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1 Introduction

Let (X, d) be a metric space. A maping T : X — X is said to be a nonezpansive
mapping if there is k € (0, 1] such that d(Tz, Ty) < kd(z,y) for all x,y € X. If in
the case of k < 1, we call T a contraction. A point x € X is called a fized point of
T if Tz = z. In this paper, we use the notation F(T') stand for the set of all fixed
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points of T

A geodesic joining points x and y in a metric space X is a mapping ¢ from a
closed interval [0,1] C R to X such that ¢(0) = z, ¢(l) = y and d(c(t), c(t)) = |t—t'|
for all ¢,¢ € [0,1]. In particular, ¢ is an isometry and d(z,y) = I. The image =y
of ¢ is called a geodesic (or metric) segment joining x and y. When it is unique
this geodesic is denoted by [z,y]. We write az @ (1 — a)y stand for the point
(a0 + (1 — a)l) € X. The space X is said to be a (uniquely) geodesic space if
every two points of X are joined by a (unique) geodesic. A geodesic space X is
said to be a CAT(0) space if every geodesic triangle in X is at least as thin as its
comparison triangle in the Euclidean plane, i.e.,

d(av b) < dg» (675)3 (11)
for any a,b € A(x,y,2) and @,b € A(x,y, 2).

The first famous fixed point theorem in a metric space is established by Stefan
Banach [I] in 1922. They investigated the theorem, called Banach contraction
principle, which telling that a self mapping on a complete metric space X has
a unique fixed point. Browder [2] used the Banach’s result to prove the conver-
gence theorem for the implicit iterative in a Hilbert space, called the Browder’s
convergence theorem.

In 2008, Jachymski combined the knowledge of the original fixed point theory
and graph theory. First of all, they introduced a concept of a metric space endowed
with a graph as the following: For any metric space (X,d) and a directed graph
G = (V(G),E(G)), if V(G) = X and E(G) contains all loops, i.e., A = {(z,z) :
x € X} C E(G), the triple (X, d, G) is called a metric space endowed with a graph.
Let C be a nonempty subset of a metric space endowed with graph (X, d,G).
Suppose T : C' — C preserves edges of G and satisfy d(Tx,Ty) < kd(z,y) for any
z,y € X for some k € RT. Then

(1) if k<1, we call T a G-contraction, and

(2) if k<1, wecall T a G-nonexpansive mapping.

The following theorem, a generalization of Banach contraction principle, has been
presented in [3]:

Theorem 1.1 ([3]). Suppose that a metric space endowed with graph (X,d,G)
have the Property P:

for any {xp}tnen f Tn — x and (2, 2n11) € E(G) forn €N,

then there is a subsequence {xk, tnen with (zk,,x) € E(G) for n € N.
Let T be a G-contraction, and X7 = {x € X : (z,T(z)) € E(G)}. Then F(T) # 0
if and only if X1 # 0.

In 2015, Tiammee et al. [4] extened the Browders convergence theorem for
G-nonexpansive mappings in Hilbert spaces endowed with graphs. In the prove of
their theorem, they have to replace the Property P to the stronger one, called the
Property G: for every sequence {x,} in C converging weakly to x € C, there is
a subsequence {z,, } of {z,} such that (x,,,z) € E(G) for all k € N.
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Theorem 1.2 ([]). Let C be a bounded closed convex subset of Hilbert space H
and let G = (V(G), E(G)) be a directed graph such that V(G) = C and E(G) is
convex. Suppose C has Property G. Let T : C — C' be G-nonexpansive. Assume
that there exists xo € C such that (xg,Txo) € E(G). Define T,, : C — C by

Tox = (1—a,)Tz + apxo

for each © € C and n € N, where {a,} is a sequence in (0,1) such that o, — 0
as n — 0o. Then the following hold:

(i) T,, has a fized point u,, € C;

(ii) F(T) # 0

(i) if F(T)x F(T) C E(G) and Pz is dominated by {u,}, then the sequence
{un} converges strongly to Pxy where P is the metric projection onto F(T).

Motivating by the above results, in this paper, we will present the Brower
convergence theorem in the framework of CAT(0) spcaes endowed with graph. The
conditions on the set C' in our result has been relaxed. The convergence theorems
of the Halpern’s iteration scheme for a family of G-nonexpansive mappings are
also presented.

