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1 Introduction and Preliminaries

As we know, iteration methods are numerical procedures which compute a
sequence of gradually accurate iterates to approximate the solution of a class of
problems. Such methods are useful tools of applied mathematics for solving real
life problems ranging from economics and finance or biology to transportation,
network analysis or optimization. When we design iteration methods, we have
to study their qualitative properties such as: convergence, stability, error propa-
gation, stopping criteria. This is an active area of research, several well known
scientists in the world paid and still pay attention to the qualitative study of
iteration methods; please, see [1–4].

Fixed-point iteration process for nonexpansive self-mappings including Mann
and Ishikawa iteration processes have been studied extensively by various authors
(see [5–7]). We know that Mann and Ishikawa iteration processes are defined as:

xn+1 = (1− αn)xn + αnTxn, n ≥ 1, (1.1)

and
yn = (1− βn)xn + βnTxn,

xn+1 = (1− αn)xn + αnTyn, n ≥ 1, (1.2)

respectively. Obviously the iterative schemes (1.1) and (1.2) deals with one self-
mapping only. In 1986, Das and Debata [6] introduced and studied the case of
two mapping in iteration processes. This success can be rich source of inspriation
for many authors, see for example, Takahashi and Tamura [8] and Khan and
Takahashi [9]. For approximating the common fixed points, the two mappings
case has its own importance as it has a direct link with the minimization problem,
see for example Takahashi [10].

Being an important generalization of the class of nonexpansive self-mappings,
in 1972, Goebel and Kirk [11] introduced the class of asymptotically nonexpansive
self-mappings, who proved that if C is a nonempty closed convex subset of a real
uniformly convex Banach space and T is an asymptotically nonexpansive self-
mapping on C, then T has a fixed point.

In 1991, Schu [12] introduced the following modified Mann iteration process:

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1, (1.3)

to approximate fixed points of asymptotically nonexpansive self-mappings in Hilbert
space. Since then, Schu’s iteration process has been widely used to approximate
fixed points of asymptotically nonexpansive self-mappings in Hilbert space or Ba-
nach spaces (see [12–15]).

Let C be a nonempty closed convex subset of real normed linear space X. A
self-mapping T : C → C is said to be nonexpansive if ‖T (x) − T (y)‖ ≤ ‖x − y‖
for all x, y ∈ C. A self-mapping T : C → C is called asymptotically nonexpansive
if there exists a sequence {kn} ⊂ [1,∞), kn → 1 as n→∞ such that

‖Tnx− Tny‖ ≤ kn‖x− y‖ (1.4)
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for all x, y ∈ C and n ≥ 1. A mapping T : C → C is said to be uniformly
L-Lipschitzian if there exists a constant L > 0 such that

‖Tnx− Tny‖ ≤ L‖x− y‖ (1.5)

for all x, y ∈ C and n ≥ 1.
It is easy to see that if T is an asymptotically nonexpansive, then it is uniformly

L−Lipschitzian with the uniform Lipschitz constant L = sup{kn : n ≥ 1}.

Definition 1.1 (see [16]). A self-mapping T : C → C is called generalized asymp-
totically nonexpansive if there exists nonnegative real sequences {kn} and {δn}
with kn > 1, kn → 1 and δn → 0 as n→∞ such that

‖Tnx− Tny‖ ≤ kn‖x− y‖+ δn (1.6)

for all x, y ∈ C and n ≥ 1. T : C → C is said to be generalized asymptotically
quasi-nonexpansive if there exists nonnegative real sequences {kn} and {δn} with
kn > 1, kn → 1 and δn → 0 as n→∞ such that

‖Tnx− Tnp‖ ≤ kn‖x− p‖+ δn (1.7)

for all x ∈ C, p ∈ F (T ) (F (T ) denote the set of fixed points of T ) and n ≥ 1.

It is clear from the definition that a generalized asymptotically quasi-nonexpan-
sive mapping is to unify various definitions of classes of mappings associated with
the class of generalized asymptotically nonexpansive mapping, asymptotically non-
expansive type, asymptotically nonexpansive mappings, and nonexpansive map-
pings. However, the converse of each of above statement may be not true. The
example shows that a generalized asymptotically quasi-nonexpansive mapping is
not an asymptotically quasi-nonexpansive mapping; see [16].

Iterative techniques for approximating fixed points of nonexpansive mappings
and their generalizations, for example, asymptotically nonexpansive mappings,
etc., have been studied by a number of authors (see, e.g., [13–17]) and references
cited therein.

