THAI JOURNAL OF M ATHEMATICS @
L =3 H

VOLUME 17 (2019) NUMBER 3 : 703-725 ‘

(@S]
http://thaijmath.in.cmu.ac.th &ﬂ\y
ISSN 1686-0209

Fixed Point Theorems for Generalized
Contractions with Triangular a-Orbital

Admissible Mappings on Branciari
Metric Spaces

Suparat Baiya' and Anchalee Kaewcharoen!+{]]

"Department of Mathematics, Faculty of Science, Naresuan University
Phitsanulok 65000, Thailand
e-mail : s.baiya20@hotmail.com (S. Baiya)
anchaleeka@nu.ac.th (A. Kaewcharoen)

fCentre of Excellence in Mathematics, CHE, Si Ayutthaya Rd.
Bangkok 10400, Thailand

Abstract : The fixed point theorems and unique common fixed point theorems
for generalized contractions with triangular f-a-admissible mappings on Branciari
metric spaces are proven omitting some conditions of 1) € ¥y using ¥, the set of all
nondecreasing and continuous functions. We prove the unique common fixed point
theorems for generalized contractions in the setting of partially ordered Branciari
metric spaces using our main result. Moreover, we also present the example that
supports our main result.

Keywords : Branciari metric spaces; common fixed points; triangular f-a-
admissible mappings; weakly compatible mappings.
2010 Mathematics Subject Classification : 47H09; 47H10.

1 Introduction and Preliminaries

One of the most important results in fixed point theory is the Banach con-
traction principle [1] because of its application in many branches of mathematics
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and mathematical sciences. The Banach contraction principle has been used and
extended in many different directions. Recently, Branciari 2] introduced a class of
generalized metric spaces by replacing triangular inequality by similar one which
involves four or more points instead of three and improved Banach contraction
principle. Any metric space is a generalized metric space but the converse is not
true, for more details, see [3H14] and the related references contained therein. On
the other hand, the common fixed point theorems are generalizations of fixed point
theorems. There are many researchers are interested in generalizing fixed point
theorems to coincidence point theorems and common fixed point theorems.

In this paper, we prove the fixed point theorems and unique common fixed
point theorems for the generalized contractions appeared in [15] omitting some
conditions of 1) € ¥y using the set ¥y introduced by [16]. The unique common
fixed point theorem for generalized contractions in the setting of partially ordered
Branciari metric spaces is proven using our main result. Moreover, we also present
the example that supports our main result.

Let R denote the set of all real numbers and N denote the set of all positive
integers. We now recall some important definitions, lemmas and theorems.

Definition 1.1. [2] Let X be a nonempty set. We say that a mapping d : X x X —
[0,00) is a Branciari metric if for all z,y € X and for all distinct points u,v € X
where each of them different from x and y, we have

(i) d(z,y) =0 if and only if z = y;
(i) d(z,y) = d(y, z);
(ili) d(z,y) < d(x,u) + d(u,v) + d(v,y) (rectangular inequality).

If d is a Branciari metric, then (X, d) is called a Branciari metric space (or for short
BMS). By the definition we see that a Branciari metric space is a generalization
of a metric space.

Definition 1.2. Let (X, d) be a BMS, {z,} be a sequence in X, and z € X. Then

(i) We say that {x,} is convergent to z if and only if d(x,,z) = 0 as n — c©
and denoted by x,, — = as n — oc.

(ii) We say that {z,} is a Cauchy sequence if and only if d(z,,x.,,) — 0 as
n,m — oo.

(iii) We say that (X, d) is a complete BMS if and only if every Cauchy sequence
in X converges to some element in X.

Lemma 1.3. [17] Let (X,d) be a BMS, and let {x,} be a Cauchy sequence in X
such that x,, # x,, whenever n # m. Then {x,} converges to at most one point.

In 2014, Rosa and Vetro |18] introduced the notion of f-a-admissible mappings
as the following:
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Definition 1.4. Let T, f : X = X and o : X X X — [0,00). The mapping T is
said to be an f-a-admissible mapping if for all z,y € X,

afx, fy) > 1 implies a(T'z, Ty) > 1
If f is an identity mapping, then T is called to be an a-admissible mapping.

In 2014, Popescu |19] introduced the notion of triangular a-orbital admissible
mappings.

Definition 1.5. [19] Let 7: X — X and a: X x X — [0,00). We say that T is
a-orbital admissible if for all z € X,

oz, Tx) > 1 implies a(Txz, T?z) > 1.
Definition 1.6. |19] Let T: X — X and a: X x X — [0,00). We say that T is
triangular a-orbital admissible if:
(i) T is a-orbital admissible;
(ii) for all z,y € X, a(x,y) > 1 and a(y,Ty) > 1 imply that a(x,Ty) > 1.

Lemma 1.7. [19] Let T : X — X and o : X x X — [0,00). Suppose that T is a
triangular a-orbital admissible mapping and assume that there exists x1 € X such
that a(x1,Tx1) > 1. Define a sequence {x,} by xpny1 = T, for alln € N. Then
(X, T) > 1 for all m,n € N with n < m.

Denote by W; the set of all functions ¥ : (0,00) — (1,00) satisfying the
following conditions:

(1) 4 is nondecreasing;

(2) for each sequence {t,} C (0, 00),

lim 9(t,) =1 if and only if lim ¢, = 0;
n—oo

n—oo

3) there exist r € (0,1) and [ € (0, oo] such that lim;_,q d’(t):l =1
( ) ) i t

Jleli et al. |15] established the following theorem by adding the continuity to
a function ¢ € ¥, on Branciari metric spaces.

Theorem 1.8. [15] Let (X,d) be a complete BMS and T : X — X. Suppose that
there exist 1 € Uy that is continuous and X € (0,1) such that for all x,y € X,

d(Tz,Ty) # 0 implies ¥(d(T, Ty)) < [V(R(z,y))]*,

where
R(z,y) = max{d(z,y),d(z, Tz),d(y, Ty)}

Then T has a fixved point z in X and {T"x1} converges to z.
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Arshad et al. [20] extended the results proved by Jleli et al. [21] and [15] by
using the concept of triangular a-orbital admissible mappings obtained in [19] by
adding the continuity to a function ¥ € ¥, .

