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Abstract : In this work, we use the concept of a generalized Lipschitzian type con-
dition for a semigroup of self mappings as employed in |1] to provide an existence
theorem of a common fixed point for a left reversible semitopological semigroup
of continuous generalized Lipschitzian mappings in a Hilbert space defined on a
nonconvex domain. This result extends and improves a result of Downing and Ray
in [2].
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1 Introduction

Let E be a Banach space with norm ||.|| and U be a nonempty bounded subset
of E. A mapping T : U — U is said to be a Lipschitzian mapping if for each
n € N, there exists k,, > 0 such that

[Tz =Tyl < knllz -y

for all z,y € U. A lipschitzian mapping T is said to be uniformly k-Lipschitzian if
k, = k for all n € N, and asymptotically nonexpansive if lim,, k,, = 1, respectively.
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These mappings were first studied by Goebel and Kirk in 3| and [4]. They proved
that such mappings have a fixed point in a uniformly convex Banach space for
the case of convex domain. Especially for a uniformly k-Lipschitzian mapping, the
constant & should have value less than kg for some kg > 1. (In a Hilbert space, kg =
V'5/2, see [4]). In [5], Lifschitz proved that a uniformly k-Lipschitzian mapping in
a Hilbert space with k& < v/2 has a fixed point. For the others existence theorems of
a fixed point for Lipschitzian mappings in a larger space than a uniformly convex
Banach space, we refer the readers to see [6], |7], and [8]. Especially in [8], Lim and
Xu proved the existence theorem of a uniformly k-Lipschitzian mapping defined
on a nonconvex domain by using the concept of the property (P).

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff
topology such that for each a € S, the mappings s — a-s and s — s-a from
S to S are continuous. A semitopological semigroup S is left reversible if any
two closed right ideals of S have a nonvoid intersection. In this case, (5,>) is a
directed system when the binary relation “ > ”on S is defined by b > a if and
only if bUbS C a U aS. Left reversible semitopological semigroups include all
commutative semigroups (e.g., [0,00)) and all semitopological semigroups which
are left amenable as discrete semigroups, see [9).

In 1982, Downing and Ray [2] proved that a discrete semigroup of uniformly .-
Lipschitzian mappings in a Hilbert space defined on a convex domain with k& < /2
has a common fixed point. Later, this result was extended to a left reversible
semitopological semigroup of uniformly k-Lipschitzian mappings by Ishihara and
Takahashi |10]. Also, Ishihara [11] extended and improved the result of Ishihara
and Takahashi [10] to the case of a left reversible semitopological semigroup of
Lipschitzian mappings defined on a nonconvex domain. In 1990, Xu [12] extended
the result of Ishihara and Takahashi [10] to a p-uniformly convex Banach space.
We also note that the result of Ishihara and Takahashi [10] has been extended and
improved by Gornicki [13], by investigating the structure of a common fixed point
set of the semigroup in a p-uniformly convex Banach space.

Imdad et al. [14] used the notion of generalized Lipschitzian as employed in [1],
to establish the concept of a left reversible semitopological semigroup of continuous
generalized Lipschitzian mappings. Let U be a nonempty bounded subset of a
Banach space E and S be a left reversible semitopological semigroup. A family
T ={Ts : s € S} of self mappings defined on U is said to be a semigroup on U if
T satisfies the following properties:

(1) Tgx =TsTix for all s,t € S and z € U,

(2) the mapping (s,z) — Tsz from S x U into U is continuous when S x U has
the product topology.

Moreover, the semigroup 7 is said to be a generalized Lipschitzian semigroup on
U if T also satisfies the following property:
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(3) for each s € S, there exists ks > 0 such that

[Tz — Tsy||
1 1 1 1
< kamas { o~ yl. 2 o~ T, 5y — Tyl 3 2 — Tyl 5y — Tua

for all z,y € U.

