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1 Introduction

A point x € X is called a fixed point of an operator T : X — X if x = Tx.
Many results appeared in literature related to the fixed point of mappings which
are contractive on the whole domain, for example, see [1]-[32]. It is possible that
T : X — X is not a contraction but T : ¥ — X is a contraction, where Y
is a subset of X. One can obtain fixed point results for such mapping by using
suitable conditions. Recently Arshad et. al. [6] proved a result concerning the
existence of fixed points of a mapping satisfying a contractive conditions on closed
ball in a complete dislocated metric space( see also [7,/8,(10}(11}|21}|28}/29,32]).
The notion of dislocated topologies have useful applications in the context of logic
programming semantics (see [4,|14]/25]).On the other hand, Mustafa and Sims
in [22] introduce the notion of a generalized metric space. Many useful results can
be seen in [3}12/19,/20}23}24}30}31].

Samet et al [27] introduced the notions of a-)-contractive and a-admissible
mappings in complete metric spaces. More recently Salimi et al. [26] modified the
notion of a-y-contractive mappings and improved certain fixed point theorems for
such mappings. In this paper we introduce the concepts of G-a-admissible map-
ping with respect to 1 and discuss common fixed point results for a-i-contractive
type mappings in a closed ball in right complete dislocated quasi GG4-metric spaces.
The existence of fixed points of a-y-contractive and a-admissible mappings in
complete metric spaces has been studied by several researchers (see [15HL7] and
references there in).

The following definitions and results will be needed in the sequel.

Definition 1.1. Let X be a nonempty set and let Gy : X x X x X — RT be a
function satisfying the following axioms:

(i) If Gy(z,y,2) =0, then x =y = z,

(ii) Ga(z,y,2) < Ga(z,a,a)+Gy(a,y, z) for all 2, y, z,a € X (rectangle inequal-
ity).

Then the pair (X, Gy) is called the dislocated quasi Gg-metric space.

It is clear that if x = y = 2 then Gy(x,y,2) may not be 0. We say that
(X, Gy) is a dislocated Gg-metric space if G4(z,y,2) = Galy, z,x) = Ga(z,z,y) =
Ga(z,z,y) = Galy,x,z) = Ga(z,y,z) for all z,y, z € X, satisfied in Definition 1.1.
It is observed that if & = y = z implies G4(x,y,2) = 0 in dislocated Gg-metric
space, then (X, G4) becomes a G-metric space [22].

Example 1.2. If X = RT U {0} then G4(z,y,2) = = + max{z,y, z} defines a
dislocated quasi Gg-metric on X.
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Definition 1.3. Let (X, Gy) be a dislocated quasi G4-metric space, and let {z,,}
be a sequence of points in X, a point z in X is said to be the limit of the sequence
{zn} if limy, oo Ga(z, T, m) = 0, and one says that sequence {z,} is Gg4-
convergent to x.

Definition 1.4. Let (X,Gy) be a dislocated quasi G4-metric space. A sequence
{z,} is called right G4-Cauchy sequence if, for each € > 0 there exists a posi-
tive integer n* € N such that Gg(xn, Tm m) < € for all n > m > n*; ie. if
Ga(Tn, Tm, Tm) — 0 as n,m — oo.

Definition 1.5. A dislocated quasi Gg-metric space (X,Gq) is said to be right
complete if every right G4-Cauchy sequence in (X, G4) is G4-convergent in X.

Definition 1.6. Let (X, G,) be a dislocated quasi Gg4-metric space then for xy €
X, r > 0, the Gg-ball with centre xy and radius r is, B(xg,r) = {y € X :

Ga(zo,y,y) < r}. Also B(zg,r) ={y € X : G4(zo,y,y) < r} is a closed ball in X.

Lemma 1.7. Every closed ball in a right complete dislocated quasi G 4-metric space
s right complete.

Definition 1.8. Let X be a nonempty set and T, f : X — X. A point y € X
is called point of coincidence of T and f if there exists a point € X such that
y =Tz = fx, here x is called coincidence point of T" and f. The mappings T, f
are said to be weakly compatible if they commute at their coincidence point (i.e.
Tfx = fTx whenever Tz = fx).

We require the following lemmas for subsequent use:

Lemma 1.9. Let X be a nonempty set and f : X — X be a function. Then there
erists E C X such that fE = fX and f: E — X is one to one.