Theorem 1.9. [20] Let (X, d) be a complete BMS, T : X - X anda: X x X —
[0,00). Suppose that the following conditions hold :

(i) there exist 1y € Uy and X € (0,1) such that for all x,y € X,
d(Tz, Ty) # 0 implies oz, y) - Y(d(Tz, Ty)) < [p(R(z,y))],

where
d(z,Tz)d(y, Ty)

R(z,y) = max{d(z,y),d(z,Tx),d(y, Ty), 1+ d(z,y)

%

(ii) there exists vy € X such that a(x1,Tx1) > 1 and a(xy, T?x1) > 1;

(i) T is a triangular a-orbital admissible mapping;

(iv) if {T"x1} is a sequence in X such that o(T"xzy, T" z1) > 1 for all n and
r, - x € X as n — 0o, then there exists a subsequence {T"®z1} of
{T"x1} such that a(T"(k)xl,x) >1 forall k € N;

(v) 1 is continuous.

Then T has a fized point z in X and {T"x1} converges to z.

Li and Jiang [16] introduced Wy the set of all functions ¢ : (0,00) — (1,00)
which is nondecreasing and continuous. They also gave some examples illustrating
the relationship between ¥y and ¥, as follows:

Example 1.10. [16] Let f(t) = ¢’ for t > 0. Then f € W, but f ¢ ¥ since

te”

lim;_,o & tr_l = 0 for each r € (0,1).

Example 1.11. [16] Let g(t) = e*" for t > 0, where a > 0. If a € (0,1), then
g €U NWy. If a =1, then g € Uy but g ¢ ¥, since lim;_,¢ % = 0 for each
r € (0,1). If a > 1, then g € Uy but g ¢ ¥; since limt_ﬂ)% = 0 for each
r € (0,1).

Remark 1.12. From Example [I.10] and Example [[.1I] we can conclude that

Uy ¢ Uy and U1 N Wy # @. Moreover, it is clear that if ¢ € ¥y and 1 is
continuous, then ¢ € ¥s,.

Definition 1.13. Let T, f : X — X. If w =Tz = fx for some x € X, then x is
called a coincidence point of T" and f, and w is called a point of coincidence of T'
and f.

Definition 1.14. Let T, f : X — X. The pair {T, f} is said to be weakly
compatible if T'fx = fTx whenever Tx = fx for some x € X.

Proposition 1.15. [22] Let T, f : X — X and {T, f} is weakly compatible. If
T and f have a unique point of coincidence w = Tx = fx, then w is the unique
common fized point of T and f.
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2 Main Results

We now prove the existence of fixed point theorems for triangular a-orbital
admissible mappings omitting some conditions of 1) € Wy using Vs the set of all
nondecreasing and continuous functions on (0, 00) to (1, 00).

Theorem 2.1. Let (X,d) be a complete BMS, T : X - X and o : X x X —
[0,00). Suppose that the following conditions hold:

(i) there exist ¢ € ¥y and A € (0,1) such that for all x,y € X,
d(Tx,Ty) # 0 implies a(z,y) - (d(Tz,Ty)) < [p(R(x,y))],  (2.1)

where
R(xv y) = max{d(xa y)v d(xa T‘T)v d(y7 Ty)}§

(ii) there exists x1 € X such that a(zy,Tz1) > 1;
(ii) T is a triangular a-orbital admissible mapping;
(iv) T is continuous.

Then T has a fized point.

Proof. Let 1 € X such that a(z1,Tz1) > 1. Define the iterative sequence {x,,}
such that
Tpy1 = Tx,, forall neN.

If z,,, = xyy41 for some ny € N, then z,, is a fixed point of 7. We now suppose
that x, # x,41 for all n € N. By condition (ii), we have a(x;,Tx1) > 1. Using
Lemma we obtain that

a(Tp, pe1) > 1 for allm € N. (2.2)

From ([2.1)) and (2.2)), for all n € N, we have

Y(d(@n, Tnt1)) = Y(d(Tzn-1,T2n))
< a(xp—1,Tn)V(d(Txpn_1,Txy,)) (2.3)

W(R(l‘n—h xn))])\v

IN

where
R(xy—1,x,) = max {d(xn,l, ZTn)y d(Tp—1,TTpn_1),d(zn, Tmn)}
= max {d(xn_l, Tn)y A X1, Tp), d(y, $n+1)}
= max{d(p—1,Zn), d(Tn, Tnit1)}-
If R(zp—1,2n) = d(zp, Tnt1), then by we obtain that

Y(d(Tp, Tpy1)) < W(d(xmxn-&-l))])\ < P(d(Tn, Tnt1)),
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which is a contradiction. Hence R(zy—1,%,) = d(2p—1,2,). Using (2.3]), we have
Y(d(zp, Tpy1)) < W}(d@nflaxn))])\ < Y(d(Tp-1,7n)).