In most of these papers, the well known Mann iteration process (1.1) (see [17])
has been studied and the operator T has been assumed to map C into itself. The
convexity of C then ensures that the sequence {xn} generated by (1.1) is well
defined. If, however, C is a proper subset of the real Banach space X and T maps
C into X (as is the case in many applications), then the sequence given by (1.1)
may not be well defined. One method that has been used to overcome this in the
case of single operator T is to introduce a retraction P : X → C in the recursion
formula (1.1) as follows: x1 ∈ C,

xn+1 = (1− αn)xn + αnPTxn, n ≥ 1. (1.8)

For nonself nonexpansive mappings, some authors (see [18–22]) have studied
the strong and weak convergence theorems in Hilbert space or uniformly convex
Banach space.
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The concept of nonself asymptotically nonexpansive mappings was introduced
by Chidume, Ofoedu and Zegeye [2] in 2003 as the generalization of asymptotically
nonexpansive self-mappings. The nonself asymptotically nonexpansive mapping is
defined as follows:

Definition 1.2 (see [2]). Let C be a nonempty subset of a real normed linear
space X. Let P : X → C be a nonexpansive retraction of X onto C. A nonself-
mapping T : C → X is called asymptotically nonexpansive if there exists a sequence
{kn} ⊂ [1,∞), kn → 1 as n→∞ such that

‖T (PT )n−1x− T (PT )n−1y‖ ≤ kn‖x− y‖ (1.9)

for all x, y ∈ C and n ≥ 1. T is said to be uniformly L-Lipschitzian if there exists
a constant L > 0 such that

‖T (PT )n−1x− T (PT )n−1y‖ ≤ L‖x− y‖ (1.10)

for all x, y ∈ C and n ≥ 1.

In [2], they studied the following iterative sequence: x1 ∈ C,

xn+1 = P ((1− αn)xn + αnT (PT )n−1xn) (1.11)

to approximate some fixed point of T under suitable conditions.
If T is a self-mapping, then P becomes the identity mapping so that (1.9) and

(1.10) reduce to (1.4) and (1.5), respectively. (1.11) reduces to (1.3).
In 2006, Wang [21] generalizes the iteration process (1.11) as follows: x1 ∈ C,

yn = P ((1− βn)xn + βnT2(PT2)n−1xn),

xn+1 = P ((1− αn)xn + αnT1(PT1)n−1yn), n ≥ 1, (1.12)

where T1, T2 : C → X are nonself asymptotically nonexpansive mappings and
{αn}, {βn} are real sequences in [0, 1). He proved strong convergence of the se-
quence {xn} defined by (1.12) to a common fixed point of T1 and T2 under proper
conditions. Meanwhile, the results of [21] generalized the results of [2].

The nonself generalized asymptotically nonexpansive and nonself generalized
asymptotically quasi-nonexpansive mappings are defined as follows:

Definition 1.3 (see [22]). Let C be a nonempty subset of a real normed linear
space X. Let P : X → C be a nonexpansive retraction of X onto C. A nonself-
mapping T : C → X is called generalized asymptotically nonexpansive if there
exists nonnegative real sequences {kn} and {δn} with kn > 1, kn → 1 and δn → 0
as n→∞ such that

‖T (PT )n−1x− T (PT )n−1y‖ ≤ kn‖x− y‖+ δn (1.13)

for all x, y ∈ C and n ≥ 1. T : C → X is said to be generalized asymptotically
quasi-nonexpansive if there exists nonnegative real sequences {kn} and {δn} with
kn > 1, kn → 1 and δn → 0 as n→∞ such that
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‖T (PT )n−1x− T (PT )n−1p‖ ≤ kn‖x− p‖+ δn (1.14)

for all x ∈ C, p ∈ F (T ) and n ≥ 1.

If T is a self-mapping, then P becomes the identity mappings so that (1.13)
and (1.14) reduces to (1.6) and (1.7), respectively.

In 2008, Deng and Liu [22] studied the following iterative sequence which
can be viewed as an extension for iterative schemes of Wang [21]: xi ∈ C (i =
0, 1, 2, . . . , q and q ∈ N is a fixed number),

yn = P (αnxn + βnT2(PT2)n−1xn + γnvn), n = 0, 1, 2, . . . ,

xn+1 = P (αnxn + βnT1(PT1)n−1yn−q + γnun), n = q, q + 1, q + 2, . . . ,

(1.15)

where T1, T2 : C → X are nonself generalized asymptotically quasi-nonexpansive
mappings, {un}, {vn} are bounded sequences in C and {αn}, {βn}, {γn}, {αn},
{βn} and {γn} are real sequences in [0, 1] satisfying αn+βn+γn = αn+βn+γn = 1
for all n ≥ 0. They gave the following strong convergence theorem.

Theorem 1.4 (see [22]). Let X be a real uniformly convex Banach space, C a
nonempty closed convex subset of X, T1, T2 : C → X two uniformly L-Lipschitzian,
nonself generalized asymptotically quasi-nonexpansive mappings with nonnegative

real sequences {k(i)n }, {δ(i)n } ⊂ [1,∞) (i = 1, 2), respectively such that
∑∞

n=1(k
(i)
n −

1) < ∞,
∑∞

n=1 δ
(i)
n < ∞. Suppose F = F (T1) ∩ F (T2) 6= ∅. For any xi ∈ C (i =

0, 1, 2, . . . , q and q ∈ N is a fixed number), let {xn} be the sequence defined by
(1.15) satisfying 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1, 0 < lim infn→∞ αn ≤
lim supn→∞ αn < 1,

∑∞
n=1 γn <∞ and

∑∞
n=1 γn <∞. If T1, T2 satisfies condition

A′ with respect to the sequence {xn}, then {xn} converges strongly to a common
fixed point of T1, T2.