Lemma 1.10. [5| Let X be a nonempty set and the mappings S,T,f : X —
X have a unique point of coincidence v in X. If (S, f) and (T, f) are weakly
compatible, then S, T, f have a unique common fixed point.

Let ¥ denote the family of all nondecreasing functions % : [0, +00) — [0, +00)
such that 3% 9" (t) < +oo for all t > 0, where 9" is the n*" iterate of ¢).

Lemma 1.11. If ¢ € U, then ¥(t) <t for allt > 0.

Definition 1.12. [27] Let f,g : X — X be self-mappings and o : X x X —
[0,00) be a mapping, then the mapping f is called a-admissible if, z,y € X,
alz,y) > 1= a(fz, fy) > 1. |2] The pair (f,g) is called a-admissible if, z,y € X,
alz,y) > 1= a(fz,gy) > 1 and a(gz, fy) > 1. |26] Let o,n: X x X — [0, +00)
be two functions. We say that f is a-admissible mapping with respect to n if
x,y € X such that a(z,y) > n(z,y), then we have o(fz, fy) > n(fx, fy). |18] The
pair (f, g) is called a-admissible with respect to 0 if, z,y € X, a(z,y) > n(z,y) =
a(fz,gy) > n(fz,gy) and a(gz, fy) > n(gz, fy).
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2 Main Results

We first introduce the concept of a-n-admissible mappings in G-metric space.

Definition 2.1. Let S,7: X — X and a,77: X x X X X — R be two functions.
We say that the pair (S,7T) is G-a-admissible with respect to 7, if z,y,z € X
such that a(z,y,2) > n(z,y, z) then we have o(Sz, Ty, Tz) > n(Sz, Ty, Tz) and
a(Tz, Sy, Sz) > n(Tx,Sy,Sz). Also, if we take n(x,y,z) = 1, then, (S,T) is
called G-a-admissible, if we take, a(x,y, z) = 1, then we say that the pair (S,T)
is n-subadmissible mapping. If we take S = T, we say that S is G-a-admissible
mapping with respect to n. If we take S =T and n(x,y, z) = 1, we say that S is
G-a-admissible mapping.

Theorem 2.2. Let (X,Gy) be a right complete dislocated quasi Gq4-metric space
and S, T : X — X be two mappings. Suppose there exist two functions, a,n :
X x X x X — R such that (S,T) is G-a-admissible with respect to n. Forr >0,
2o € B(xg,r) and ¢ € U, assume that,

T, Y,z € B(l‘o,’l’), 01(51772/72) 27](5573/,2)
= max{Gy(Sz,Ty,Tz),Gq(Tx, Sy, Sz)} < Y(Ga(z,y,2)). (2.1)
and
j .
ZW(Gd(xo, Szg,Sxg)) <, for all j € N U{0}. (2.2)

i=0
Suppose that the following assertions hold:
(i) a(xo, Szo, Sw0) > 1(20, ST0, ST0);

(i) for any sequence {x,} in B(xq,r) such that

Ty Tt 1, Tnt1) = N &y Tpt1, Tng1) for allm € NU{0} and z, — u €
B(xo,7) asn — +oo then a(u, Tn, ,Tn) > n(U, Tp,,xy,) for alln € N U{0}.

Then, there exists a point z* in B(xg,r) such that ©* = Sz* = Tx*.

Proof. Let x1 in X be such that 1 = Szg and x2 = T'z;. Continuing this process,
we construct a sequence z,, of points in X such that,

T2i+1 = S.’EQZ‘, and T2i42 = T:E2i+1, where ¢ = 0, 1, 2, LN
By assumption a(zg,z1,21) > n(zo,z1,21) and (S,T) is G-a-admissible with
respect to n, we have, a(Szo,Tx1,Tx1) > n(Sxo,Tx1,Tx1) from which we de-

duce that a(z1, 22, x2) > n(x1, 22, x2) which also implies that a(Tz1, Szo, Sxs) >
n(Txz1, Sz, Sx2). Continuing in this way we obtain

O[(-Tna Tn+1, mn—&-l) > n(mna Tn+1, xn+1)
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for all n € N U {0}. First we show that z, € B(xzg,r) for all n € N. Using
inequality (2.2]), we have,

Zwi(Gd(mo, Sxg, Sxp)) < r, for all n € N U{0}.