2 Preliminaries

Let G = (V(G), E(G)) be a directed graph. A set X C V(G) is called a
dominating set if every v € V(G) \ X there exists € X such that (z,v) € E(G)
and we say that x dominates v or v is dominated by x. Let v € V(G), a set
X CV(Q) is dominated by v if (v,x) € E(G) for any z € X and we say that X
dominates v if (z,v) € E(G) for all x € X. In this paper, we always assume that
E(G) contains all loops. Let G be a directed graph, and F(G) the set of edges of
G. We say E(G) is a convez set if, for any « € [0, 1],

(ax+ (1 — a)y,au+ (1 — a)v) € E(G)
for all (z,y), (u,v) € E(G).

Let X be a metric space. The following statements are equivalent for a uniquely
geodesic space X:

(i) X is a CAT(0) space;
(ii) X satisfies the (CN)-inequality: If z,y € X and « € (0,1), then

d2(Z,O[£C @ (1 - Oé)y) < OZdQ(Z,(E) + (1 - a)d2(z,y) - Oé(]. - a)dQ(x7y)a
for all z € X;

(iii) X satisfies the law of cosine: If a = d(x,2),b = d(y, 2),c = d(z,y) and &
is the Alexandrov angle at z between [z, z] and [y, 2], then

2 > a® +b* — 2abcos¢.
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Lemma 2.1 ([5]). Let X be a CAT(0) space. Then for each p,q,z,y € X and
a € [0,1], we have

dap® (1 — a)g,ar @ (1 — a)y) < ad(p,z) + (1 — a)d(q,y)-

For any nonempty subset C of X, let m = m¢ be the projection mapping from
X to C. It is known that if C' is closed and convex, the mapping = is well-defined,
nonexpansive and satisfies

d*(z,y) > d*(x,72) + d*(7x,y) forallz € X and y € C. (2.1)

In 2011, Dhompongsa et al. [6] introduced the following concepts of convex
combination in CAT(0) spaces. Let v1,va,...,v, C X and A1, Ag,..., A\, € (0,1)
with Z?Zl A; = 1. Using the result in [7], the partial sum of A\jv1, Agva. ..., Ao,
can be written by:

i )\1 )\2 >\n71
g_al v ( )(1_)%111691_)\"112@ 691_>\nv 1)69 Up. (2.2)

Let {\,} C (0,1) be such that > >, A\, = 1. Let {v,,} C X be bounded and
vg be an arbitrary point in X. Suppose \, = Z;’inﬂ A and D02 AL — 0 as
n — 0o. Set

Sy 1= <Z )\Z-) wy, B \,vo, (2.3)
i=1

where wy = v; and for each n > 2,

A1 A2 An

Zi:l )‘ivl Zi:l )‘ivz Zi:l )‘iv

Then s, — x as n — oo for some z € X. In [0], they use the element x for
representing the infinite summation of A\jvi, Asvs ... i€,

T = é)\nvn.

n=1

Wy, =

By (2.3), d(sn,wy) < N, d(wp,vp), it follows that lim,~ s, = lim,_, w,. Thus
the limit x is independent of the choice of vy.

The followings are importance properties of the convex combination in CAT(0)
spaces introduced in [6].

Lemma 2.2. If yo and v, belong to X, d(v,,yo) = d(x,yo) for all n where x =
D7 A\vn, then v, = x for all n.

n=1
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Lemma 2.3 ([6], Lemma 3.8). Let C be a nonempty closed convex subset of a
complete CAT(0) space X, let {T,, : n € N} be a family of single-valued nonez-
pansive mappings on C. Suppose (\,—; F(T,,) is nonempty. Define T : C — C
by

Tx = é AntnT
n=1

for all x € C where {\,} C (0,1) with >_>° Ay =1 and Y., N, = 0 as n — oo.
Then T is nonezpansive and F(T) = (._, F(T,).

The following results are vary useful in the proof of our main results.

Lemma 2.4 ([8]). Let (a1,as,...) € I*° be such that pn(an) < 0 for all Banach
limits u and imsup,, (an+1 — an) < 0. Then limsup,, a, < 0.