By using Example 5.3 in [15], we show that the class of generalized Lipschitzian
semigroups properly includes the class of Lipschitzian semigroups.

Example 1.1. Let E be the real line R and S be a discrete space [0,00). Let
U=10,1], b€ (0,1) and T = {Ts : s € S} be a semigroup on U defined by; for

s> 0,
Toz = bz, %fxe[O, 3]
0, ifze(5,1]

N|—

and
Toxr=xz, xeUl.
Since for each s > 0, T is discontinuous at x = %, then 7 is not a Lipschitzian
semigroup. However, T is a generalized Lipschitzian semigroup. Indeed, for s > 0
we have
Tz — Toy| = b°le — y| < 20°|z — g
for all z,y € [0, 4] and

‘Tsx - Tsy‘ =0< 2b8|x - y‘

for all z,y € (3,1]. For z € [0, 1] and y € (3, 1],
1
|Tsx — Tsy| = [b°x — 0] = 2b° (2|x - Tsy|> .

Therefore, T = {T, : s € S} is a generalized Lipschitzian semigroup on U with
the constants kg are 2b°.

In [14], Imdad et al. proved the existence theorem of a common fixed point for
a left reversible semitopological semigroup of continuous generalized Lipschitzian
mappings in a p-uniformly convex Banach space defined on a nonconvex domain.
But, we see from Remark 12 in [16] that the proof of Theorem 3.1 in [14] is
unfortunately not correct because the inequality

ir){f sup{||z, — zx|| : t, kK > A} < limsuplimsup ||z, — 2]
A K

is false.

Motivated by the above results, in this work, we use the concept of the property
(P) in the setting of a net and we employ a different technique than in the proof
of Theorem 3.1 in [14], for showing existence theorem of a common fixed point for
a left reversible semitopological semigroup of continuous generalized Lipschitzian
mappings in a Hilbert space defined on a nonconvex domain. This result extends
and improves Theorem 1 of Downing and Ray [2].
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2 Preliminaries

Recall the concept and the notion of asymptotic center due to Edelstein [17].
Let U be a nonempty subset of a Banach space E, A be a directed set, and {x}xea
be a bounded net in E. The asymptotic center of {x} with respect to U is defined
as the set

A({zr},U) = {x € U : limsup ||zx — z|| = inf limsup ||z) — y||} .
A veU A

It is easily seen that if E is reflexive and U is closed convex, then A({z»},U) is
nonempty. Moreover, it will be a singleton if E is a Hilbert space.
In order to prove our main result, we need the following technical lemma.

Lemma 2.1. Let n > 1 be any integer. Let us set {1, }ren, {Z2, frea, -+
{Zn, }rer as bounded nets of real numbers. Then

lim sup max {21, , T2, - ,Tn, } = Max { limsupz,,limsup s, ,--- ,limsupacm}.
A A A A
Proof. Let yx = max{x1,,%2,, - ,&n, } for all A € A. Then,
lim sup y» > max { limsup z1,,limsupxs,,--- ,limsup xm}.
A A A A

On the other hand, without loss of generality, we may assume that

a1 =limsupxi, > ag =limsupze, > -+ > a, =limsupz,,.
A A A

Case 1 There exists ng € {1,2,--- ,n — 1} such that a,, > an,+1. Let
mo =min{ng € {1,2,--- ,n—1} : ap, > ang+1}-
Then, we can find A\; € A such that