Recently, a new iterative scheme which is called the projection type Ishikawa
iteration for two nonself asymptotically nonexpansive mappings was defined and
constructed by Thianwan [23]. It is given as follows:

yn = P ((1− βn)xn + βnT2(PT2)n−1xn),

xn+1 = P ((1− αn)yn + αnT1(PT1)n−1yn), n ≥ 1, (1.16)

where {αn} and {βn} are appropriate real sequences in [0, 1). He studied the
scheme for two nonself asymptotically nonexpansive mappings and proved strong
convergence of the sequences {xn} and {yn} to a common fixed point of T1, T2
under suitable conditions in a uniformly convex Banach space.

Note that Thianwan process (1.16) and Wang process (1.12) are independent:
neither reduces to the other.

If T1 = T2 and βn = 0 for all n ≥ 1, then (1.16) reduces to (1.11). It also can
be reduces to Schu process (1.3).
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We note that, in applications, there are perturbations always occurring in
the iterative processes because the manipulations are inaccurate. It is no doubt
that researching the convergent problems of iterative methods with perturbation
members is a significant job. This leads us, in this paper, to introduce and study a
new class of two-step iterative scheme with perturbations for solving the fixed point
problem for nonself generalized asymptotically quasi-nonexpansive mappings. This
iterative scheme can be viewed as an extension for Ishikawa type iterative schemes
of Thianwan [23]. The scheme is defined as follows.

Let X be a normed space, C a nonempty convex subset of X, P : X → C
a nonexpansive retraction of X onto C and T1, T2 : C → X are given mappings.
Then for an arbitrary x1 ∈ C, the following iteration scheme is studied:

yn = P ((1− βn − γn)xn + βnT2(PT2)n−1xn + γnvn),

xn+1 = P ((1− αn − λn)yn + αnT1(PT1)n−1yn + λnun), n ≥ 1, (1.17)

where {αn}, {βn}, {γn} and {λn} are appropriate real sequences in [0, 1) and
{un}, {vn} are bounded sequences in C. We then prove its strong convergence
under some suitable conditions in Banach spaces.

Note that Deng and Liu process (1.15) and our process (1.17) are independent:
neither reduces to the other.

If γn = λn = 0 for all n ≥ 1, then (1.17) reduces to (1.16).
Now, we recall some well known concepts and results.
Let X be a Banach space with dimension X ≥ 2. The modulus of X is the

function δX : (0, 2]→ [0, 1] defined by

δX(ε) = inf{1− ‖1

2
(x+ y)‖ : ‖x‖ = 1, ‖y‖ = 1, ε = ‖x− y‖}.

Banach space X is uniformly convex if and only if δX(ε) > 0 for all ε ∈ (0, 2].
A subset C of X is said to be a retract if there exists a continuous mapping

P : X → C such that Px = x for all x ∈ C. Every closed convex subset of a
uniformly convex Banach space is a retract. A mapping P : X → X is said to be
a retraction if P 2 = P. It follows that if a mapping P is a retraction, then Pz = z
for every z ∈ R(P ), the range of P.

A set C is optimal if each point outside C can be moved to be closer to all
points of C. It is well known (see [7]) that

(1) If X is a separable, strictly convex, smooth, reflexive Banach space, and if
C ⊂X is an optimal set with interior, then C is a nonexpansive retract of X.

(2) A subset of lp, with 1 < p <∞, is a nonexpansive retract if and only if it
is optimal.

Note that every nonexpansive retract is optimal. In strictly convex Banach
spaces, optimal sets are closed and convex. Moreover, every closed convex subset
of a Hilbert space is optimal and also a nonexpansive retract.

Recall that two mappings S, T : C → X, where C is a subset of a normed
space X, are said to satisfy condition A

′
(see [24]) if there exists a nondecreasing
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function f : [0,∞) → [0,∞) with f(0) = 0, f(r) > 0 for all r ∈ (0,∞) such that
either

‖x− Sx‖ ≥ f(d(x, F )) or ‖x− Tx‖ ≥ f(d(x, F ))

for all x ∈ C, where d(x, F ) = inf{‖x− q‖ : q ∈ F = F (S) ∩ F (T )}.
Note that condition A

′
reduces to condition (A) (see [15]) when S = T. Maiti

and Ghosh [25] and Tan and Xu [15] have approximated fixed points of a nonex-
pansive mapping T by Ishikawa iterates under the condition (A).

In the sequel, the following lemmas are needed to prove our main results.

Lemma 1.5 (see [15]). Let {an}, {bn} and {δn} be sequences of non-negative real
numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn, n ≥ 1.