Since 1 is nondecreasing, we have d(z,, n+1) < d(zn—1, ). Hence the sequence
{d(zn,xn+1)} is decreasing. Hence {d(xy,, z,+1)} converges to a nonnegative real
number. Thus there exists > 0 such that lim d(x,,%,+1) =r and

n—roo

d(Tp, Tpg1) > 7. (2.4)

We will prove that » = 0. Suppose that r > 0. Since % is nondecreasing and by

using and , we obtain that
1< 9(r) < P(d(@n, 2nt1)) < [o(d(@n—1,20))] < -+ < [(d(mo, 21))]",  (25)

for all n € N. Letting n — oo in this inequality, we get that ¢ (r) = 1, which
contradicts to the assumption that ¢(¢) > 1 for each ¢t > 0. Consequently, we have
r = 0 and therefore

lim d(xn,zn+1) = 0. (2.6)

n—oo

Suppose that there exist n,p € N such that x,, = z,4,. We prove that p = 1.
Assume that p > 1. Using (2.1)) and (2.2, we obtain that

P(d(zn, Tni1)) = (d(@np; Tnipi1))

V(AT zpip—1, Tonp))

(@ntp—1; Tntp) Y (d(TTnip—1, TTntp)) (2.7)
[ (R(2p4p-1, m""t‘ll))])\a

INIA

where

R(Zpip-1, Tnyp) = max {d(xnﬂ)—la Tntp), W Tntp—1, TTnip-1), A(Tnip, Txn-i-p)}
= max {d<x’ﬂ+P*17 Tntp), ATnsp—1, Tngp), A(@ntp, $n+p+1)}
= max {d(mnﬂ,,l, Tntp), ATntp, xn+p+1)}.

If R(ntp, Tntpt1) = A(Entp, Tntpt1), then from we obtain that

P(d(zn, Tni1)) = Y(d(Tnip, Tnips1))
< [w(d(xn+pamn+p+1))]>\
<Y(d(Tntp, Tngpt1)),
which is a contradiction. Hence R(xn+p,xn+p+1) = d($n+p—1,$n+p). By ,
we obtain that
Y(d(@n, Tnt1)) = Y(d(@ntp, Tnspi1))
< W(d(xn—%p—l,xn-&-p))})\
< Y(d(@ntp-1, Tntp))-
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Since 1 is nondecreasing, we have d(2y,, Tnt+1) < d(Znyp—1, Tntp). By using (2.1)),
we get that

T/J(d(xnﬂo—lv xn+p)) < O‘(xn+p—27 $n+p—1)w(d(Txn+p—2v Txn+p—1))
< W(R(xr&p*%xnﬂ)fl))]/\v (2.8)
where
R("En+p727 anrpfl)

= max {d(l’n+p—2’ Tpyp—1)s ATntp—2, TTrip-2), d(Tpyp-1, T$n+p—1)}

= max {d(xn-&-p—% Tytp—1), ATrtp—2, Tntp—1); ATnyp-1, xn-&-p)}

= max {d($n+p72v Tpyp-1)s ATntp-1, mner)}~
If R(xniyp—2, Tnip—1) = A(Tntp—1, Tnip), then by (2.8) we obtain that

P(d(Tnip-1,Tnip)) < W(d(xvﬁp—hxnﬂo))])\ < Y(d(Tntp-1,Tntp)),

which is a contradiction. Hence R(Tn1p—2,Tntp—1) = d(Tntp—2; Tntp—1). BY

, we have
V(d(Tntp-1, Tntp)) < [w(d(xwrp*?’xnﬂ?*l))]/\ < P(d(@ntp-2, Tnip-1))-

Since v is nondecreasing, we have d(Tn+p—1,Tntp) < A(Tntp—2;Tntp—1). By
continuing this process, we obtain the following inequality

d(zy, Tnt1) < d(Tpap—1;Tntp) < A(Tntp—2, Tntp—1) < ... < d(Tp, Tny1),

which is a contradiction and hence p = 1. We deduce that T has a fixed point.
We can assume that z, # z,, for n # m. We now prove that {d(x,,zn12)} is
bounded. Since {d(z,Zn,+1)} is bounded, there exists M > 0 such that

d(Tp, Tpt1) < M for all n € N.

If d(xy, Tpi2) > M for all n € N, then from
R(xn—la xn-{-l) = max {d(xn—lv xn+1)7 d(xn—lv Txn—1)7 d(xn-i-lv Txn—i—l)}

= max {d(xnfla anrl)a d(ﬂi‘n,l, wn)7 d($n+1u (En+2)}

= d(gjn—la xn+1)7
and Lemma we obtain that

(s ns2)) = (AT 201, Tnsn)

< a(xn—laxn+1)¢(d(T'rn—1a Txn—&-l))
< [W(R(Tn-1,Tns1))*
= [W(d(zn—1, 2n41))]*
<P(d(Tn-1,Tnt1))-
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This implies that {d(zn, x,42)} is decreasing. Therefore {d(x,,, n42)} is bounded.
If d(xy, Tpy2) < M for some n € N then from

R(.Tn, xn+2) = max {d(l‘n, .’En+2), d(xnv Tl‘n), d($n+2, T-Tn+2)}
= max {d(:vm Tny2), A(Tn, Tni1), d(Tnyo, xn+3)}
and Lemma [I.7] we obtain that

1/}(d($n+1,xn+3)) ¢( (T$n7T$n+2))
(@, Tny2)P(d(T T, TTny2))

[¢ R(zy, mn+2))])\

(
< [ (M)
< Y(M).

IAIA

Therefore d(zyp+1,Zn+3) < M. This implies that {d(x,,zn42)} is bounded. We
next prove that lim d(x,,2,4+2) = 0. Suppose that lim d(z,,2,+2) # 0. So there
n— o0 n—00

exists a subsequence {x,, } of {z,} such that

lim d(zp,,Tn,+2) = a for some a > 0.
k—o0

Using and Lemma we have
d)(d(xnk ) xmﬁ-?)) = ¢(d(Txnk—1’ Txnk-i-l))
< O‘('Tnk—h Ink+1)w(d(Tmnk—1’ Txnk-‘rl))
< [w(R(xnk—lvxnk+l))]>\7

where
R(zp,—1,%n,+1) = max {d(a:nk_l,scnkﬂ), d(@ny,—1,T2n,—1), d(a?nk+1,T:17nk+1)}
= max {d(xnk_l, T t1)s ATy —1, Ty, )y ATy 115 xnk+2)}.
Letting k — oo in the above inequality, we obtain that