Gmo + Gmo+1 (2.1)

max{supx“:ie{m0+l,m0+2,~~,n}}< 5

AN
If mg > 1, let € > 0 be fixed. Then, there exists Ao € A such that

sup x;, <ay+¢ forallie{1,2,---,mg}. (2.2)
A> Ao

Let Ao > max{A1, A2}. From (2.1) and (2.2) we easily have

limsupyy < sup yx < a; +e. (2.3)
A A>Xo

Letting ¢ — 0 into (2.3]), we get the result.
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We now prove for the case my = 1. We note that for each Ay € A,

a1 + ao
sup zp, > )
A> Ny 2

So, by letting Ag > max{A1, A2} and next, by (2.1) we have

limsupyy < sup yx < sup z1,.
A A>Xo A> Az

It follows that
limsupyy < a;.
A

Case 2 a1 =ay = -+ = a,. Let ¢ > 0 be fixed. Then, we can find A3 € A
such that
sup x;, <ap+e forallie{1,2,,--- ,n}
A>3
It follows that
limsupyy < sup y) < a; + €. (2.4)
A A>As
Thus, by letting ¢ — 0 into (2.4]), we get the result. O

We also need the following lemmas which were proved in [10] and [11], respec-
tively.

Lemma 2.2. [10, Lemma)] Let C be a nonempty closed convex subset of a Hilbert
space H. Let {xx}ren be a bounded net in H and {a} = A({zr},C). Then

inf limsup ||zy — y||> + [Ja — z||* < limsup ||z — z||?
yel A A

forallz € C.

Lemma 2.3. |11, Lemma 2] Let C' be a nonempty closed convex subset of a Hilbert
space H and {x)}rea be a bounded net in C. Then

A({z},C) € (eo{n : £ > AL,
A

where co is the closed convexr hull.
We end this section by giving the following lemma.

Lemma 2.4. Let U be a nonempty bounded subset of a Banach space E and S be
a left reversible semitopological semigroup. Let T = {Ts : s € S} be a semigroup
of self mappings on U. Then

limsup lim sup || TsTir — y|| < limsup ||Tsz — y||
s t s

forallz,y € U.
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Proof. We denote r = limsup, |75z — y||. Let ¢ > 0 be fixed. Then, we choose
So € S such that

sup{[[Tsz —yl| : s 2 so} <7 +e. (2.5)
Let u > s¢ be fixed. Then,

limsup ||T,Tix — y|| = infsup{|la —y|| : a € {T Ty : t > q}}
t a

= infsup{|la —y|| : a € {Tsx : s > uq}}
a

<sup{|la —y| : a € {Tsz : s > u}}. (2.6)
From ({2.5) and ([2.6) we get
limsup limsup || TsTyx — y|| < r +e. (2.7)
s t
So, by letting e — 0 into (2.7]), we obtain the result. O

3 The Fixed Point Theorem

We now present the main result of this work.

Theorem 3.1. Let U be a nonempty bounded subset of a Hilbert space H and
S be a left reversible semitopological semigroup. Suppose that T = {Ts : s € S}
is a generalized Lipschitzian semigroup on U with limsup, ks < V2 and T is
continuous for all s € S. Suppose also that there exists a monempty bounded
closed convex subset C' of U with the following property (P):

(P) z€C = wy(x)CC,

where wy,(x) is the weak w-limit set of T at x, i.e., the set
wy(x) = {y €EH:y= weak—liinTsAx for some subset {sx} ofS} .

Then there exists z € C such that Tsz = z for all s € S.

Proof. We denote k = limsup, ks;. Let Bs(z) = {Tyz : ¢t > s} for s € Sand z € C.
Let xg € C be fixed and then, taking {z1} = A({Bs(zo)},coU). By Lemma 2.3, we
get 21 € (), €0Bs(xg). On the other hand, by Hahn-Banach Separation Theorem
(see, Theorem 1.15(a) in [18]), we see that (), c0Bs(zg) = owy(xo). Therefore,
by the assumption, we get ;1 € C. We may repeat this step and obtain a sequence
{Zp}nen in C such that for every n € N,

{zn} = A({Bs(zn-1)},@U) C (0B (2n-1). (3.1)
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Let dp, = limsupy [|TsZm — Tm1]|? and Dy, = limsupy | TsZsm — xm||? for m > 0.
Let n > 0 be fixed. We may assume that D,, ;1 > 0, since otherwise, nothing that

limsup || Tsz — y|| = inf sup [|T5Tix — y|
s st

for all z,y € U, then by using the continuity of T at x,41, we see that x,,41 is a
common fixed point of 7 and hence the proof is finished.