=0

It follows that,

x1 € B(xog,T).
Let z2,--- ,x; € B(xo,r) for some j € N. If j = 2i + 1, where i = 0,172,...%
so using inequality (2.1)), we obtain,
Ga(T2i41, T2it2, T2i42) = Ga(Swas, Txoiq1, Tw2i41)
< P(Ga(o, w2541, T2i41))
< P} Ga(wi-1, 725, ;)
S Sw2i+1(Gd($0,$17$1)>.
Thus we have,
Ga(@2it1, T2it2, T2iv2) < VT (Galzo, 21, 21)). (2.3)

If j = 2i + 2, then as z1, 22 ...,x; € B(zo,7) where (i = 071,2,...,%). We
obtain,

Ga(@2it2, T2i13, T2iv3) < VT (Ga(mo, 21, 21)). (2.4)
Thus from inequality and , we have
Ga(zj,xj1,2541) < Y (Galwo, 21, 21)). (2.5)
Now,
Ga(@o,zj41,2j41) = Ga(wo,21,21) + ... + Ga(®j, Tjg1, Tj41)

J
< > Y (Galwo, w1, 21)) <7

=0

Thus 2,41 € B(zo,r). Hence z,, € B(xg,r) for all n € N. Now inequality (2.5)
can be written as

Ga(Zn, Tpi1Tny1) < V" (Ga(zo, 21,21)), for all n € N. (2.6)

Fix € > 0 and let n(¢) € N such that > ¢"(Gy4(zo,x1,71)) < €. Let n,m € N
with m > n > k(e) using the triangular inequality, we obtain,

m—1 m—1
Ga(Tn, T, Tm) <Y Galar, thpre1) < Y 0¥ (Galwo, 21, 71))
k=n k=n

< Y ¥(Galzo, wr, 1)) <e

n>n(e)
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Thus we proved that {x,} is a Cauchy sequence in (B(xo,r),Gq). As every closed
ball in a right complete dislocated quasi Gg4-metric space is right complete, so
there exists * € B(xg,r) such that z, — z*. Also

lim Gg4(z*, 2y, x,) = 0. (2.7)

n—oo

On the other hand, from (ii), we have,
a(x”, xn, Tn) > n(x™, xp, xy,) for all n € N U{0}. (2.8)
Now using inequalities and , we get
Ga(Sz*, 2549, T2it2) < Y(Ga(z™, 22141, T2i+1)) < Ga(T™, Tait1, T2it1)-

Letting ¢ — oo and by using inequality (2.7]), we obtain G4(Sx*, z*, 2*) < 0. Hence
Sx* = x*. Similarly by using

Ga(Tz™, 2241, T2i41) < V(Gala™, 22, 22;)) < Galx™, T24, T2;),

we obtain Gg(Tz*,z*, x*) = 0, that is, Ta* = x*. Hence S and T have a common
fixed point in B(zg,r). O

If n(x,y,z) =1 for all z, y, 2 € X in Theorem 2.2, we obtain following result.

Corollary 2.3. Let (X,Gy) be a right complete dislocated quasi Gq-metric space
and S, T : X — X, r >0 and x¢ be an arbitrary point in X. Suppose there exists,
a: X x X x X — R such that the pair (S,T) is a-admissible. For ¢ € ¥, assume
that,
z,y,z € B(l’o,?’), Oé(l’,y,Z) > 1
=  max{Gq(Sz,Ty,Tz),Gy(Tx, Sy, Sz)} < Y(Ga(x,y,2)).

and

J
Z¢i(Gd($o,Sl‘0,S$0)) <, forall j € N U{0}.

=0

Suppose that the following assertions hold:

(i) a(zo, Sz, Sx0) > 1,

(i) for any sequence {x,} in B(xg,r) such that a(zp,Tni1,Tni1) > 1 for all
n € NU{0} and x,, — u € B(xo,r) as n — +oo then a(u,zy,,z,) > 1 for
alln € N U{0}.

Then, there exists a point ©* in B(zo,r) such that v* = Sz* = Ta*.