¥(a) = Jim §(d(@n, Ty 12)) < Jim [BR(Tn, -1, 8n1))] = [P(a)] < ¥(a),

k—o0

which is a contradiction. Therefore

lim d(xn, zpi2) = 0. (2.9)

n—roo

We now prove that {x,} is a Cauchy sequence. Suppose that {z, } is not a Cauchy
sequence. Then there exist € > 0 and two subsequences {z,, } and {z,, } of {z,}
such that ny is the smallest index with ny > my > k for which

d(l‘mk,l‘nk) > . (210)



Fixed Point Theorems for Generalized Contractions ... 711

This implies that
A Xy, s Tyo—1) < E. (2.11)

By applying the rectangular inequality and using (2.10) and (2.11)), we obtain that

e < d(XTmy,, Tny,)
S d(xmkairnkfl) + d(xnkflaﬁrnk72) + d(xnkfbirnk)
<e+ d(xnk—17xnk—2) + d(xnk—%wnk)~

Letting k£ — oo in the above inequality, using (2.6 and (2.9)), we get that

lim d(xm,, xn,) = €. (2.12)

k—o0

For each k € N, we have
Rz, T, ) = max {d(xnk’xmk)’ d(Tny, Ty, ), (mmvaxmk)}
= max { (@, T ), Ay Tny41): (g 1) -

By using (2.6 and (2.12]), we obtain that
lim R(%n,,Tm,) = €. (2.13)

k—o0

By (2.12)) and (2.13]), there exists a positive integer kg such that
A Xny 41, Tmp+1) >0 and  R(p,,Tm,) >0, forall k> ko.
By Lemma and using (2.1]), we get that

¢(d($nk+1a$mk+1)) w(d(Tl‘nkaTl‘mk))
(d(Txmm Twy,))
o

AT,y , fnk) (d(Txmk ) T'Tnk ))

IN I/\

[V(R(Tmy s Ty, ))]A
= [(R(xny, Ty )],

for all ng > my > k > ko. Letting k — oo in this inequality, by (2.12)), (2.13) and
the continuity of ¢, we obtain that

$(E) = Jm $(d(n, 1, Tong 1)) < Jm [D(R(ng, 2, ) = [0 < 6(E),
which is a contradiction. Therefore {z,} is a Cauchy sequence in X. Since X is
a complete BMS, it follows that {z,} converges to z € X. Since T is continuous,
we have

z= lim z,41 = lim Tz, =Tx.
n—oo n— 00

Therefore z is a fixed point of T. O



712 Thai J. Math. 17 (2019)/ S. Baiya and A. Kaewcharoen

We now replace the continuity of T in Theorem by some appropriate con-
ditions to obtain the following theorem.

Theorem 2.2. Let (X,d) be a complete BMS, T : X —» X and o : X x X —
[0,00). Suppose that the following conditions hold :

(i) there exist ¢ € Wy and X € (0,1) such that for all z,y € X,
d(Tx,Ty) # 0 implies oz, y) - Y (d(Tz,Ty)) < [b(R(z,y)*,  (2.14)
where
R(z,y) = max{d(z,y), d(z, Tx), d(y, Ty)};
(#) there exists x1 € X such that a(x1,Tx1) > 1;
(i) T is a triangular a-orbital admissible mapping;

() if {xn} is a sequence in X such that a(x,,2pe1) > 1 for all n and x, —
x € X as n — oo, then there exists a subsequence {xn,} of {xn} such that
a(p,,x) > 1 for all k € N.

Then T has a fized point.

Proof. As in the proof of Theorem we can construct the sequence {z,} in X
such that
Tpy1 = Tx,, forallneN,

a(xp, Tpy1) > 1 for all n € N and lim, o0, = . By (iv), there exists a
subsequence {z,, } of {z,} such that a(z,,,z) > 1 for all k € N. We can suppose
that x,,, # Tx. Applying inequality ([2.14), we obtain that

Y(d(Tan,,Tx)) < a(xn,, 2)(d(Ten,, TT))
< [Y(R(zny, )],
where
R(zp,,r) = max {d(xnk,x), d(xn,, , Ty, ),d(x, Tx)}
= max {d(xnk,x), d(Xny, s Trpt1), d(z, Tx)}

Taking the limit as £k — oo and since v is continuous, we obtain that

lim R(xy,,x) =d(z,Tx).

k—oc0
We will prove that £ = T'x. Suppose that « # Tz. Therefore
d(x,Tz) < d(x,Tn,—1) + d(Xny—1, Tny ) + d(@n,,, Tx).
It follows that
d(z,Tz) < lim d(xy,,Tz).

k—o0
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Since 9 is continuous and nondecreasing, we obtain that

Y(d(z,Tz)) < lim W(d(zn,,T2)) < [P(d(z, T))]* < ¢(d(z, Tz)),

k—o0

which is a contradiction. Thus x = Tz and hence x is a fixed point of T'. O

We now present the example for supporting our main result.

Example 2.3. Let X ={0,1,2,3}. Define d: X x X — [0,00) as follows:

d(x,z) =0 for all x € X,

d(0,2) = d(2,0) = d(0,3) = d(3,0) = d(2,3) = d(3,2) = 2
d(0,1) =d(1,0) =d(1,2) =d(2,1) = 4,

d(1,3) =d(3,1) =1, and

d(x,y) = |x — y|, otherwise.

)

Therefore (X, d) is complete BMS but (X, d) is not a metric space because it lacks
the triangular property as the following:

d(1,2) =4 > 142 =d(1,3) +d(3,2).

Let T : X — X be the mapping defined by

[ litz#2
ng_{ 3ifa =2.

Let @ : X x X — [0,00) be given by

a(x,y):{ 1ifz,y e X\{2}

g otherwise.

Define a function 4 : (0,00) — (1,00) by ¥(t) = e'. By Example we obtain
that ¢ € Uy but ¢ ¢ W;. We next illustrate that all conditions in Theorem
hold. Taking z; = 1, we have a(1,71) = a(1,1) = 1 > 1. We next prove that T is
a-orbital admissible. Let x € X such that o(z, Tx) > 1. Therefore z, Tz € X\{2}
and then z € {0,1,3}. By the definition of a, we obtain that

Y

a(T0,T20) = a(1,1) > 1,
o(T1,T*1) = a(1,1) > 1,
a(T3,T?3) = a(1,1)

%

1.