Lemma 2.5 ([9]). Let {s,} be a sequence of nonnegative real numbers, {a,} a
sequence of real numbers in [0,1] with Y > | o, = 00, {un} a sequence of nonneg-
ative real numbers with Y| u, < 0o, and {t,} a sequence of real numbers with
lim sup,, o tn < 0. Suppose that

Snt1 < (1 — an)sn + anty +up, ¥n €N, (2.4)
Then lim,, o0 S5, = 0.

Lemma 2.6 ([I0]). Let C be a closed convex subset of a complete CAT(0) space
X and let T : C' — C be a nonexpansive mapping. Let u € C' be fixed. For each
k € (0,1), the mapping S : C — C defined by

Sgx=ku® (1—k)Tz forzeC (2.5)
has a unique fixed point x), € C, that is,
T = Spxr = ku® (1 — k)Tl’k (26)

Then F(T) # 0 if and only if {x)} given by (2.6) is bounded as k — 0. In this
case, the following statements hold:
(1) {xx} converges to the unique fixved point zo of T which is nearest to u;
(i1) d*(u, z0) < pnd?(u, ), for all Banach limits p and all bounded sequences
{zn} with d(x,, Tx,) — 0.

3 Main Results

3.1 Browder’s Convergence Thorem

Lemma 3.1. Let (X,d,G) be a CAT(0) space endowed with graph. Suppose
T : X — X is a G-nonexpansive mapping. If X has a Property P, then T is
continuous.
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Proof. Let {z,} be a sequence in X converging to some z € X. Let {Tz,,}
be any subsequence of {Tz,}. Since x,, — = as k — 0, by Property P, there
exists a subsequence {x,, } such that (x,,,,x) € E(G) for each k € N. Since T is
G-nonexpansive and (2, ,2) € E(G) we obtain

d(Txm,,Tr) <d(Tm,,z) =0 as k — oco.

Hence T'z,,, — Txz. By the double extract subsequence principle, we conclude
that Tx,, — Tx. Therefore T is continuous. O

In what follows, we will prove the Brower’s convergence theorem for a G-
nonexpansive mapping on a bounded closed and star-shaped subset C' of a CAT(0)
space X under the hypothesis that X satisfies the property P. We first present
the definition of a star-shaped set in a CAT(0) space.

Definition 3.2 ([I1]). Let X be a CAT(0) space. A subset C' is said to be star-
shaped if there exists p € C such that (1—t)p@®ta € C for any x € C and ¢t € [0, 1].
In this case, C' is also called p-star-shaped, where p is the center of the star.

Remark 3.1. The assumption “C' is p-star-shape”is weaker than the convexity
of C.

Theorem 3.3. Let (X,d,G) be a CAT(0) space endowed with graph having Prop-
erty P and C be a nonempty subset of X. Suppose T : C — C' is a G-nonexpansive
mapping and F(T) x F(T) C E(G). If E(G) is convex, then F(T) is closed and
CONVEL.

Proof. Suppose F(T) # 0. Let {x,} be a sequence in F(T) such that z, — z as
n — co. By Property P, there is a subsequence {z,, } of{z,} such that (z,,,z) €
E(G) for all k € N. Since T is G-nonexpansive, we obtain

d(IaT‘T) < d(zaxnk) + d(Invax)
=d(z,xn, )+ d(Txy,, Tx)
< d(z,zy,) + d(zn,,z) — 0.

Therefore = Tz, i.e., x € F(T). This shows that F(T') is closed.
Let z,y € F(T) and X € [0,1]. Denote z = Ax + (1 — A)y. By the convexity of
E(G), we obtain

(z,2) = (Ax+ (1 =Nz, Az + (1 — N)y) € E(G).

Similarly, we also have (y, z) € E(G). Finally, we will show by contradiction, that
z € F(T). Suppose the contrary i.e., z # Tz. Using the (CN)-inequality and the
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G-nonexpansiveness of T, we have

e <Z@TZ,:E> - d*(z,x) N d*(Tz,z) d*(2,Tz)

- 2 2 4
_ d*(z,2) n d*(Tz,Tx) B d*(z,Tz)
2 2 4
2 2 2
< d*(z,z) n d*(z,z) d*(2,Tz)
- 2 2 4
d*(z, T
= d*(z,x) — (2,T2)
4
< d*(z, ).
Therefore d (2212, z) < d(z, ) and, by the similar argument, we also get d (222, )
< d(z,y). Hence
T T
dy) < d (0252 ) +d (. 200
2 2
< d(z,z) +d(y, 2)
= d(z,y).
Which lead us a contradiction. Thus F(T) is convex. O

Now, we already to prove our first main result.