If a(z,y,2) =1 for all z, y,z € X in Theorem 2.2, we obtain following result.
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Corollary 2.4. Let (X,G4) be a right complete dislocated quasi G4-metric space
and S, T : X — X be two mappings. Suppose there exists, n: X x X x X - R
such that the pair (S,T) is n-subadmissible. For i) € U, assume that,

z,y,z € B(zo,r), n(z,y,2z) <1
= max{Gq(Sz, Ty, Tz),Ga(Tx,Sy, Sz)} <Y(Ga(z,y,2)).

and _
J
Zwi(Gd(mo,Sxo, Sxzg)) <r, forall j € NU{0}.
i=0

Suppose that the following assertions hold:

(i) n(xo, Sxo, Sxo) < 1;

(i1) for any sequence {x,} in B(xg,r) such that n(xn, Tpi1, Tne1) < 1 for all
n € NU{0} and x,, — u € B(xzo,7) as n — +0o then n(u, Tn,,x,) <1 for
alln € N U{0}.

Then, there exists a point x* in B(xo,r) such that x* = Sx* = Tx*.

Theorem 2.5. Adding condition “if x* is any common fixed point in B(xo,r) of
S and T, x be any fized point of S or T in B(xg,r), then a(x*, x,z) > n(a*,z,z)”
to the hypotheses of Theorem 2.2. Then S and T have a unique common fized

point * and Ggq(z*,z*,2*) = 0.
Proof. By assumption, a(z*,z*,2*) > n(z*, 2*,2*), then,

Ga(z*,z%,2*) = max{Gq(Sz*,Tz*,Tz"),Gy(Tx"*, Sx*, Sz*)}
< P(Gala®, 2", 27)).

This implies that,
Ga(z*,x",z%) = 0.

Assume that y* be another fixed point of T in B(zg,r), then, by assumption,
a(z*, y*, y*) > n(z*, y*, y*), also,

Ga(z*,y*,y*) = Ga(Sz*, Ty, Ty*) < (Galz*,y*,y"))

A contradiction to the fact that for each t > 0, 9(t) < t. So z* = y*. Hence T has
no fixed point other than z*. Similarly, S has no fixed point other than z*. O

Example 2.6. Let X = RT U {0} and be endowed with usual order and let
Gq : X x X — X be the right complete ordered dislocated quasi metric on X
defined by,

Gy(z,y,2) =2x+y+ 2z forall z,y,z € X.

Let S, T : X — X be defined by,
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B 7 if 2 €[0,1]
Sa:—{ 3z if z € (1,00)

_ = if v €0,1]
Tx_{zlxlfxe( 00).

Considering, g = 1, 7 = 4, then B(zg,r) = [0,1]. Define a(z,y,2) = 2z — y + z,
n(z,y,z) = x — 2y. Clearly, (S,7T) is G-a-admissible with respect to n for all
x,y,z € X. Let ¥(t) = % Now,

and

11
Gulro, Swv, 70) = Ga(1, 51,51) = Gu(l, 1. Z):g
N 5 1 53
Zw (Galwo, S0, 520) = 53 5 < (3)5 <4

=0 =0
Now if, z,y, z € (1, 00), then
Case 1. If max{G4(Sz,Ty,Tz),Ga(Tx,Sy,Sz)} = Ga(Sz,Ty,Tz) then, for
x,y, 2z € (1,00), we have

Gy(Sz, Ty, Tz) = Gq(3z,4y,42) =3z + 4y + 4z
2¢ y
> ?+3+**'¢)(Gd($ Y,2))
Case 2. If max{G4(Sz,Ty,Tz),Gq(Tx, Sy, S2)} = Gq(Tx, Sy, Sz),
Gy(Tx,Sy,Sz) = Gg4(4x,3y,32) =4x+ 3y + 32
2¢  y -
>—§+3+— ¥(Ga(,y,2))

So the contractive condition does not hold on X,
Now if, z,y, z € B(xo,r), then
Case 3. If max{G4(Sz,Ty,Tz), Gq(Tx, Sy, Sz)} = Gq(Sx, Ty, Tz).

T 2y 2z

Ga(Se, Ty, T2) = Ga(3. 2%
T 2y 2z
— 2 < _
P+7+7

x y oz

- (3)+3+3

¢(Gd($,y72’))
Case 4. If max{G4(Sz,Ty,Tz),Gq(Tx, Sy, Sz)} = Ga(Tx, Sy, Sz).
20y z

744)
2x Yy oz

Gd(Txa Sya SZ) = Gd(

ERA

T Yy oz
%?+§+§
¢(Gd(x7ya2’))

= 2
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Then the contractive condition holds on B(zg, ).
Therefore, all the conditions of Theorem 2.2 are satisfied and S and T have a
common fixed point 0.

Now we apply our Theorem 2.5 to obtain unique common fixed point of three
mappings on closed ball in right complete dislocated quasi GG4-metric space.