It follows that T is a-orbital admissible. Let z,y € X such that a(z,y) > 1 and
a(y,Ty) > 1. By the definition of a, we have x,y, Ty € X\{2}. This yields

a(0,1) > 1 and «(1,71) > 1 imply «(0,71) > 1,
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a(0,3) > 1 and «(3,73) > 1 imply «(0,73) > 1
a(1,3) > 1 and «(3,73) > 1 imply «a(1,73) > 1
a(1,0) > 1 and «(0,70) > 1 imply «(1,70) > 1,
a(3,0) > 1 and «(0,70) > 1 imply «a(3,70) > 1
a(3,1) > 1 and a(1,71) > 1 imply «(3,71) > 1

This implies that T is triangular a-orbital admissible. Let {z,,} be a sequence such
that a(zy, xzpy1) > 1 for all n € N and z,, — z as n — oo. By the definition of «,
for each n € N, we get that z, € X\{2} = {0,1,3}. We obtain that = € {0, 1, 3}.
Thus we have a(x,,,x) > 1 for each n € N. We next prove that holds. Let
x,y € X be such that d(Tx,Ty) # 0. So we consider the following cases:

e x=2and y e {0,1,3} or
e y=2and z € {0,1,3}.

We divide the proof into three cases as follows:
(1) If (z,y) € {(0,2),(2,0)}, then

R(0,2) = max {d(O, 2), d(0, 1),d(2,3)} — max {2,47 2} — 4
This implies that
(AT, T2)) = p(d(1,3)) = (1) = ¢ < [ = (A < [(RO, )]
Therefore
a(0,2)0(d(T0,T2)) = 2Y(d(T0,T2)) < Y(d(T0,T2)) < [6(R(0,2))]"*
Since d(z,y) = d(y, z) for all z,y € X, we also obtain that
a(2,0)9(d(T2,70)) < [¥(R(2,0))]"
(2) If (z,7) € {(2,1),(1,2)}, then
R(2,1) = max {d(z, 1),d(2,3),d(1, 1)} = max {1, 2,0} -
This implies that

P(d(T2,T1)) = $(d(3,1)) = (1) = ' < [e*]*7 = [p(2)]"7 < [Y(R(2,1))]"".
Therefore
o(2, DY(d(T2,T1)) = S(d(T2,T1)) < 9(d(T2,T) < [H(RE, D)7
Since d(x,y) = d(y, x) for all 2,y € X, we also obtain that

a(1,2)y(d(T1,T2)) < [¢(R(1, 2))]0.7
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(3) If (z,y) € {(2,3),(3,2)}, then

R(2,3) = max {d(2,3), d(2,3),d(3, 1)} — max {2, 2, 1} —9
This implies that

P(d(T2,T3)) = ¢(d(3,1)) = (1) = e' <[e*)%7 = [(2)]°7 < [¥(R(2,3))]"".
Therefore

a(2,3)y(d(T2,T3)) = %w(d(TlT?))) < P(d(T2,73)) < [W(R(2,3))]"".

Since d(x,y) = d(y,x) for all z,y € X, we also obtain that
a(3,2)9(d(T3,T2)) < [¥(R(3,2))"".
It follows that if z,y € X and d(Tz,Ty) # 0, then

a(z,y)y(d(Tz, Ty)) < [Y(R(z,y))]*.

Hence all assumptions in Theorem are satisfied and thus T has a fixed point
which is x = 1.

We now introduce the notion of triangular f-a-admissible mappings and prove
a key lemma that will be used for proving our results.

Definition 2.4. Let T, f : X — X and o : X x X — [0,00). Then T is said to
be a triangular f-a-admissible mapping if
(i) T is an f-a-admissible mapping;

(ii) for all z,y € X, a(fx, fy) > 1 and a(fy,Ty) > 1 imply a(fz,Ty) > 1.

Lemma 2.5. LetT, f: X - X and o : X XX — [0,00). Suppose that T : X — X
is a triangular f-a-admissible mapping and assume that there exists x1 € X such
that a(fxz1,Tx1) > 1. Define a sequence {fx,} by frpy1 = Ta, for alln € N.
Then a(fxn, fem) > 1 for allm,n € N with n < m.

Proof. Since T is a triangular f-a-admissible mapping and «(fxy,Tz1) > 1, we
have a(fxq, fxs) = a(Tx1,Txs) > 1. By continuing this process, we obtain that

a(fxy, fepy1) > 1 for all n € N.

Suppose that a(fz,, fo,) > 1. We will prove that a(fz,, fems1) > 1 where
n < m. Since T is triangular f-a-admissible and a(fxy,, fT,my1) > 1, we obtain
that a(fxn, frms1) > 1. Hence a fap, fom) > 1forallm,n € Nwithn <m. O

Theorem 2.6. Let (X,d) be a BMS and T, f : X — X be such that TX C fX
where one of these two subsets of X being complete. Assume that o : X x X —
[0,00) and suppose that the following conditions hold:



716 Thai J. Math. 17 (2019)/ S. Baiya and A. Kaewcharoen

(i) there exist p € Uy and X € (0,1) such that for all x,y € X,
d(Tx,Ty) # 0 implies a(fz, fy) - v(d(Tz,Ty)) < [W(R(z,y))*, (2.15)
where
R(z,y) = max{d(fx, fy),d(fz,Tx),d(fy, Ty)};

(i) there exists x1 € X such that a(fx1,Tx1) > 1;

(i) T is a triangular f-a-admissible mapping;

(i) T is continuous with respect to f;

(v) either a(fu, fv) > 1 or a(fv, fu) > 1 whenever fu=Tu and fv =Twv.

Then T and f have a unique point of coincidence. Moreover, if the pair {T, f} is
weakly compatible, then T and f have a unique common fized point.

