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1 Introduction

Many authors [1-8] have studied the matrix sequences which are considered
in the different types of numbers such as Fibonacci, Lucas [2,9], Pell, Padovan,
Perrin [3-11], (s, ¢)-Pell and (s, t)-Pell-Lucas [12].

The Padovan sequence (P, ) is the sequences defined by

0, n=0,1
p,=4{ 1, n=2 (1.1)
Pn—2+Pn—3; le?)

The first few Padovan sequence are; 0,0,1,0,1,1,1,2,2,3,4,5,7,9,12, 16, ...
The Perrin sequence (R,,) is the sequences defined by

3, n=>0
0, n=1

Rn72 + Rn73a n 2 3

The first few Perrin sequence are; 3,0,2,3,2,5,5,7,10,12,17,22,29,39,51,68, ...

In 2013, K. Sokhuma [5] studied Padovan @-matrix such that all entries in
Q™, n'" power of Q-matrix, are Padovan number. Moreover, in the same year the
matrix formula for Padovan and Perrin numbers,

n

o = O
_ o O
N O W

was proposed [6]. That is, the matrix product is a matrix 3 x 2 that whose entries
are Padovan and Perrin numbers. In 2015, P. Seenukul et al. [7] studied and found
some new matrices of 3 x 3 which have similar properties to Padovan Q-Matrix

In this paper, the new matrices, which have similar properties to Padovan Q-
matrix, is presented. We also provide some matrix formula for Perrin and Padovan
sequence. We are also specially interested in the relation of Perrin and Padovan
sequence in these matrix sequences.

The rest of this paper is organized as follows. In the next section, we briefly
review some basic fact about Padovan (-matrix properties and provide the new
3 x 3 matrices which have similar properties to Padovan @-matrix. In addition,
some new relation of Padovan number are investigated. Section 3 contains some
matrix formula for Perrin and Padovan sequence which is described in Section 2.
Similarly, the relation of Perrin sequence and Padovan sequence is considered in
this section.
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2 Preliminaries

Throughout this paper, let N be the set of all positive integer and E be 3 x 2

matrix defined by

Theorem 2.1. ([7]) Let P, be

have the following;

1. If A=

2. If Ay=

3. If Ay=

4. If Aq=

5. If As=

—_ = O

_—_0 OO OO

o O = _ O = = O O — o O

_ o OO OFFE OO

o

0 3
E=]10 0
1 2
the n'" Padovan sequences. For any n € N, we

Pn+2 Pn+1 Pn+3
,then AT = P, P,.1 P
Pn+1 Pn Pn+2

Pn+2 Pn Pn+1
,then Ag = Pn+1 Pn,1 Pn
Pn+3 Pn+1 Pn+2

Pn—l Pn Pn+1
,then Ag = Pn+1 Pn+2 Pn+3
Pn Pn+1 Pn+2

Pn+2 Pn+3 PnJrl
,then AZ = Pn+1 Pn+2 Pn
Pn PnJrl Pnfl

Poyo Poy1 Py
,then Ay = | Poys Poya Py
L Pn+1 Pn Pn—l i

Proposition 2.2. ([7]) For allm,n € N such that m < n. We have the following

relations;

1. Pn = PmPn—m—l + Pm+1Pn—m+1 + Pm+2Pn—m
2. Pn - mflpnfm + PmPn7m+2 + Pm+1pn7m+1'

Theorem 2.3. ([8]) Let P, be the n'* Padovan sequences. For any n € N, we

have the following;

[0
1.If Q=10
|1
(1
2. If Q2= 1|1
|0
(1
3. If Qs= 1|1
|0

S =

= = O —_ o O

—_ =

o O = _ O =

[ Pone1 Pay Popgr
Jthen QF = | Papng1 Popnto Pongs
Py, Popp1 Popgo

P2n+2 P2n+1 P2n+3

,then Q5 = Py, Py Poppa

| Pen+1 Pan Ponyo
Poyo Popy1 Pop

sthen Q5 = | Papys  Pont2 Panga
| Pen+1 Pan Pan—a
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0 0 1 Py1 Popy1 Py
4. If Qu=|1 1 0 |, ,thenQf = Py, Popyo Popga
|0 1 1 | | Pont1 Ponys Pongo |
I 1 1 0 i i P2n+2 P2n P2n+1 ]
D. If QS = 0 01 ,then Q? - P2n+1 P2n—1 P2n
|1 0 1 | | Pont3s Pany1 Pong2 |
(1 1 0] [ Popio Popss Popgr |
6. If QG = 0 1 1 ,then Qg = P2n+1 P2n+2 Pgn
L 1 0 0 ] L P2n P2n+1 P2n—1 |

Proposition 2.4. ([§]) For all m,n € N such that m < n. We have the following
relations;

1. Pop = Poy1Poinm) + Pom Po(n—m)+2 + Pem+1Po(n—m)+1

2. Py, = PQmPQ(n—m)—l + P2m+1p2(n—m)+1 + P2m+2p2(n—m)'

3. Pany1 = Pon 1 Pogn—m)+1 + Pem Po(n—m)+3 + Pemay1Po(n—m)+2

4 Pony1 = PomPopnom) + Pem+1Po(n—m)+2 + Pam+2Po(n—m)+1-

Theorem 2.5. ([6]) Let P, and R, be the n'" Padovan and Perrin number,
respectively.