If
∑∞

n=1 bn <∞ and
∑∞

n=1 δn <∞, then

(i) limn→∞ an exists;

(ii) In particular, if {an} has a sequence {ank
} converging to 0, then

limn→∞ an = 0.

Lemma 1.6 (see [12]). Let X be a real uniformly convex Banach space and 0 ≤
p ≤ tn ≤ q < 1 for all positive integer n ≥ 1. Also suppose that {xn} and {yn}
are two sequences of X such that lim supn→∞ ‖xn‖ ≤ r, lim supn→∞ ‖yn‖ ≤ r and
limn→∞ ‖tnxn + (1− tn)yn‖ = r hold for some r ≥ 0, then limn→∞ ‖xn− yn‖ = 0.

2 Main Results

In order to prove our main results, the following lemmas are needed.

Lemma 2.1. Let X be a real Banach space and C a nonempty closed convex
nonexpansive retract of X with P as a nonexpansive retraction. Let T1, T2 : C → X
be two nonself generalized asymptotically quasi-nonexpansive mappings of C with

sequences {k(i)n }, {δ(i)n } ⊂ [1,∞) (i = 1, 2), respectively such that
∑∞

n=1(k
(i)
n −1) <

∞,
∑∞

n=1 δ
(i)
n < ∞ and F = F (T1) ∩ F (T2) 6= ∅. Suppose that {αn}, {βn}, {γn}

and {λn} are real sequences in [0, 1) such that
∑∞

n=1 γn <∞,
∑∞

n=1 λn <∞ and
{un}, {vn} are bounded sequences in C. From an arbitrary x1 ∈ C, define the
sequence {xn} by (1.17). If q ∈ F, then limn→∞ ‖xn − q‖ exists.

Proof. Let q ∈ F , by boundedness of the sequences {un} and {vn}, so we can put

M = max{sup
n≥1
‖un − q‖, sup

n≥1
‖vn − q‖}.

Setting k
(1)
n = 1 + r

(1)
n , k

(2)
n = 1 + r

(2)
n . Since

∑∞
n=1(k

(i)
n − 1) < ∞ (i = 1, 2), so∑∞

n=1 r
(1)
n <∞,

∑∞
n=1 r

(2)
n <∞. Using (1.17), we have
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‖yn − q‖ = ‖P ((1− βn − γn)xn + βnT2(PT2)n−1xn + γnvn)− P (q)‖
≤ ‖(1− βn − γn)(xn − q) + βn(T2(PT2)n−1xn − q) + γn(vn − q)‖
≤ (1− βn − γn)‖xn − q‖+ βn‖T2(PT2)n−1xn − q‖+ γn‖vn − q‖
≤ (1− βn − γn)‖xn − q‖+ βn(1 + r(2)n )‖xn − q‖+ δ(2)n + γnM

= (1− βn − γn)‖xn − q‖+ (βn + βnr
(2)
n )‖xn − q‖+ δ(2)n + γnM

≤ ‖xn − q‖+ r(2)n ‖xn − q‖+ δ(2)n + γnM

= (1 + r(2)n )‖xn − q‖+ δ(2)n + γnM,

and so

‖xn+1 − q‖ = ‖P ((1− αn − λn)yn + αnT1(PT1)n−1yn + λnun)− P (q)‖
≤ ‖(1− αn − λn)(yn − q) + αn(T1(PT1)n−1yn − q) + λn(un − q)‖
≤ (1− αn − λn)‖yn − q‖+ αn‖T1(PT1)n−1yn − q‖+ λn‖un − q‖
≤ (1− αn − λn)‖yn − q‖+ αn(1 + r(1)n )‖yn − q‖+ δ(1)n + λnM

= (1− αn − λn)‖yn − q‖+ (αn + αnr
(1)
n )‖yn − q‖+ δ(1)n + λnM

≤ ‖yn − q‖+ r(1)n ‖yn − q‖+ δ(1)n + λnM

= (1 + r(1)n )‖yn − q‖+ δ(1)n + λnM

≤ (1 + r(1)n )((1 + r(2)n )‖xn − q‖+ δ(2)n + γnM) + δ(1)n + λnM

= (1 + r(1)n )(1 + r(2)n )‖xn − q‖
+ (1 + r(1)n )δ(2)n + (1 + r(1)n )γnM + δ(1)n + λnM

= (1 + r(1)n + r(2)n + r(1)n r(2)n )‖xn − q‖+ ε(1)n ,

where ε
(1)
n = (1 + r

(1)
n )δ

(2)
n + (1 + r

(1)
n )γnM + δ

(1)
n + λnM and we note here that∑∞

n=1 ε
(1)
n <∞ since

∑∞
n=1 γn <∞,

∑∞
n=1 λn <∞,

∑∞
n=1 r

(1)
n <∞,

∑∞
n=1 δ

(1)
n <

∞ and
∑∞

n=1 δ
(2)
n < ∞. Since

∑∞
n=1(r

(1)
n + r

(2)
n + r

(1)
n r

(2)
n ) < ∞ we obtained by

Lemma 1.5 (i) that limn→∞ ‖xn − q‖ exists. This completes the proof.