Theorem 2.7. Let (X, Gy) be a dislocated quasi Gg-metric space, S, T, f : X — X
such that SX UTX C fX, r > 0 and z¢ be an arbitrary point in X. Suppose
there exist two functions, a,n : X x X x X — R a-admissible with respect to n
and v € ¥ such that,

max{G4(Sz, Ty, Tz),Ga(Tx, Sy, Sz)} < Y(Ga(fz, fy, f2)). (2.9)

for all fx, fy, fz € B(fzo,r), a(fx, fy, fz) = n(fz, [y, fz) and,
J
Zwi(Gd(fxo,Sajo,Sxo)) <, forall j € NU{0}. (2.10)
i=0

Suppose that,

(i) The pair (S,T) and f are G-a-admissible with respect to 7).

(it) a(fzo, Szo, Szo) = n(fxo, Sxo, ST0).

(iii) if {xn} is a sequence in B(fxo,r) such that

(T, g1, Tnt1) = N Tny Tog1, Tng1) for allm and x, — u € B(fxo,r) asn —
+oo then a(u, Tn,,xn) > n(u, Ty, ,x,) for alln € N U{0}.

() fx, fy and fz be any fixved points in B(fxo,r) of S or T, then a(fx, fy, fz) >
n(fz, fy, fz).

(v) fX is right complete subspace of X and (S, f) and (T, f) are weakly compatible.
Then S,T and f have a unique common fized point fp in B(fxo,r). Moreover

Proof. By Lemma 1.9, there exists £ C X such that fEE = fX and f: F — X is
one-to-one. Now since SX UTX C fX, we define two mappings g,h : fE — fE
by g(fz) = Sz and h(fz) = Tz respectively. Since f is one-to-one on FE, then
g, h are well-defined. Now fxzg € B(fxo,7) C fX. Then fxg € fX. Let yg = fxo,
choose a point y; in fX such that y; = g(yo) and let yo = h(y;). Continuing this
process and having chosen y,, in fX such that

Y2i+1 = g(ygi) and Y2i+2 = h(y2i+1), where ¢ = 0, 1, 2, ceey

We know that f is G-a-admissible then, a(z,y, z) > n(x,y, z) implies that

a(fz, fy, fz) > n(fz, fy, fz) and also (S,T) is G-a-admissible then, a(z,y,z) >
0y, 2) fmplies a(Sz, Ty, T2) = alg(f2), h(fy), h(F2)) = ng(fz), h(Fy), h(F2)
and a(h(fz),9(fy),9(fy)) = n(h(fz),g(fy),g(fz)). This implies that the pair
(g, h) is G-a-admissible. As a(yo,y1,¥1) > 1(yo, Y1, y1) implies that a(gyo, hy1, hy1)
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> n(gyo, hyr, hyr) and oy, y2,y2) > 1(y1,y2,y2) implies that a(hyi, gy2, gy2) >
n(hy1, gy2, gy2). Continuing this process, we have

a(Yn, Ynt1,Ynt1) = N(Yny Ynt1, Ynt1)-

Following similar arguments of Theorem 2.2, y,, € B(fxo,r). Also by inequality
(10).

J
ZW(Gd(yo,gyo,gyo) <vr, forall j €N.
i=0

Note that for fz, fy, f= € B(fao,r) and alfz, fy, f2) < n(f, fy, fy). Then by
using inequality (2.9)), we have,

max{Gq (9(fx),h(fy),h(f2)), Ga(h(fx), 9(fy),9(f2))} < (Galfz, [y, f2)).

As fX is a right complete space, all conditions of Theorem 2.5 are satisfied, we
deduce that there exists a unique common fixed point fp € B(fxzq,r) of g and
h. Now fp = g(fp) = h(fp) or fp = Sp = Tp = fp. Thus fp is the point of
coincidence of S,T and f. Let v € B(fxg,r) be another point of coincidence of
f,S and T then there exist u € B(fxg,r) such that v = fu = Su = Tu, which
implies that fu = g(fu) = h(fu). A contradiction as fp € B(fxo,r) is a unique
common fixed point of g and h. Hence v = fp. Thus S, T and f have a unique point
of coincidence fp € B(fxg,r). Now since (S, f) and (T, f) are weakly compatible,
by Lemma 1.10 fp is a unique common fixed point of S, T and f. O
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