Proof. Let 1 € X such that a(fx1,Tx1) > 1. Define the iterative sequences {x,, }
and {y,} in X by
Yn = fopr1 = Tx,, foralln e N.

Moreover, we assume that if Tz, = y, = ym = Tx,, for some n # m, then
we choose %41 = Zmy1, this can be done since TX C fX. It follows that
Ynt+1 = Ym—+1- U Yng = Yno+1 for some ng € N, then y,,41 is a point of coincidence
of T and f. Consequently, we can suppose that y, # y,+1 for all n € N. By
condition (i), we have a(fz1,Tz1) > 1. Using Lemma [2.5 we obtain that

a(fey, frpe1) > 1 forall neN. (2.16)

From (2.15) and (2.16)), for all n € N, we have

V(d(Yn: Ynt1)) = P(d(T2n, T2n 1))
a(fan, fene)(d(Ten, Teni)) (2.17)

W)(R(xm $n+1))])\v

IN A

where
R(zp, Tnss) = max{d( Fons fns1)s d(fn, Tan), d(fsr, Tonsn) }
= max {d(ynfhyn), d(ynfl,yn),d(yn,ynﬂ)}
= max{d(Yn—1,Yn), d(Yn, Yn+1)}-
If R(xpn,Tnt1) = d(Yn, Ynt1), then by we obtain that
P(d(Yns ynt1)) < [(dYn, Yny 1)) < O(d(Yns Ynt1)),

which is a contradiction. Hence R(zy,, Tnt1) = d(Yn—1,Yn). Using (2.17)), we have

D(A(Yns Yn+1)) < [W(d(Yn-1,90)]* < P(d(Yn-1,Yn))-
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Since 1 is nondecreasing, we have d(yn, yn+1) < d(Yn—1,yn). Hence the sequence
{d(Yn, Yn+1)} is decreasing. Hence {d(yn, ynt+1)} converges to a nonnegative real
number. Thus there exists r > 0 such that lim d(yn,yn+1) = r and

n—oo

d(Yn, Ynt1) =1 forallm e N. (2.18)

We will prove that » = 0. Suppose that r > 0. Since v is nondecreasing and by

using and , we obtain that
1< 4(r) < 9(dYn, Ynt1)) < [(dyn—1,92)] < - < [0(d(yo, y2))]Y" 5 (2.19)

for all n € N. Letting n — oo in this inequality, we get that ¢(r) = 1 which
contradicts to the assumption that ¢ (¢) > 1 for each ¢t > 0. Consequently, we have
r = 0 and therefore

lim d(yn,Ynt1) = 0. (2.20)

n—oo

Suppose that there exist n,p € N such that y, = yn4,. We prove that p = 1.
Assume that p > 1. By using (2.15]), we obtain that

Y(A(Yn, Yn+1)) = Y(d(Yntp, Ynt+p+1))

Y(A(TTnyp, TTnsp1))

a(frnips fTnipt 1)V (A(TTnyp, TTnypr1)) (2.21)
(R (T4, Tntpr1))],

INIA

where

R(xnﬂn xn+p+1)

= max {d(fxn-'rpa fnip+1), d(fTntp, Tnip), d(fTnipii, Txn+p+1)}
= max {d(yn+p*17 Yn+p), AYn+p—1,Yn+p) s AYn-+p, yn+p+1)}
= max {d(ynﬂn—lv Yn+p)s AYn+ps yn+p+1)}-

If R(n+p, Tntp+1) = AYntp, Yn+p+1), then from (2.21]) we obtain that

Y(d(Yn, Yn+1)) = V(A Yntp, Yntp+1))
< [W(dWn+ps Yntp+))
< '(/J(d(yner’ yn+1)+1))a

which is a contradiction. Hence R(Zpnip, Tnips1) = d(Yntp—1,Yn+p)- By ([2:21)),
we obtain that
Y(d(Yn, Yn+1)) = (d(Yntp, Yn+p+1))
§ W)(d(yn+p—la yn-&-p))})\
< P(d(Yn+p—1, Yn+p))-
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Since 1 is nondecreasing, we have d(Yn, Yn+1) < d(Yntp—1,Yn+p). Next, by using
(2.15), we get that

V(A Yntp-1,Yn+p)) < A(fTnip—1, [Tnip)V([d(TTnip—1,TTn4p))
< [¢(R(xn+p—laxn+p))]/\a (2.22)

where
R(Tpnip-1, Tntp)

= max {d(fxn-&-p—la f‘rn-l-p)v d(fxn-i-p—la Txn-l—p—l)a d(fxn-‘rpa Txn-i—p)}

max {d(yn+p*27 yn+p*1)7 d(yn+p*27 yn+p*1)7 d(yner*lv yn+p)}
= max {d(yn—O—p—Za yn+p—1)7 d(yn+p—17 yn+p)}-

If R(Zntp—1,Tntp) = AYntp—1,Yntp), then by (2.22)) we obtain that
w(d(y’ﬂrFP*l?ynﬁ*p)) < [¢(d(yn+p71,yn+p))]k < w(d(yn+p71?yﬂ+;ﬂ)>7

which is a contradiction. Hence R(Zn4p—1,Zn+tp) = d(Ynt+p—2, Yn+p—1). By (2.22),
we have

¢(d(yn+p—1, yn-‘rp)) < [w(d(yn+p—27 yn-&-p—l))])\ < w(d(yn-‘rp—% yn-i—p—l))'
Since 9 is nondecreasing, we have d(Yn4p—1,Yn+tp) < d(Yn+p—2,Yntp—1). By con-
tinuing this process, we obtain the following inequality

d(yna yn+1) < d(yn+p—1vyn+p) < d(yn+p—2a yn+p—1) <...< d(y7l7yn+1)7

which is a contradiction and hence p = 1. We deduce that T and f have a point
of coincidence. We can assume that y, # y,, for n # m. We now prove that
{d(Yn, Yn+2)} is bounded. Since {d(yn,¥yn+1)} is bounded, there exists M > 0
such that

d(Yn, Yn+1) < M for all n € N.

