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1 Introduction

A point x ∈ X is called a fixed point of an operator T : X → X if x = Tx.
Many results appeared in literature related to the fixed point of mappings which
are contractive on the whole domain, for example, see [1]– [32]. It is possible that
T : X −→ X is not a contraction but T : Y −→ X is a contraction, where Y
is a subset of X. One can obtain fixed point results for such mapping by using
suitable conditions. Recently Arshad et. al. [6] proved a result concerning the
existence of fixed points of a mapping satisfying a contractive conditions on closed
ball in a complete dislocated metric space( see also [7, 8, 10, 11, 21, 28, 29, 32]).
The notion of dislocated topologies have useful applications in the context of logic
programming semantics (see [4, 14, 25]).On the other hand, Mustafa and Sims
in [22] introduce the notion of a generalized metric space. Many useful results can
be seen in [3, 12,19,20,23,24,30,31].

Samet et al [27] introduced the notions of α-ψ-contractive and α-admissible
mappings in complete metric spaces. More recently Salimi et al. [26] modified the
notion of α-ψ-contractive mappings and improved certain fixed point theorems for
such mappings. In this paper we introduce the concepts of G-α-admissible map-
ping with respect to η and discuss common fixed point results for α-ψ-contractive
type mappings in a closed ball in right complete dislocated quasi Gd-metric spaces.
The existence of fixed points of α-ψ-contractive and α-admissible mappings in
complete metric spaces has been studied by several researchers (see [15–17] and
references there in).

The following definitions and results will be needed in the sequel.

Definition 1.1. Let X be a nonempty set and let Gd : X ×X ×X → R+ be a
function satisfying the following axioms:

(i) If Gd(x, y, z) = 0, then x = y = z,

(ii) Gd(x, y, z) ≤ Gd(x, a, a)+Gd(a, y, z) for all x, y, z, a ∈ X (rectangle inequal-
ity).

Then the pair (X,Gd) is called the dislocated quasi Gd-metric space.

It is clear that if x = y = z then Gd(x, y, z) may not be 0. We say that
(X,Gd) is a dislocated Gd-metric space if Gd(x, y, z) = Gd(y, z, x) = Gd(z, x, y) =
Gd(x, z, y) = Gd(y, x, z) = Gd(z, y, x) for all x, y, z ∈ X, satisfied in Definition 1.1.
It is observed that if x = y = z implies Gd(x, y, z) = 0 in dislocated Gd-metric
space, then (X,Gd) becomes a G-metric space [22].

Example 1.2. If X = R+ ∪ {0} then Gd(x, y, z) = x + max{x, y, z} defines a
dislocated quasi Gd-metric on X.



Common Fixed Point Results for α-ψ-Locally Contractive ... 629

Definition 1.3. Let (X,Gd) be a dislocated quasi Gd-metric space, and let {xn}
be a sequence of points in X, a point x in X is said to be the limit of the sequence
{xn} if limm,n→∞Gd(x, xn, xm) = 0, and one says that sequence {xn} is Gd-
convergent to x.

Definition 1.4. Let (X,Gd) be a dislocated quasi Gd-metric space. A sequence
{xn} is called right Gd-Cauchy sequence if, for each ε > 0 there exists a posi-
tive integer n? ∈ N such that Gd(xn, xm,xm) < ε for all n ≥ m ≥ n?; i.e. if
Gd(xn, xm, xm)→ 0 as n,m→∞.

Definition 1.5. A dislocated quasi Gd-metric space (X,Gd) is said to be right
complete if every right Gd-Cauchy sequence in (X,Gd) is Gd-convergent in X.

Definition 1.6. Let (X,Gd) be a dislocated quasi Gd-metric space then for x0 ∈
X, r > 0, the Gd-ball with centre x0 and radius r is, B(x0, r) = {y ∈ X :
Gd(x0, y, y) < r}. Also B(x0, r) = {y ∈ X : Gd(x0, y, y) ≤ r} is a closed ball in X.

Lemma 1.7. Every closed ball in a right complete dislocated quasi Gd-metric space
is right complete.

Definition 1.8. Let X be a nonempty set and T, f : X → X. A point y ∈ X
is called point of coincidence of T and f if there exists a point x ∈ X such that
y = Tx = fx, here x is called coincidence point of T and f . The mappings T, f
are said to be weakly compatible if they commute at their coincidence point (i.e.
Tfx = fTx whenever Tx = fx).