We note that, by Lemma 2.1 and Lemma 2.4 we have
lim sup limsup | Tz, — Ts@p1|| < limsuplimsup || TsTix, — Tstpial|
s t s t
. . 1 1
< lim sup lim sup ks max { || T3 — Tpi1]), §||Ttxn — TsTixn|l, §||mn+1 —Tsxpial,
s t

1 1
31T = Tt lhonss = TTiza

IN

S

. . 1
k lim sup hmtsup max { ITixn — naall, §(||Ttxn — Tpt1ll F | Znt1 — TsTixnl|),
1 1 1
5”1'71—1-1 - Tsxn—i-lH; §HTt$n - Ts£n+1H7 inn—i-l - TsTtan

1
lim sup lim sup || T3z, — TsZpnt1lls 2(dn);}
s t

(D)t} (32)

Therefore, from (3.1) and (3.2)) we have

D1 = limsup || Ts2ni1 — Tngt|)?
S

< limsup limsup || T3z, — Tsxn_HHQ
s t

1
< k? max {dn, 4Dn+1}
= k2d,,. (3.3)

Now, by (3.1) and Lemma 2.2 we get for every s € S,

| Tsns1 — Tnyt® < limtsup | Ty — Tswnia||* — limtsup | Tixn — xpia||?. (3.4)

Therefore, by taking the limit superior into (3.4), we have from (3.2)) and (3.3)
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that

D41 < limsuplimsup | Tyz, — Tsxpi1]* — dn
s t
9 1
< k“max< d,, ZD"H —d,

£2
< k? max {dn, 4dn} —d,
= (k* = 1)d,. (3.5)
Thus, from and we obtain
Dyj1 < (k% = 1)dy = ndy, < 0Dy,
where = k? — 1 < 1 by the assumption. Consequently,
D, <nD,_ 1 <---<n"Dy. (3.6)
For every s € S, we have
2011 = 2nll? < (|2ns1 = Totnll + | Tswn — 4]
< 2(||Tszn — T |* + [ Tszn — 2al®)- (3.7)
Therefore by taking the limit superior into and then, by we have
Znt+1 — znl* < 2(dp + Dy) < 2D,,.

It follows from (3.6) that > 7, @1 — @n|| < oo, and hence {z,} is a Cauchy
sequence in C. Let z = lim,, z,,. Now for each s € 5,

Iz = Tozl” < (|2 = Tywn|| + | Tyxn — Tez]])
< 2(|lz = Taal? + | Tiwn — Toz||?). (3.8)
Hence, by taking the limit superior into (3.8)) we have

|z — Tuz||® <2 (limsup | Ty, — 2||* + limsup || Tyz, — Tsz||2)
t t

<2 <limsup | Ty, — 2||* + limsup || Ts Ty, — Tsz||2> . (3.9)
t t

Since
lim sup || Ty 2, — z||2 < 2(Dp + ||@n — z||2)7
t

then by (3.6]), it yields

limsup || T2, — || — 0 as n — oo.
¢

By the continuity of T, at z we also get

limsup || T, T2, — Ts2||* — 0 as n — oo.
¢

Thus, from (3.9) we have Tsz = z for all s € S. O
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The following corollary extends and improves Theorem 1 in [2] to the case of
a lipschitzian semigroup and it also has a nonconvex domain.

Corollary 3.2. Let U be a nonempty bounded subset of a Hilbert space H and
S be a left reversible semitopological semigroup. Let T = {Ts : s € S} be a
Lipschitzian semigroup on U with limsup, ks < V2. Suppose that there exists a
nonempty bounded closed convex subset C' of U with the property (P). Then there
exists z € C' such that Tsz = z for all s € S.
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