Lemma 2.2. Let X be a real uniformly convex Banach space and C a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T1, T2 : C → X be two uniformly L−Lipschitzian, nonself generalized asymptot-

ically quasi-nonexpansive mappings of C with sequences {k(i)n }, {δ(i)n } ⊂ [1,∞)

(i = 1, 2), respectively such that
∑∞

n=1(k
(i)
n − 1) < ∞,

∑∞
n=1 δ

(i)
n < ∞ and

F = F (T1) ∩ F (T2) 6= ∅. Suppose that {αn}, {βn} are real sequences in [ε, 1 − ε]
for some ε ∈ (0, 1), {γn}, {λn} ⊂ [0, 1) such that

∑∞
n=1 γn < ∞,

∑∞
n=1 λn < ∞

and {un}, {vn} are bounded sequences in C. From an arbitrary x1 ∈ C, define the
sequence {xn} by (1.17). Then limn→∞ ‖xn − T1xn‖ = limn→∞ ‖xn − T2xn‖ = 0.
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Proof. Let q ∈ F. Setting k
(1)
n = 1 + r

(1)
n , k

(2)
n = 1 + r

(2)
n . By Lemma 2.1, we see

that limn→∞ ‖xn − q‖ exists. It follows that {xn} and {yn} are bounded. Also,
{un − yn} and {vn − xn} are bounded. Now we set

C = max{sup
n≥1
‖un − yn‖, sup

n≥1
‖vn − xn‖}.

Assume that limn→∞ ‖xn − q‖ = c. In addition,

‖yn − q‖ ≤ (1 + r(2)n )‖xn − q‖+ δ(2)n + γnM, (2.1)

where the notation M is taken from Lemma 2.1.
Taking the lim sup on both sides in the inequality (2.1), we have

lim sup
n→∞

‖yn − q‖ ≤ c. (2.2)

Note that ‖yn − q + λn(un − yn)‖ ≤ ‖yn − q‖+ λnC gives that

lim sup
n→∞

‖yn − q + λn(un − yn)‖ ≤ c. (2.3)

In addition, ‖T1(PT1)n−1yn−q+λn(un−yn)‖ ≤ k(1)n ‖yn−q‖+δ
(1)
n +λnC, taking

the lim sup on both sides in this inequality, we have

lim sup
n→∞

‖T1(PT1)n−1yn − q + λn(un − yn)‖ ≤ c. (2.4)

In addition,

‖xn+1 − q‖ ≤ ‖(1− αn − λn)(yn − q) + αn(T1(PT1)n−1yn − q) + λn(un − q)‖
≤ (1 + r(1)n + r(2)n + r(1)n r(2)n )‖xn − q‖+ ε(1)n , (2.5)

where the notation ε
(1)
n is taken from Lemma 2.1.

Since
∑∞

n=1(r
(1)
n +r

(2)
n +r

(1)
n r

(2)
n ) <∞,

∑∞
n=1 ε

(1)
n <∞ and limn→∞ ‖xn+1−q‖ = c,

letting n→∞ in the inequality (2.5), we have

lim
n→∞

‖(1− αn − λn)(yn − q) + αn(T1(PT1)n−1yn − q) + λn(un − q)‖ = c.

(2.6)
From

‖(1− αn)(yn − q + λn(un − yn)) + αn(T1(PT1)n−1yn − q + λn(un − yn))‖ =

‖(1− αn − λn)(yn − q) + αn(T1(PT1)n−1yn − q) + λn(un − q)‖.

and (2.6), we have

lim
n→∞

‖(1− αn)(yn − q + λn(un − yn)) + αn(T1(PT1)n−1yn − q + λn(un − yn))‖
= c.

(2.7)
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By using (2.3), (2.4), (2.7) and Lemma 1.6, we have

lim
n→∞

‖T1(PT1)n−1yn − yn‖ = 0. (2.8)

In addition,

‖T2(PT2)n−1xn − q + γn(vn − xn)‖ ≤ ‖T2(PT2)n−1xn − q‖+ γn‖vn − xn‖
≤ k(2)n ‖xn − q‖+ δ(2)n + γnC,

and taking the lim sup on both sides in this inequality, we have

lim sup
n→∞

‖T2(PT2)n−1xn − q + γn(vn − xn)‖ ≤ c. (2.9)

Using (1.17), we have

‖xn+1 − q‖ ≤ (1− αn − λn)‖yn − q‖+ αn‖T1(PT1)n−1yn − q‖+ λn‖un − q‖
= (1− αn − λn)‖yn − q‖+ αn‖T1(PT1)n−1yn − yn + yn − q‖