We require the following lemmas for subsequent use:

Lemma 1.9. Let X be a nonempty set and f : X → X be a function. Then there
exists E ⊂ X such that fE = fX and f : E → X is one to one.

Lemma 1.10. [5] Let X be a nonempty set and the mappings S, T, f : X →
X have a unique point of coincidence v in X. If (S, f) and (T, f) are weakly
compatible, then S, T, f have a unique common fixed point.

Let Ψ denote the family of all nondecreasing functions ψ : [0,+∞)→ [0,+∞)
such that

∑+∞
n=1 ψ

n(t) < +∞ for all t > 0, where ψn is the nth iterate of ψ.

Lemma 1.11. If ψ ∈ Ψ, then ψ(t) < t for all t > 0.

Definition 1.12. [27] Let f, g : X → X be self-mappings and α : X × X →
[0,∞) be a mapping, then the mapping f is called α-admissible if, x, y ∈ X,
α(x, y) ≥ 1⇒ α(fx, fy) ≥ 1. [2] The pair (f, g) is called α-admissible if, x, y ∈ X,
α(x, y) ≥ 1 ⇒ α(fx, gy) ≥ 1 and α(gx, fy) ≥ 1. [26] Let α, η : X ×X → [0,+∞)
be two functions. We say that f is α-admissible mapping with respect to η if
x, y ∈ X such that α(x, y) ≥ η(x, y), then we have α(fx, fy) ≥ η(fx, fy). [18] The
pair (f, g) is called α-admissible with respect to η if, x, y ∈ X, α(x, y) ≥ η(x, y)⇒
α(fx, gy) ≥ η(fx, gy) and α(gx, fy) ≥ η(gx, fy).
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2 Main Results

We first introduce the concept of α-η-admissible mappings in G-metric space.

Definition 2.1. Let S, T : X → X and α, η : X ×X ×X → R be two functions.
We say that the pair (S, T ) is G-α-admissible with respect to η, if x, y, z ∈ X
such that α(x, y, z) ≥ η(x, y, z) then we have α(Sx, Ty, Tz) ≥ η(Sx, Ty, Tz) and
α(Tx, Sy, Sz) ≥ η(Tx, Sy, Sz). Also, if we take η(x, y, z) = 1, then, (S, T ) is
called G-α-admissible, if we take, α(x, y, z) = 1, then we say that the pair (S, T )
is η-subadmissible mapping. If we take S = T , we say that S is G-α-admissible
mapping with respect to η. If we take S = T and η(x, y, z) = 1, we say that S is
G-α-admissible mapping.

Theorem 2.2. Let (X,Gd) be a right complete dislocated quasi Gd-metric space
and S, T : X → X be two mappings. Suppose there exist two functions, α, η :
X ×X ×X → R such that (S, T ) is G-α-admissible with respect to η. For r > 0,
x0 ∈ B(x0, r) and ψ ∈ Ψ, assume that,

x, y, z ∈ B(x0, r), α(x, y, z) ≥ η(x, y, z)

=⇒ max{Gd(Sx, Ty, Tz), Gd(Tx, Sy, Sz)} ≤ ψ(Gd(x, y, z)). (2.1)

and
j∑

i=0

ψi(Gd(x0, Sx0, Sx0)) ≤ r, for all j ∈ N ∪ {0}. (2.2)

Suppose that the following assertions hold:

(i) α(x0, Sx0, Sx0) ≥ η(x0, Sx0, Sx0);

(ii) for any sequence {xn} in B(x0, r) such that

α(xn, xn+1, xn+1) ≥ η(xn, xn+1, xn+1) for all n ∈ N ∪ {0} and xn → u ∈
B(x0, r) as n→ +∞ then α(u, xn, , xn) ≥ η(u, xn, , xn) for all n ∈ N ∪ {0}.

Then, there exists a point x∗ in B(x0, r) such that x∗ = Sx∗ = Tx∗.

Proof. Let x1 in X be such that x1 = Sx0 and x2 = Tx1. Continuing this process,
we construct a sequence xn of points in X such that,

x2i+1 = Sx2i, and x2i+2 = Tx2i+1, where i = 0, 1, 2, · · · .