If d(yn,Ynt2) > M for all n € N, then from
R(l‘n, zn+2) = max {d(fl‘n, fxn+2)a d(fxna Tajn)a d(f$n+27 T$n+2)}

= max {d(ynm Yn+1)s AYn—1,Yn), A(Ynt1, yn+2)}

= d(Yn—1,Yn+1),
and Lemma we obtain that
V(d(Yn, Yn+2)) = Y(d(Tzn, TTpq2))
fan, feni2)(d(Tan, Tonq2))
R(zn, xn+2))])\
d(Yn-1, yn+1))]’\
< Y(d(Yn—1,Yn+1))-
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This implies that {d(yn, ynt2)} is decreasing. Therefore {d(yy, ynt2)} is bounded.
If d(yn, Ynt2) < M for some n € N, then from

R(Zny1,Tny3) = max {d(f$n+1’ Jrny3), d(frni1, Tony1), d(frnys, Tﬂﬂn+3)}

= max {d(ynv yn+2)7 d(y’ru yn-‘rl)a d(yn-‘rQ; yn-i-?)) }7

and Lemma |2.5] we obtain that

Y(d(Yn+1,Yn+3)) = Y(d(Txpt1, TTn43))
frny1, fon3)Y(d(Tong, Tonys))
[ (R(zp1, ﬂl?n+3))]A
[w(M)*
<P(M).

It follows that d(yn+1,Yn+s) < M. This implies that {d(yn,¥yn+2)} is bounded.
We next prove that lim d(y,,Yn+2) = 0. Suppose that lim d(yn,Yn+2) # 0. So
n—oo n—oo

IN

(67

INIA

there exists a subsequence {y,, } of {y,} such that

lim d(Yn,,; Yn,+2) = a for some a > 0.
k—o00

Using (2.1]), we have
w(d(ynk7ynk+2)) = 1/}

«

(d(TxanxnkJrQ))
< (fxnk ) fl'nk+2)1/1(d(Tl’nk ) T'Tnk"l‘Q))
< [¢(R(xnk;xnk+2))]/\v

where
R(p,, Tn,t+2) = max {d(fxnk,fl'nkJrQ), Ad(fen,, Tan, ), d(frn, 12, Txnk+2)}
= max { Y1, Yo 1): 15U ) A 1, U 12) -
Letting kK — oo in the above inequality, we obtain that
9(@) = Jim (g Yo, +2) < Jm (R, 0, 2] = [0(0)] < (),
which is a contradiction. Therefore

lim d(yn,Ynt2) = 0. (2.23)

n—oo

We now prove that {y,} is a Cauchy sequence. Suppose that {y,} is not a Cauchy
sequence. Then there exist € > 0 and two subsequences {y,, } and {ym, } of {yn}
such that ny is the smallest index with ny > my > k for which

AW, Yn) = € (2.24)
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This implies that
d(Ym, Ynp—1) < €. (2.25)

By applying the rectangular inequality and using ([2.24)) and (2.25]), we obtain that

9 S d(ymk7ynk)
S d(ymkvynkfl) + d(ynkfla ynk72) + d(ynk72a ynk)
<eg + d(ynkflvynk72) + d(ynkf%ynk»

Letting k£ — oo in the above inequality and using (2.20]), we get that
Hm d(Ym,,, Yn, ) = €. (2.26)
k—o0

For each k € N, we have

Rty wmy) = max {d(fn,, f2m, ) A f s Tong)s (Fom Tom,) |

= max {d(ynk—la ymk—l)ad(ynk—la y’nk)7 (ymk—laymk)}~

By using (2.20]) and (2.26]), we obtain that
lim R(n,,Tm,) = €. (2.27)

k—o0

By (2.26) and (2.27)), there exists a positive integer ko such that

Ad(Yny,Ym,) >0 and  R(zp,,Tm,) >0, forall k> k.

By Lemma and using , we get
V(dYny, ymy)) = P(d(Tzn,, Trm,))
(T, T0,))
frmys fon )o(d(Tom,, Trn,))
< [P(R(@my, T, )N
= [V(R(@ng )]

for all ng, > my > k > ko. Letting k — oo in this inequality, by (2.26]) and (2.27)
and the continuity of 1, we obtain that

v(e) = Jim (d(yng, Ym,) < 0 [o(R(@ny, 2, )] = [(2)]* < (e),

d
d

U
o
a

IN

which is a contradiction. Therefore {y, } is a Cauchy sequence in X. Assume that

fX is a complete BMS. It follows that {y,} converges to z € fX. Thus there

exists € X such that fx € fX and li_}rn Yn = fx. Therefore lim fx,41 = fz.
n o0 n—oo

Since T is continuous with respect to f, we have

fr= lim fr,yo= lim Tz, =Tx.
n— oo n— o0
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Therefore x is a coincidence point of 7" and f. In the case of completeness of T X,
we obtain that {y,} converges to z € TX C fX.

We now prove that the point of coincidence of 7" and f is unique. Suppose
that v and v are two coincidence points of 7" and f. Therefore Tu = fu and
Tv = fv. We will show that fu = fv. Suppose that fu # fv. By (v), we have

afu, fv) > 1 or afv, fu) > 1. Suppose that a(fu, fv) > 1. By condition (2.15)),
we obtain that

Y(d(fu, fv)) = P(d(Tu, Tv)) < a(fu, fo)pd(Tu, Tv)) < [H(R(u,v))],

where

R(u,v) = max{d(fu, fv),d(fu,Tu),d(fv,Tv)} = d(fu, fv).