+ λn‖un − yn + yn − q‖
≤ (1− αn − λn)‖yn − q‖+ αn‖T1(PT1)n−1yn − yn‖

+ αn‖yn − q‖+ λn‖un − yn‖+ λn‖yn − q‖
≤ ‖yn − q‖+ ‖T1(PT1)n−1yn − yn‖+ λnC. (2.10)

Taking the lim inf on both sides in the inequality (2.10), by (2.8),
∑∞

n=1 λn <∞
and limn→∞ ‖xn+1 − q‖ = c, we have

lim inf
n→∞

‖yn − q‖ ≥ c. (2.11)

It follows from (2.2) and (2.11) that limn→∞ ‖yn − q‖ = c. This implies that

c = lim
n→∞

‖yn − q‖ ≤ lim
n→∞

‖(1− βn − γn)(xn − q)

+ βn(T2(PT2)n−1xn − q) + γn(vn − q)‖
≤ lim

n→∞
‖xn − q‖ = c,

and so

lim
n→∞

‖(1− βn − γn)(xn − q) + βn(T2(PT2)n−1xn − q) + γn(vn − q)‖ = c. (2.12)

From

‖(1− βn)(xn − q + γn(vn − xn)) + βn(T2(PT2)n−1xn − q + γn(vn − xn))‖
= ‖(1− βn − γn)(xn − q) + βn(T2(PT2)n−1xn − q) + γn(vn − q)‖

and (2.12), we have

lim
n→∞

‖(1−βn)(xn−q+γn(vn−xn)) + βn(T2(PT2)n−1xn−q+γn(vn−xn))‖ = c.

(2.13)
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Note that ‖xn − q + γn(vn − xn)‖ ≤ ‖xn − q‖+ γnC gives that

lim sup
n→∞

‖xn − q + γn(vn − xn)‖ ≤ c. (2.14)

Using (2.9), (2.13), (2.14) and Lemma 1.6, we obtain

lim
n→∞

‖T2(PT2)n−1xn − xn‖ = 0. (2.15)

From yn = P ((1 − βn − γn)xn + βnT2(PT2)n−1xn + γnvn),
∑∞

n=1 γn < ∞ and
(2.15), we have

‖yn − xn‖ = ‖P ((1− βn − γn)xn + βnT2(PT2)n−1xn + γnvn)− xn‖
≤ ‖(1− βn − γn)(xn − xn) + βn(T2(PT2)n−1xn − xn) + γn(vn − xn)‖
≤ βn‖T2(PT2)n−1xn − xn‖+ γn‖vn − xn‖
≤ ‖T2(PT2)n−1xn − xn‖+ γnC

→ 0 (as n→∞). (2.16)

Now, since Ti (i = 1, 2) are uniformly L-Lipschitzian for Lipschitz constant L =
max1≤i≤2{Li} > 0. We note that

‖T1(PT1)n−1xn − xn‖ = ‖T1(PT1)n−1xn − yn + yn − xn‖
≤ ‖T1(PT1)n−1xn − yn‖+ ‖yn − xn‖
= ‖T1(PT1)n−1xn − T1(PT1)n−1yn

+ T1(PT1)n−1yn − yn‖+ ‖yn − xn‖
≤ ‖T1(PT1)n−1xn − T1(PT1)n−1yn‖

+ ‖T1(PT1)n−1yn − yn‖+ ‖yn − xn‖
≤ L‖xn − yn‖+ ‖T1(PT1)n−1yn − yn‖+ ‖yn − xn‖.

Thus, it follows from (2.8) and (2.16) that

lim
n→∞

‖T1(PT1)n−1xn − xn‖ = 0. (2.17)

By using (1.17), we have

‖xn+1 − xn‖ ≤ (1−αn−λn)‖yn − xn‖+ αn‖T1(PT1)n−1yn − xn‖+ λn‖un−xn‖
≤ (1−αn−λn)‖yn − xn‖+ αn‖T1(PT1)n−1yn − yn + yn − xn‖

+ λn‖un − yn + yn − xn‖
≤ (1− αn − λn)‖yn − xn‖+ αn‖T1(PT1)n−1yn − yn‖

+ αn‖yn − xn‖+ λn‖un − yn‖+ λn‖yn − xn‖
≤ ‖yn − xn‖+ ‖T1(PT1)n−1yn − yn‖+ λnC.
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It follows from (2.8), (2.16) and
∑∞

n=1 λn <∞ that

lim
n→∞

‖xn+1 − xn‖ = 0. (2.18)

Using (2.17) and (2.18), we have

‖xn+1 − T1(PT1)n−1xn+1‖ = ‖xn+1 − xn + xn − T1(PT1)n−1xn

+ T1(PT1)n−1xn − T1(PT1)n−1xn+1‖
≤ ‖xn+1 − xn‖+ ‖T1(PT1)n−1xn+1−T1(PT1)n−1xn‖

+ ‖T1(PT1)n−1xn − xn‖
≤ ‖xn+1−xn‖+ L‖xn+1−xn‖+‖T1(PT1)n−1xn−xn‖,
→ 0 (as n→∞). (2.19)

In addition, for n ≥ 2,

‖xn+1 − T1(PT1)n−2xn+1‖ = ‖xn+1 − xn + xn − T1(PT1)n−2xn

+ T1(PT1)n−2xn − T1(PT1)n−2xn+1‖
≤ ‖xn+1 − xn‖+ ‖T1(PT1)n−2xn − xn‖

+ ‖T1(PT1)n−2xn+1 − T1(PT1)n−2xn‖
≤ ‖xn+1 − xn‖+ ‖T1(PT1)n−2xn − xn‖

+ L‖xn+1 − xn‖.