By assumption α(x0, x1, x1) ≥ η(x0, x1, x1) and (S, T ) is G-α-admissible with
respect to η, we have, α(Sx0, Tx1, Tx1) ≥ η(Sx0, Tx1, Tx1) from which we de-
duce that α(x1, x2, x2) ≥ η(x1, x2, x2) which also implies that α(Tx1, Sx2, Sx2) ≥
η(Tx1, Sx2, Sx2). Continuing in this way we obtain

α(xn, xn+1, xn+1) ≥ η(xn, xn+1, xn+1)
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for all n ∈ N ∪ {0}. First we show that xn ∈ B(x0, r) for all n ∈ N . Using
inequality (2.2), we have,

n∑
i=0

ψi(Gd(x0, Sx0, Sx0)) ≤ r, for all n ∈ N ∪ {0}.

It follows that,
x1 ∈ B(x0, r).

Let x2, · · · , xj ∈ B(x0, r) for some j ∈ N . If j = 2i + 1, where i = 0, 1, 2, . . . j−12
so using inequality (2.1), we obtain,

Gd(x2i+1, x2i+2, x2i+2) = Gd(Sx2i, Tx2i+1, Tx2i+1)

≤ ψ(Gd(x2i, x2i+1, x2i+1))

≤ ψ2(Gd(x2i−1, x2i, x2i))

≤ · · · ≤ ψ2i+1(Gd(x0, x1, x1)).

Thus we have,

Gd(x2i+1, x2i+2, x2i+2) ≤ ψ2i+1(Gd(x0, x1, x1)). (2.3)

If j = 2i + 2, then as x1, x2 ..., xj ∈ B(x0, r) where (i = 0, 1, 2, . . . , j−22 ). We
obtain,

Gd(x2i+2, x2i+3, x2i+3) ≤ ψ2(i+1)(Gd(x0, x1, x1)). (2.4)

Thus from inequality (2.3) and (2.4), we have

Gd(xj , xj+1, xj+1) ≤ ψj(Gd(x0, x1, x1)). (2.5)

Now,

Gd(x0, xj+1, xj+1) = Gd(x0, x1, x1) + ...+Gd(xj , xj+1, xj+1)

≤
j∑

i=0

ψi(Gd(x0, x1, x1)) ≤ r

Thus xj+1 ∈ B(x0, r). Hence xn ∈ B(x0, r) for all n ∈ N . Now inequality (2.5)
can be written as

Gd(xn, xn+1xn+1) ≤ ψn(Gd(x0, x1, x1)), for all n ∈ N. (2.6)

Fix ε > 0 and let n(ε) ∈ N such that
∑
ψn(Gd(x0, x1, x1)) < ε. Let n,m ∈ N

with m > n > k(ε) using the triangular inequality, we obtain,

Gd(xn, xm, xm) ≤
m−1∑
k=n

Gd(xk, xk+1xk+1) ≤
m−1∑
k=n

ψk(Gd(x0, x1, x1))

≤
∑

n≥n(ε)

ψk(Gd(x0, x1, x1)) < ε
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Thus we proved that {xn} is a Cauchy sequence in (B(x0, r), Gd). As every closed
ball in a right complete dislocated quasi Gd-metric space is right complete, so
there exists x∗ ∈ B(x0, r) such that xn → x∗. Also

lim
n→∞

Gd(x∗, xn, xn) = 0. (2.7)

On the other hand, from (ii), we have,

α(x∗, xn, xn) ≥ η(x∗, xn, xn) for all n ∈ N ∪ {0}. (2.8)

Now using inequalities (2.1) and (2.8), we get

Gd(Sx∗, x2i+2, x2i+2) ≤ ψ(Gd(x∗, x2i+1, x2i+1)) < Gd(x∗, x2i+1, x2i+1).

Letting i→∞ and by using inequality (2.7), we obtain Gd(Sx∗, x∗, x∗) < 0. Hence
Sx∗ = x∗. Similarly by using

Gd(Tx∗, x2i+1, x2i+1) ≤ ψ(Gd(x∗, x2i, x2i)) < Gd(x∗, x2i, x2i),

we obtain Gd(Tx∗, x∗, x∗) = 0, that is, Tx∗ = x∗. Hence S and T have a common
fixed point in B(x0, r).