Theorem 3.4. Let (X,d,G) be a complete CAT(0) space endowed with graph.
Assume that there exists p € C such that (p,Tp) € E(G). Let C be a bounded closed
p-star-shaped of X which has Property P and E(G) is convex. Let T : C — C be
a G-nonexpansive mapping. Define T,, : C — C' by

Tox=(1—a,)Tx® a,p

for each x € C and n € N, where {a,} is a sequence in (0,1) such that o, — 0.
Then all of the followings hold:

(i) T, has a fixed point u, € C;
(it) F(T) # 0; and
(i) if F(T) x F(T) C E(G) and (un,u) € E(G) for all n,k € N, then the

sequence {u,} converges strongly to v* € F(T) which is nearest to p.

Proof. We first show that 7, is G-contraction for all n € N. Let n € N and
x,y € C such that (z,y) € E(G). Since T is G-nonexpansive, we obtain T), is also
nonexpansive. Since T is edge-preserving, (T'z,Ty) € E(G). By the convexity
of E(G), we have (T,,x,Try) = (1 — an)Tz @ anp, (1 — an)Ty & a,p) € E(G).
Hence T,, is G-contraction. For each sequence {z,} in C such that z, — =
and (2n,Tn+1) € E(G), by Property P, there is a subseqence {z,,} such that
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(Tn,,x) € E(G) for k € N. Since E(G) is convex and (p,p) € E(G), so (p, Tnp) =
(1 — an)p @ anp, (1 — an)Tp ® ayp) € E(G). Then T, has a fixed point, i.e.,
Up, = Ty, because X7, = {z € X : (x,T,,(z)) € E(G)} # 0.

To prove (ii) & (iii), let {um} be any subsequence of {u,}. Since a,, — 0
as n — 0o, there exists a monotone decreasing subsequence {a,, } of {a;,}. Let
{um,} be a subsequence of {u,,} corresponds with the coeflicient {c,,, }. We
show that {u,, } is a Cauchy sequence. Indeed, let I,k € N and suppose without
loss of generality that [ < k. So ay,, > . Consider A(p, Tum, , Tum,), the
comparison triangle of A(p, T, , T, ) in R%. For convenience, we take p = (0,0)
d =Up, —Um,, a =1—qap, and b =1—ay,,. We have u,,, = bTu,,, and U, =

aT U, . Consider
1 1 1
“Umyg T T Umyg —d
(au LY ’”) ta

2

2

2 ‘

1 1
Ha(umk + d) - Eumk

1 1
= Euml — gumk

=T, = T, | < ||d]*.

2 2
11 , (1 5 11 1 )
- - 2( (=== —d) < |d|>.
(3-3) ot + (5) 1+ 2{ (3~ ) wom2a) <

Therefore
1 1\° 1 2 2/1 1
(2-5) twmte+ (5 -1) 1ae <2 (5 - 3) @

This means (TU,,,d) > 0. Since Uy, = U, + d, we have

Thus

”uimz”2 = <umk +d, Uy, + d>
= [T 1* + 1Al + 2(my,, d)

> [ I + 1y = T 1?2 [, 1.

This show that the sequence {||Tm,||?} is monotone decreasing. By the bounded-
ness of C, we can conclude that ||, > — M, for some M > 0 as k — oo. From

(1.1), we have

dQ(umk’umz) < Humk 7Tmz”2 < Huml

I = l[@mel® = 0

as k,l — co. Hence {u,, } is a Cauchy sequence. By the completeness of X, it
converges to some v* € C. From the continuity of the metric d, we can say that
d(v*, Tv*) = limg—ye0 Qm,, d(p, T, ) = 0. Therefore v* € F(T) and (ii) has been
proved.
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Now, let z* be an another fixed point of 7". Taking u,,, = u; = x*, then

d(p,2*) = [[%)* > [T, |* + |27 — Ty |I?
> ([T, |? + (27, )
> d*(p, um, ) + d*(2, U, )-

By taking limit with k& — oo, we have d?(p, z*) > d?(p,v*) + d?(v*,z*). Hence v*
is projection on F(T). By double extract subsequence principle, we can conclude
that the sequence {u,} converges to v* € F(T). O

