky(li)}, {553)} C [1,00) (i = 1,2), respectively such that Z;’L‘;l(kﬁf) -1) <
00, Y00, 5 < 00 and F = F(Ty)NF(Ty) # 0 is closed. Suppose that {cn}, {Bn}
are real sequences in [e,1 — €] for some € € (0,1), {v}, {A\n} C [0,1) such that
S Y <00, Dort An < 00 and {un}, {v,} are bounded sequences in C. Then
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the sequence {x,} defined by the iterative scheme (1.17) converges strongly to a
common fized point of Ty and Ty if and only if liminf,, . d(x,, F) = 0, where
d(xp, F) = infyep |z, —yl, n> 1.

Proof. The necessity of the conditions is obvious. Thus, we will only prove the
sufficiency. As in the proof of Lemma by the arbitrariness of ¢ € F, we have

lzn1 =gl < (L7 + 4+ riDrE) e — gl + el

and so
d(zny1, F) < (140 473 4 rWr@yge ) 4O

where () = (1+ TS))&(E) +(1+ rél))'ynM +68 4+ A, M. Since Zle(rg) +rP 4
r,(ll)r,(lz)) <ocoand ) o7, M < 00, we obtained by Lemmathat lim,, o0 d(zp, F)
exists. Then, by hypothesis liminf,,_,~ d(x,, F') = 0, we have lim,_, d(z,, F) =
0. From Theorem it obtain that {z,} defined by is a Cauchy sequence
in C. Let lim,, o @, = v. Now lim, o d(xn, F) = 0 gives that d(u, F) = 0. F is
closed; therefore u € F. This completes the proof of Theorem [2.7] O
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