If η(x, y, z) = 1 for all x, y, z ∈ X in Theorem 2.2, we obtain following result.

Corollary 2.3. Let (X,Gd) be a right complete dislocated quasi Gd-metric space
and S, T : X → X, r > 0 and x0 be an arbitrary point in X. Suppose there exists,
α : X ×X ×X → R such that the pair (S, T ) is α-admissible. For ψ ∈ Ψ, assume
that,

x, y, z ∈ B(x0, r), α(x, y, z) ≥ 1

=⇒ max{Gd(Sx, Ty, Tz), Gd(Tx, Sy, Sz)} ≤ ψ(Gd(x, y, z)).

and
j∑

i=0

ψi(Gd(x0, Sx0, Sx0)) ≤ r, for all j ∈ N ∪ {0}.

Suppose that the following assertions hold:

(i) α(x0, Sx0, Sx0) ≥ 1,

(ii) for any sequence {xn} in B(x0, r) such that α(xn, xn+1, xn+1) ≥ 1 for all
n ∈ N ∪ {0} and xn → u ∈ B(x0, r) as n→ +∞ then α(u, xn, , xn) ≥ 1 for
all n ∈ N ∪ {0}.

Then, there exists a point x∗ in B(x0, r) such that x∗ = Sx∗ = Tx∗.

If α(x, y, z) = 1 for all x, y, z ∈ X in Theorem 2.2, we obtain following result.
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Corollary 2.4. Let (X,Gd) be a right complete dislocated quasi Gd-metric space
and S, T : X → X be two mappings. Suppose there exists, η : X × X × X → R
such that the pair (S, T ) is η-subadmissible. For ψ ∈ Ψ, assume that,

x, y, z ∈ B(x0, r), η(x, y, z) ≤ 1

=⇒ max{Gd(Sx, Ty, Tz), Gd(Tx, Sy, Sz)} ≤ ψ(Gd(x, y, z)).

and
j∑

i=0

ψi(Gd(x0, Sx0, Sx0)) ≤ r, for all j ∈ N ∪ {0}.

Suppose that the following assertions hold:

(i) η(x0, Sx0, Sx0) ≤ 1;

(ii) for any sequence {xn} in B(x0, r) such that η(xn, xn+1, xn+1) ≤ 1 for all
n ∈ N ∪ {0} and xn → u ∈ B(x0, r) as n→ +∞ then η(u, xn, , xn) ≤ 1 for
all n ∈ N ∪ {0}.

Then, there exists a point x∗ in B(x0, r) such that x∗ = Sx∗ = Tx∗.

Theorem 2.5. Adding condition “ if x∗ is any common fixed point in B(x0, r) of
S and T , x be any fixed point of S or T in B(x0, r), then α(x∗, x, x) ≥ η(x∗, x, x)”
to the hypotheses of Theorem 2.2. Then S and T have a unique common fixed
point x∗ and Gd(x∗, x∗, x∗) = 0.

Proof. By assumption, α(x∗, x∗, x∗) ≥ η(x∗, x∗, x∗), then,

Gd(x∗, x∗, x∗) = max{Gd(Sx∗, Tx∗, Tx∗), Gd(Tx∗, Sx∗, Sx∗)}
≤ ψ(Gd(x∗, x∗, x∗)).

This implies that,
Gd(x∗, x∗, x∗) = 0.

Assume that y∗ be another fixed point of T in B(x0, r), then, by assumption,
α(x∗, y∗, y∗) ≥ η(x∗, y∗, y∗), also,

Gd(x∗, y∗, y∗) = Gd(Sx∗, T y∗, T y∗) ≤ ψ(Gd(x∗, y∗, y∗))

A contradiction to the fact that for each t > 0, ψ(t) < t. So x∗ = y∗. Hence T has
no fixed point other than x∗. Similarly, S has no fixed point other than x∗.

Example 2.6. Let X = R+ ∪ {0} and be endowed with usual order and let
Gd : X × X → X be the right complete ordered dislocated quasi metric on X
defined by,

Gd(x, y, z) = 2x+ y + z for all x, y, z ∈ X.