01 0 P, R,
If B=|0 0 1 |,thenB"E= | Puy1 Rus
1 1 0 P7L+2 Rn+2

for allm € N.

Proposition 2.6. ([6]) For all m,n € N such that 3 < m < n. We have the
following relations;

1. P, =Py 1Py + Pm+1Pn—m+1 + PmPn—m+2

2. Ry =Pn 1Ry s + Pm+1Rn—m+1 + PmRn—m+2

Let us add some observation from the proposition above. If we choose n =
1,000 and m = 498, then we obtain that P goo0 = Pig7Pso2 + PagoPs03 + Pios Psoa
and Ry 000 = PagrRs02 + PaggRs03 + Pagg Rs04.

Thus the values of P g9 is obtained by using the value of Pag7, Pigs, P99, Ps02,
P503 and P504 (not ng77 ngg). For RLOOO we also use the value of ]34977 P498, P499,
Rs02, Rs03 and Rso4 (not Rog7, Rggs).

To this end, let us point out some our observations. In [5,7] the authors
considered the 3 x 3 matrices, the entries are 0 and 1, such that five entries are 0
and four entries are 1. Similarly in [8] the authors also considered 3 x 3 matrices,
the entries are 0 and 1, but five entries are 1 and four entries are 0. In the results
of Theorem 2.1, Theorem 2.3 and Theorem 2.5, we can see that Ay = AT A5 =

AT A3 =BT, Q.= Q7,Q5 = Q1 and Qs = Q7.
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3 Main Results

In this section we not only focus on some matrix formula for Perrin and
Padovan sequences. But also specially interested in the relation of Perrin and
Padovan sequences.

Theorem 3.1. Let P, and R,, be the n'" Padovan and Perrin number, respec-

tively.
1 0 1 P2n+3 R2n+3
If Q = 1 0 0 ,then QnE = P2n+1 R2n+1 ,n e N. (31)
0 1 1 Popi2 Rongo

Proof. The proof will be done by principle of mathematical induction. For n =1,
it is easy to see that

1 5 P R
QE=10 3|=| P Rs
1 2 P, Ry
That is, we obtain that
Ps Rs Py1yy3 Ray4s
Py R | = | P41 Rey+r
P, Ry Pyyp2 R4

Assuming the equation (3.1)) holds for all n = k, we have that

. Poy3 Ropgs
QE = | Payy1 Rort1
Pypyo  Ropyo

Now, let us show that the case also holds for n =k + 1.

| 1 0 1 Popys Ropys
QE = (QQNE=Q@QB)=| 1 0 0| | Puss Ranss
01 1 P2 Roggo

[ Popys + Pogyo
= Pojys
Popi1 4 Popyo

Ropys
Roj 13
Roj14a

Psjis
= | Pogys
Popys

Ropys + Pop4o
Rapys
Rop+1 + Popyo

Pygy1)+3
= | Part1)+1
L Pa(k+1)+2

This complete the proof.

Ro(k41)+3
Ro(k+1)+1
Ro(k+1)+2
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Corollary 3.2. For all m,n € N such that m < n. We have the following rela-
tions;

1. P2n+1 == P2m—1P2(n7m)+l + P2mp2(n7m)+3 + P2m+1P2(nfm)+2

2. Ront1 = Pam—1Ratn—m)+1 + PomBotn—m)+3 + Poms1Rom—m)+2

3. P2n+2 = PQmPZ(nfm)qtl + P2m+1P2(n7m)+3 + P2m+2P2(nfm)+2

4. Ronyo = PomRo(n—m)y+1 + Pem+1Ro2(n—m)+3 + Pam+2Rotn—m)42-

101
Proof. Let Q=] 1 0 0 |[.By the laws of exponent, we have Q"E = Q™ (Q" ™E).
011

From Theorem 2) and Theorem It follows that,

P2n+3 R2n+3 P27n+2 P2m+1 P27n+3 P2(n7m)+3 R?(nfm)+3
Popy1 Ropyr | = Py Pono1 Pomp Pon—my+1 Ron—m)+1
P2n+2 R2n+2 P2m+1 Py, P2m+2 P2(n—m)+2 RZ(n—m)+2