It follows from (2.18) and (2.19) that

lim
n→∞

‖xn+1 − T1(PT1)n−2xn+1‖ = 0. (2.20)

We denote as (PT1)1−1 the identity maps from C onto itself. Thus by the inequal-
ity (2.19) and (2.20), we have

‖xn+1−T1xn+1‖ = ‖xn+1 − T1(PT1)n−1xn+1 + T1(PT1)n−1xn+1 − T1xn+1‖
≤ ‖xn+1 − T1(PT1)n−1xn+1‖+ ‖T1(PT1)n−1xn+1 − T1xn+1‖
≤ ‖xn+1 − T1(PT1)n−1xn+1‖+ L‖(PT1)n−1xn+1 − xn+1‖
= ‖xn+1−T1(PT1)n−1xn+1‖+L‖(PT1)(PT1)n−2xn+1−P (xn+1)‖
≤ ‖xn+1 − T1(PT1)n−1xn+1‖+ L‖T1(PT1)n−2xn+1 − xn+1‖
→ 0 (as n→∞),

which implies that limn→∞ ‖xn − T1xn‖ = 0. Similary, we may show that

lim
n→∞

‖xn − T2xn‖ = 0.

The proof is completed.
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We prove the strong convergence of the scheme (1.17) under condition A
′
which

is weaker than the compactness of the domain of the mappings.

Theorem 2.3. Let X be a real uniformly convex Banach space and C a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T1, T2 : C → X be two uniformly L−Lipschitzian, nonself generalized asymptot-
ically quasi-nonexpansive mappings of C satisfying condition A

′
with sequences

{k(i)n }, {δ(i)n } ⊂ [1,∞) (i = 1, 2), respectively such that
∑∞

n=1(k
(i)
n − 1) < ∞,∑∞

n=1 δ
(i)
n <∞ and F = F (T1)∩F (T2) 6= ∅. Suppose that {αn}, {βn} are real se-

quences in [ε, 1−ε] for some ε ∈ (0, 1), {γn}, {λn} ⊂ [0, 1) such that
∑∞

n=1 γn <∞,∑∞
n=1 λn < ∞ and {un}, {vn} are bounded sequences in C. Then the sequences

{xn} and {yn} defined by the iterative scheme (1.17) converge strongly to a com-
mon fixed point of T1 and T2.

Proof. By Lemma 2.2, we have limn→∞ ‖xn − T1xn‖ = limn→∞ ‖xn − T2xn‖ = 0.
It follows from condition A

′
that

lim
n→∞

f(d(xn, F )) ≤ lim
n→∞

‖xn − T1xn‖ = 0 or

lim
n→∞

f(d(xn, F )) ≤ lim
n→∞

‖xn − T2xn‖ = 0.

In the both case, limn→∞ f(d(xn, F )) = 0. Since f : [0,∞) → [0,∞) is a nonde-
creasing function satisfying f(0) = 0, f(r) > 0 for all r ∈ (0,∞), we obtain that
limn→∞ d(xn, F ) = 0. That is

lim
n→∞

inf
y∗∈F

‖xn − y∗‖ = lim
n→∞

d(xn, F ) = 0.

It implies that
inf

y∗∈F
lim
n→∞

‖xn − y∗‖ = 0.

So, for any given ε > 0, there exists p ∈ F and N > 0 such that for all n ≥ N
‖xn − p‖ < ε

2 . This shows that

‖xn+m − xn‖ ≤ ‖xn+m − p‖+ ‖xn − p‖

<
ε

2
+
ε

2
= ε

for all n ≥ N and m ≥ 1. Hence, {xn} is a Cauchy sequence and so is conver-
gent since X is complete. Let limn→∞ xn = u. From limn→∞ ‖xn − T1xn‖ =
limn→∞ ‖xn − T2xn‖ = 0 and the continuity of T1 and T2, we have ‖T1u − u‖ =
‖T2u− u‖ = 0. Thus u ∈ F. From (2.16), we have

lim
n→∞

‖yn − xn‖ = 0,

it follows that limn→∞ ‖yn − u‖ = 0. This completes the proof.