3.2 Halpern Iteration Process for G-Nonexpansive
Mappings

In this section, we will prove the strong convergence theorem for a family of
G—nonexpansive mappings in a complete CAT(0) space endowed with graph by
using the Halpern iteration process

Theorem 3.5. Let C be a convex subset of a complete CAT(0) space endowed with
graph (X,d,G). Suppose that G is transitive and E(G) is convex. Let T : C — C
be edge-preserving and {a,} be a sequence in [0,1]. Let {x,,} be a sequence defined
by z; € C and

Tpy1 = anu® (1 — ) Tx, Vn > 2, (3.1)

where u € C such that (u,Tu) € E(G). If {x,} dominates u, then (xn,Tni1),
(u, zpn) and (xn,Txy,) are in E(G) for any n € N.

Proof. We prove by induction. Since E(G) is convex, (u,u) and (u,Tu) are
in E(G), we have (u,z1) € E(G). Then (Tu,Tx1) € E(G), since T is edge-
preserving. Because G is transitive, we have (u,Tz1) € F(G). By convexity of
E(G) and (u,Tz1), (Tu,Tx1) € E(G), we get (z1,Tz1) € E(G). By assumption,
(z1,u) € E(G). So, by convexity of E(G), we get (x1,22) € E(G).

Next, assume that (vg,2ry1), (u,Txg) and (zg,Txy) are in E(G). Then
(Tzy, Trri1) € E(G), since T is edge-preserving. By transitivity of G, we have
(u, Tzyy1) € E(G). By convexity of E(G) and (u, Txg41), (Txg, Txri1) € E(G),
we get (zg41,TTr1) € E(G). Since w is dominated by {x,}, we have (zx11,u) €
E(G). By convexity of E(G), we get (zx+1,Tr12) € E(G).

Therefore, by induction, we can conclude that (2, Zn41), (4, 2, ) and (x,, Tzy,)
are in E(G), for all n € N. O

Remark 3.2. The sequence {z,, } generated by (3.1) is called the Halpern iteration
process.

Theorem 3.6. Let C be a nonempty convex subset of a complete CAT(0) space
endowed with graph (X,d,G). Suppose G is transitive and E(G) is convex. Let
T :C — C be a G-nonexpansive mapping with nonempty fized point set F(T) and
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F(T)x F(T) C E(G). Assume that uw € C such that (u,Tu) € E(G) and 1 € C
is an arbitrarity chosen and {x,} is iteratively generated by

Tpg1 = apu® (1 — ap)Ta, Yn > 2, (3.2)

where {a,} is a sequence in (0,1) satisfying
(02) Zqoq,ozl ap = 00,
(C3) >0 |am — 1| < o0 or lim,, o0 Of:j»l =1.

If {x,} is dominated by p for some p € F(T) and {x,} dominates u, then {x,}
converges strongly to z € F(T) which is nearest to u.

Proof. We first show that the sequence {z,} is bounded. Let p be any point in
F(T). Consider
d(ﬂjn+17p) = d(aﬁu S (1 - Oén)TIn,p)
< oznd(u,p) + (1 - Oén)d(J?n,p)
< max{d(u, p), d(wn,p)}.
This implies that {z,} is bounded. By the nonexpansiveness of T' and (z,z) €
E(G), we have d(Tz,,Tp) < d(z,,p) < max{d(u,p),d(x1,p)}. This shows that
{Tz,} is also bounded. Consider the following calculation:
d(xpi1,2n) = dlapu® (1 — ap)Trp, ap_1u® (1 — ap_1)Txn_1)
<d(apu® (1 — an)Ten, anu® (1 — ay)Te,—1)
+dlapu® (1 —ap)Trp1,0-1u® (1 — ap_1)TTp_1)
<1 —ap)d(Txn, Tep—1) + |an — ap—1|d(u, Tam_1)