By multiplying the right-hand side matrices and comparing the 2"¢ rows and 3"¢
rows entries, we obtain;

Popi1 = Pon 1 Pogn—m)+1 + PemPo(n—m)+3 + Pemy1Po(n—m)+2

R2n+1 = P2m71R2(n7m)+1 + P2mR2(n7m)+3 + P2m+1R2(nfm)+2

Ponio2 = PomPotn—my+1 + Pom+1Po(n—m)+3 + Pem+2Po(n—m)+2

and

Ront2 = PomBRo(n—m)+1 + Pem+1BR2(n—m)+3 + Pom+2Ro(n—m)+2-
This complete the proof. O

Let us point out the useful fact from this corollary. If we choose n = 499
and m = 250, then we only need P99 — Pso2 and Rag9 — 501 to obtain Pj 9o =
P50 Page + Psp1P501 + Pso2Ps00 and R 000 = Psooflage + Pso1Rs01 + Pso2Rs00,
which is better than the results obtained from Proposition 2.6.

The proof of Theorems 3.3, 3.5 and Corollaries 3.4, 3.6 are similar to the proof
of Theorem [3.1] and Corollary

Theorem 3.3. Let P, and R,, be the n'* Padovan and Perrin number, respec-

tively.
0 0 1 P2n R2n
If Q = 1 1 0 ,then QHE = P2n+1 R2n+1 ,n e N. (32)
0 1 1 Pynyo Ropgo

Corollary 3.4. For all m,n € N such that m < n. We have the following rela-
tions;

1. P2n - P2m—1P2(n7m) + P2mp2(n7m)+2 + P2m+1P2(n7m)+1

2. Rop = Pam—1Ra(n—m) + PomRo(n—m)+2 + Pomi1Ro(n—m)+1

3. P2n+1 = P2mP2(n7m) + P2m+1P2(n7m)+2 + P2m+2P2(n7m)+1

4 R2n+1 = P2mR2(nfm) + P2m+1R2(n7m)+2 + P2m+2R2(nfm)+1~
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Theorem 3.5. Let P, and R,, be the n'" Padovan and Perrin number, respec-

tively.
0 11 Pris Rays
If Q=10 0 1 | ,then@Q"E=| Poy1 Rpy1 |,m€N. (3.3)
1 0 O Pn+2 Rn+2

Corollary 3.6. For all m,n € N such that m < n. We have the following rela-
tions;

1. Pn+1 = melpnferl + PmPn7m+3 + Pm+1Pnfm+2

2. RnJrl = meanferl + PmRnfm+3 + Peran,erg

3. Pn+2 = PmPn—m+1 + Pm+1Pn—m+3 + Pm+2Pn—m+2

4. Rn+2 = PmRn—m+1 + Pm+1Rn—m+3 + Pm+2Rn—m+2

The following corollary, we use the determinant of matrix in Theorem and
Theorem to give a relation of Padovan sequence.

Corollary 3.7. Let P, be the n'" Padovan number and n € N, we have the
following;
1. Pn—1P72L+2 + P3Pn+3 + P3+1 - Pn—1Pn+1Pn+3 - 2P7LPn+1Pn+2 =1

2. Poy 1P} g+ P35 Poyis+P3 —Pon 1Py i1 Poni3—2Poy Poyi1 Poyyo = 1.

Proof. According to Theorem 1)7

0 0 1 Pnoi2 Poy1 Pays
ifA=| 1 0 0 [, then we have the following A™ = P, P,.1 Pupa
110 Poyw P Puyo

Clearly, we see that det(A) = 1 and det(A™) = [det(A)]™ = 1. Moreover, we observe
that det(A™) = Po_1P2 o+ P?Puys+ P2y — Puo1PoyiPuys — 2P, Py Poyo,
and we conclude that

Pn—1P72L+2 + PTQLPTH-?) + PSJ,_l - Pn—1P7L+1Pn+3 - 2PnPn+1Pn+2 =1
Similarly, we can use the fact of Theorem [2.3]and determinant of matrix to conclude
that,

Py 1P}, o+ P Poyis+ P31 — Poy_1Popi1Popys — 2Pop Popy1Popyo = 1.
The proof is now complete. O

4 Conclusion

In this work, we found not only the new three matrices formula for Perrin and
Padovan sequences, but also specially interested in some relation of Perrin and
Padovan sequences. Moreover, we conjecture that this concept could be extended
to n X n matrices, where n > 4.

Acknowledgement : The authors would like to thank the referees for useful
comments and suggestions on the manuscript.
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