The following result follows from Theorem 2.3.
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Theorem 2.4. Let X be a real uniformly convex Banach space and C a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction.
Let T1, T2 : C → X be two nonself asymptotically nonexpansive mappings of

C satisfying condition A
′

with sequences {k(i)n } ⊂ [1,∞) (i = 1, 2) such that∑∞
n=1(k

(i)
n − 1) < ∞ and F = F (T1) ∩ F (T2) 6= ∅. Suppose that {αn}, {βn}

are real sequences in [ε, 1 − ε] for some ε ∈ (0, 1), {γn}, {λn} ⊂ [0, 1) such
that

∑∞
n=1 γn < ∞,

∑∞
n=1 λn < ∞ and {un}, {vn} are bounded sequences in C.

Then the sequences {xn} and {yn} defined by the iterative scheme (1.17) converge
strongly to a common fixed point of T1 and T2.

For γn = λn = 0, the iterative scheme (1.17) reduces to that of (1.16) for
uniformly L-Lipschitzian, nonself generalized asymptotically quasi-nonexpansive
mappings and the following result is directly obtained by Theorem 2.3.

Theorem 2.5. Let X be a real uniformly convex Banach space and C a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T1, T2 : C → X be two uniformly L−Lipschitzian, nonself generalized asymptot-
ically quasi-nonexpansive mappings of C satisfying condition A

′
with sequences

{k(i)n }, {δ(i)n } ⊂ [1,∞) (i = 1, 2), respectively such that
∑∞

n=1(k
(i)
n − 1) < ∞,∑∞

n=1 δ
(i)
n < ∞ and F = F (T1) ∩ F (T2) 6= ∅. Suppose that {αn} and {βn} are

real sequences in [ε, 1− ε] for some ε ∈ (0, 1). Then the sequences {xn} and {yn}
defined by the iterative scheme (1.16) converge strongly to a common fixed point
of T1 and T2.

The following result follows from Theorem 2.5.

Theorem 2.6. Let X be a real uniformly convex Banach space and C a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction.
Let T1, T2 : C → X be two nonself asymptotically nonexpansive mappings of

C satisfying condition A
′

with sequences {k(i)n } ⊂ [1,∞) (i = 1, 2) such that∑∞
n=1(k

(i)
n − 1) < ∞ and F = F (T1) ∩ F (T2) 6= ∅. Suppose that {αn} and {βn}

are real sequences in [ε, 1 − ε] for some ε ∈ (0, 1). Then the sequences {xn} and
{yn} defined by the iterative scheme (1.16) converge strongly to a common fixed
point of T1 and T2.

In the remainder of this section, we deal with the strong convergence of the
new iterative scheme (1.17) to a common fixed point of nonself generalized asymp-
totically quasi-nonexpansive mappings in a real Banach space.

Theorem 2.7. Let X be a real Banach space and C a nonempty closed convex
nonexpansive retract of X with P as a nonexpansive retraction. Let T1, T2 : C → X
be two nonself generalized asymptotically quasi-nonexpansive mappings of C with

sequences {k(i)n }, {δ(i)n } ⊂ [1,∞) (i = 1, 2), respectively such that
∑∞

n=1(k
(i)
n −1) <

∞,
∑∞

n=1 δ
(i)
n <∞ and F = F (T1)∩F (T2) 6= ∅ is closed. Suppose that {αn}, {βn}

are real sequences in [ε, 1 − ε] for some ε ∈ (0, 1), {γn}, {λn} ⊂ [0, 1) such that∑∞
n=1 γn < ∞,

∑∞
n=1 λn < ∞ and {un}, {vn} are bounded sequences in C. Then
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the sequence {xn} defined by the iterative scheme (1.17) converges strongly to a
common fixed point of T1 and T2 if and only if lim infn→∞ d(xn, F ) = 0, where
d(xn, F ) = infy∈F ‖xn − y‖, n ≥ 1.

Proof. The necessity of the conditions is obvious. Thus, we will only prove the
sufficiency. As in the proof of Lemma 2.1, by the arbitrariness of q ∈ F, we have

‖xn+1 − q‖ ≤ (1 + r(1)n + r(2)n + r(1)n r(2)n )‖xn − q‖+ ε(1)n ,

and so
d(xn+1, F ) ≤ (1 + r(1)n + r(2)n + r(1)n r(2)n )d(xn, F ) + ε(1)n ,

where ε
(1)
n = (1 + r

(1)
n )δ

(2)
n + (1 + r

(1)
n )γnM + δ

(1)
n +λnM. Since

∑∞
n=1(r

(1)
n + r

(2)
n +

r
(1)
n r

(2)
n ) <∞ and

∑∞
n=1 ε

(1)
n <∞, we obtained by Lemma 1.5 that limn→∞ d(xn, F )

exists. Then, by hypothesis lim infn→∞ d(xn, F ) = 0, we have limn→∞ d(xn, F ) =
0. From Theorem 2.3, it obtain that {xn} defined by (1.17) is a Cauchy sequence
in C. Let limn→∞ xn = u. Now limn→∞ d(xn, F ) = 0 gives that d(u, F ) = 0. F is
closed; therefore u ∈ F. This completes the proof of Theorem 2.7.
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