é (]- - an)d(‘rnvxnfl) + |an - an71|M7

for some M > 0. By (C2), (C3) and Lemmal[2.5] we can conclude that d(z;,, Zpn+41)
— 0 as n — oo. Consequently, by (C1),
d(xn, Txy,) < d(Tn, Tpy1) + d(@ng1, Tay)
=d(Tpn, Tnt1) + d(anu @ (1 — ap)Ta,, Txy)
< d(Xp,Tpy1) + and(u, Ta,) — 0.
From Lemma [2.6] let 2z = limy,_, oo @, ) given by (2.6), is the nearest point to w.
Consider
d*(xpy1,2) = A (apu ® (1 — an) Ty, 2)
< and*(u, 2) + (1 — an)d* (T, 2) — an (1 — ay)d*(u, Txy,)
< (1= an)d*(zn, 2) + an(d*(u, 2) — (1 — an)d*(u, Tz,)).  (3.3)
Lemma [2.4] guarantee that
limsup(d?(u, z) — d*(u, z,,)) < 0. (3.4)

n— oo
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Moreover, by law of cosine, we get that

d* (2, Txn) > d*(xp,u) + d*(Txp,uw) — 2d(2n, w)d(Tz,, 1)
= (d(xp,u) — d(Txy,u))* > 0.

Since d?(xy,, Txy,) — 0, this implies that d(x,,u) — d(Tz,,u) — 0, and

lim d(u,x,) = lim d(u,Tz,) = lim (1 — a,)d(u, Tzy,). (3.5)

n—oo n— o0 n—oQ

From (B.4) and (33),
lim sup(d?(u, z) — (1 — a)d?(u, Txp)) =d>(u, z) — limsup(1l — ay, )d? (u, Ty,

n—oo n—oo

=d?(u, z) — limsup d*(u, x,,)
n—oo

=limsup(d*(u, ) — d*(u, z,)) <0
n—oo

Hence, from 1] and Lemma we get lim, o d2(xn, z) = 0. The proof has
been completed. O

This following lemma, the extension of Lemma 2.3, will be used for proving
the last main theorem.

Lemma 3.7. Let C' be a nonempty closed convex subset of a complete CAT(0)
space endowed with graph (X,d,G), and let {T,, : n € N} be a family of single-
valued G-nonexpansive mappings on C. Suppose that ﬂzozl F(T,) is nonempty.
DefineT : C — C by

Tx = é A Tnx
n=1

for allz € C, where {\,} C (0,1) with> >~ Ay =1 and ;o N, — 0 asn — co.
Then T is G-nonezpansive and F(T) = (o—, F(T}).

n=1

Proof. Let yo € (., F'(T,,) be arbitrary given. Since d(T,(z), yo) < d(x,yo), for
all n € N, {T,,(z)} is bounded. For each n € N, let w,, : C' — C given by

A1 Ao An
=1 22P =T ® - b =—TInhz. (3.6)
Zi:l Ai Zi:l Ai Zi:l Ai "

Since wy = T7, so wy is G-nonexpansive. Suppose that wy is G-nonexpansive and
let z,y € X be such that (z,y) € E(G). Consider

WnpX =

Z’i Ai Ak+1 Z’i Ai Akt1
d(wgt1T, Wk =d =170 e @ Tz, ==L 2wy @ T}
(Wht1 1Y) <ij11 N k Zf;l N +1 Zfif N kY Zfill X\ +1Y
SN Ak+1
<==L d(wikz, wry) + d(Ti+12, Tit1y)
=kl ) k+1 )
Zi:l Ai Zi:l Ai

<d(z,y).



786 Thai J. Math. 17 (2019)/ W. Anakkamatee and B. Tongnoi

So wgy1 is nonexpansive. This show that w,, is nonexpansive. By the convexity
of E(G), we have

n—1 n—1
. )\1 n i )\z n
Zz:l : W 1T o) )\ Tnl‘7 27,71 : W1y P 3\

= o 5 =~ Iny | € E(G).
Zi:l Ai Zi:l Ai Zi:l Ai Zi:l Ai ) ( )

Thus w,, is G-nonexpansive and T is nonexpansive. If (z,y) € E(G) by convexity
of E(G), we obtain that

(Tz,Ty) = <€B /\nTnx,EBAnTny> € E(Q).
n=1 n=1

Therefore T is also G-nonexpansive. It is easy to see that (o, F(T,,) C F(T).
Now, let zg € F(T). Since yo = wpyo, we have

(w"m7 wny) = <

d(wo, yo) =d(Tzo,y0) = nlgTolo d(sn0,%0)
< nli_>H;O[>\1d(T1CC07 Yo) + - + Md(Thzo, yo) + Ayd(yo, yo)]

= Z )\nd(Tnxm yO) < d(.’E07 yO)
n=1
Thus d(T,,zo,y0) = d(xo,y0) for all n € N, by Lemma T,xo = x¢ for all
n € N. O

Using the result in the above Lemma, we can extent Theorem 3.6 to the family
of G-nonexpansive mappings.