This implies that

Y(d(fu, fv) < [W(d(fu, fo)]* < Y(d(fu, fv))

which is a contradiction. Thus fu = fv. This implies that T" and f have a unique
point of coincidence. Since the pair {7, f} is weakly compatible and by Proposition
[I.15] we have that 7" and f have a unique common fixed point. O

Theorem 2.7. Let (X,d) be a BMS and T, f : X — X be such that TX C fX
where one of these two subsets of X being complete. Suppose that o : X x X —
[0,00) and the following conditions hold :

(i) there exist ¢ € Uy and A € (0,1) such that for all z,y € X,

d(Tz,Ty) #0 implies o(fz, fy) $(d(Tx, Ty)) < [p(R(@y)], (2.28)
where
R(z,y) = max{d(fz, fy),d(fx, Tx),d(fy, Ty)};
(ii) there exists x1 € X such that o(fxy,Tx) > 1;
(i) T is a triangular f-a-admissible mapping;

(iv) if {xn} is a sequence in X such that a(xy,, Tpe1) > 1 for all n and z, —
x € X asn — oo, then there exists a subsequence {xn,} of {xn} such that
a(Tp,,x) > 1 for all k € N;

(v) either a(fu, fv) > 1 or a(fv, fu) > 1 whenever fu=Tu and fv =To.

Then T and f have a unique point of coincidence. Moreover, if the pair {T, f} is
weakly compatible, then T and f have a unique common fized point.

Proof. As in the proof of Theorem we can construct the sequences {z,} and
{yn} in X such that

Yn = f¥pni1 =Tx,, foralln e N,
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a(fxy, feps1) > 1 for all n € N and lim,, o fz, = fz. By (iv), there exists a
subsequence {fx,, } of {fx,} such that a(fz,,, fz) > 1 for all k € N. We can
suppose that fz,, # Tz. Applying inequality (2.28)), we obtain that

G(d(Twn,, Tx)) < a(fon,, fr)(d(Ten,, Tr)) < [P(R(2n,, )],
where
R(zp,,r) = max {d(fxnk,fx), d(fan,, Trn,),d(fz, Tx)}
= max {d(ynk—lv fx)a d(ynk—lv ynk): d(f.l?, TJJ)}
Taking the limit as £k — oo and since v is continuous, we obtain that
lim R(z,,,z) =d(fz,Tz).
k—o0
We will prove that fox = Tx. Suppose that fx # Tx. Therefore
d(fx7 TZ‘) S d(fxa Z/nk—l) + d(ynk—17 ynk) + d(Tﬂ]‘nk,TI‘)
It follows that
d(fz,Tz) < lim d(Txp,,Tz).
k—o0
Since 1 is continuous and nondecreasing, we obtain that
Y(d(f2,Tr) < lim $(d(Ten,, To)) < [o(d( o, To))* < (d(fr, Te)),

which is a contradiction. Thus fz = Txz. Let z = fo = Tx. Hence z is a point of
coincidence for T and f. As in the proof of Theorem [2.6] we obtain that 7" and
f have a unique point of coincidence. Since the pair {7 f} is weakly compatible
and by Proposition then we have that 7" and f have a unique common fixed
point. O

Let X be a nonempty set. If (X, d) is a BMS and (X, <) is a partially ordered
set, then (X,d, <) is called a partially ordered BMS. We say that z,y € X are
comparable if x < y or y <X z. Let (X, <) be a partially ordered set and T, f :
X — X. A mapping T is called an f-nondecreasing mapping if Tz < Ty whenever
fr =X fyforal z,y e X.

Using Theorem we obtain the following theorem in the setting of partially
ordered BMS spaces.

Theorem 2.8. Let (X,d, <) be a partially ordered BMS and let T and f be self-
mappings on X such that TX C fX. Assume that (fX,d) is a complete BMS.
Suppose that the following conditions hold :

(i) there exist 1) € Uy and A € (0,1) such that for all z,y € X with fz <X fy,
d(Txz,Ty) # 0 implies Y(d(Tx,Ty)) < [b(R(z,y))]", (2.29)

where
R(JZ, Z/) = max{d(fx7 fy)7 d(f'ra TJ}), d(fya Ty)}v
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(ii) T is f-nondecreasing;
(#ii) there exists x1 € X such that foq = Tay;

() if {x,} is a sequence in X such that x, < xpy1 for alln and z, > v € X
as n — 0o, then there exists a subsequence {Tn, } of {xn} such that x,, <z
for all k € N;

(v) fu and fv are comparable whenever fu = Tu and fv = Twv.

Then T and f have a unique point of coincidence. Moreover, if the pair {T, f} is
weakly compatible, then T and f have a unique common fized point.

Proof. Define a mapping a : X x X — [0, 00) such that

1 ifz,ye X and z Xy
0 otherwise.

a(z,y) = {

We first show that T is f-a-admissible. Let x,y € X such that a(fz, fy) > 1.
Therefore fx =< fy. Since T is f-nondecreasing, we have Tx < Ty and then
a(Tz,Ty) > 1. We next prove that T is a triangular f-a-admissible. Let z,y € X
such that a(fx, fy) > 1 and a(fy, Ty) > 1. Then we have fz < fy and fy < Ty.
This implies that fo < Ty. So a(fx,Ty) > 1. Therefore T is a triangular f-a-
admissible mapping. Since there exists x; € X such that fx; <X Tx;, we have
a(fx1,Tz1) > 1. Let {x,} be a sequence in X such that a(z,,z,+1) > 1 for all
n € N and z,, — = as n — oo. By definition of a, we have x,, < x,41 for all
n € N. By (iv), there exists a subsequence {x,, } of {z,} such that z,, < z for all
k € N and hence a(x,,,z) > 1for all k € N. Let u,v € X such that fu = Tu and
fv =Twv. Since fu and fv are comparable, then we have fu < fv or fv <X fu.
This implies that a(fu, fv) > 1 or a(fv, fu) > 1. Finally, we prove that
holds. Let z,y € X and d(Tz,Ty) # 0. If a(fz, fy) = 1, then fz =< fy and then
holds. If a(fx, fy) = 0, then holds. It follows that all assumptions
of Theorem hold. By Theorem we obtain that 7" and f have a unique
common fixed point. O
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