Theorem 3.8. Let C be a nonempty convex subset of a complete CAT(0) space en-
dowed with graph (X,d, Q). Suppose G is transitive and E(G) is convex. Let {T,, :
C — C} be a countable family of G-nonezpansive mappings with (.-, F(T,,). Let

{An} € (0,1) such that >0 Ap =1 and Y ;2 A, — 0 as n — 0. Suppose that
u,x1 € C are arbitrary chosen and x,, is defined by

Tpi1 = apud (1 — ap)wpx, Yn>2, (3.7)

where w, defined by (3.6) and {a,} € (0,1) satisfying

(C1) lim, o vy = 0;

(C2) 3y om =00

(C3) Y07 lam — ap_1| < o0 or limy, e OZL =1.
If {x,} is dominated by p for some p € (.~ F(T,) and {z,} dominates u. Then
{xn} converges to z € (\_, F(T,,) which is nearest to u.

Proof. Let {w,} and T be as in the proof of lemma SO w, is G-nonexpansive
and ", F(w,) = F(T) = (,—, F(T,,) and w,(p) = p for all p € F(T). Then

we follow the proof from Theorem [3.6] by replace w, by T),. Then the proof is
complete. O

Acknowledgement : The authors would like to thank Associate Prof. Dr.
Kasamsuk Ungchittrakul and the reviewers for their valuable comments.



Convergence Theorems for (G-Nonexpansive Mappings ... 787

References

1]

S. Banach, Sur les operations dans les ensembles abstraits et leur application
aux equations integrales, Fundam. Math. 3 (1922) 133-181.

F.E. Browder, Convergence of approximants to fixed points of non-expansive
maps in Banach spaces, Arch. Ration. Mech. Anal. 24 (1967) 82-90.

J. Jachymski, The contraction principle for mappings on a metric space with
a graph, Proc. Am. Math. Soc. 136 (4) (2008) 1359-1373.

J. Tiammee, A. Kaewkhao, S. Suantai, On Browders convergence theo-
rem and Halpern iteration process for G-nonexpansive mappings in Hilbert
spaces endowed with graphs, Fixed Point Theory and Applications (2015)
https://doi.org/10.1186/s13663-015-0436-9.

M. Bridson, A. Haefliger, Metric Spaces of Non-positive Curvature, Springer-
Verlag, Berlin - Heidelberg - New York, 1999.

S. Dhompongsa, A. Kaewkhao, B. Panyanak, On Kirk’s strong convergence
theorem for multivalued nonexpansive mappings on CAT(0) spaces, Nonlinear
Anal. 75 (2011) 459-468.

T. Butsan, S. Dhompongsa, W. Fupinwong, Schauder’s conjecture and the
Kakutani fixed point theorem on convex metric sapces, J. Nonlinear Convex
Anal. 11 (2010) 513-526.

N. Shioji, W. Takahashi, Strong convergence of approximated sequences for
nonexpansive mappings in Banach spaces, Proceedings of the American Math-
ematical Society 125 (12) (1997) 3641-3645.

K. Aoyama, Y. Kimura, W. Takahashi, M. Toyoda, Approximation of com-
mon fixed points of a countable family of nonexpansive mappings in a Banach
space, Nonlinear Analysis: Theory, Methods & Applications 67 (8) (2007),
2350-2360.

S. Saejung, Halpern’s Iteration in CAT(0) Spaces, Fixed Point Theory and
Applications (2010) https://doi.org/10.1155/2010/471781.

W.G. Dotson, Fixed point theorem for non-expansive mappings on star-
shaped subsets of Banach spaces, J. London Marh. Soc. 4 (2) (1972) 408-410.

(Received 30 July 2018)
(Accepted 18 June 2019)

THAI J. MATH. Online @ http://thaijmath.in.cmu.ac.th


http://thaijmath.in.cmu.ac.th

	Introduction
	Preliminaries
	Main Results
	Browder's Convergence Thorem
	Halpern Iteration Process for G-Nonexpansive Mappings