Let S, T : X → X be defined by,
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Sx =

{
x
4 if x ∈ [0, 1]

3x if x ∈ (1,∞)

}
and

Tx =

{
2x
7 if x ∈ [0, 1]

4x if x ∈ (1,∞).

Considering, x0 = 1, r = 4, then B(x0, r) = [0, 1]. Define α(x, y, z) = 2x− y + z,
η(x, y, z) = x − 2y. Clearly, (S, T ) is G-α-admissible with respect to η for all
x, y, z ∈ X. Let ψ(t) = t

3 . Now,

Gd(x0, Sx0, Sx0) = Gd(1, S1, S1) = Gd(1,
1

4
,

1

4
) =

5

2
n∑

i=0

ψn(Gd(x0, Sx0, Sx0)) =
5

2

n∑
i=0

1

3n
< (

5

2
)
3

2
< 4

Now if, x, y, z ∈ (1,∞), then
Case 1. If max{Gd(Sx, Ty, Tz), Gd(Tx, Sy, Sz)} = Gd(Sx, Ty, Tz) then, for

x, y, z ∈ (1,∞), we have

Gd(Sx, Ty, Tz) = Gd(3x, 4y, 4z) = 3x+ 4y + 4z

>
2x

3
+
y

3
+
z

3
= ψ(Gd(x, y, z))

Case 2. If max{Gd(Sx, Ty, Tz), Gd(Tx, Sy, Sz)} = Gd(Tx, Sy, Sz),

Gd(Tx, Sy, Sz) = Gd(4x, 3y, 3z) = 4x+ 3y + 3z

>
2x

3
+
y

3
+
z

3
= ψ(Gd(x, y, z))

So the contractive condition does not hold on X,
Now if, x, y, z ∈ B(x0, r), then
Case 3. If max{Gd(Sx, Ty, Tz), Gd(Tx, Sy, Sz)} = Gd(Sx, Ty, Tz).

Gd(Sx, Ty, Tz) = Gd(
x

4
,

2y

7
,

2z

7
)

= 2(
x

4
) +

2y

7
+

2z

7

≤ 2(
x

3
) +

y

3
+
z

3
= ψ(Gd(x, y, z)).

Case 4. If max{Gd(Sx, Ty, Tz), Gd(Tx, Sy, Sz)} = Gd(Tx, Sy, Sz).

Gd(Tx, Sy, Sz) = Gd(
2x

7
,
y

4
,
z

4
)

= 2(
2x

7
) +

y

4
+
z

4

≤ 2(
x

3
) +

y

3
+
z

3
= ψ(Gd(x, y, z)).
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Then the contractive condition holds on B(x0, r).
Therefore, all the conditions of Theorem 2.2 are satisfied and S and T have a

common fixed point 0.

Now we apply our Theorem 2.5 to obtain unique common fixed point of three
mappings on closed ball in right complete dislocated quasi Gd-metric space.

Theorem 2.7. Let (X,Gd) be a dislocated quasi Gd-metric space, S, T, f : X → X
such that SX ∪ TX ⊂ fX, r > 0 and x0 be an arbitrary point in X. Suppose
there exist two functions, α, η : X × X × X → R α-admissible with respect to η
and ψ ∈ Ψ such that,

max{Gd(Sx, Ty, Tz), Gd(Tx, Sy, Sz)} ≤ ψ(Gd(fx, fy, fz)). (2.9)

for all fx, fy, fz ∈ B(fx0, r), α(fx, fy, fz) ≥ η(fx, fy, fz) and,

j∑
i=0

ψi(Gd(fx0, Sx0, Sx0)) ≤ r, for all j ∈ N ∪ {0}. (2.10)

Suppose that,
(i) The pair (S, T ) and f are G-α-admissible with respect to η.
(ii) α(fx0, Sx0, Sx0) ≥ η(fx0, Sx0, Sx0).
(iii) if {xn} is a sequence in B(fx0, r) such that
α(xn, xn+1, xn+1) ≥ η(xn, xn+1, xn+1) for all n and xn → u ∈ B(fx0, r) as n →
+∞ then α(u, xn, , xn) ≥ η(u, xn, , xn) for all n ∈ N ∪ {0}.
(iv) fx , fy and fz be any fixed points in B(fx0, r) of S or T , then α(fx, fy, fz) ≥
η(fx, fy, fz).
(v) fX is right complete subspace of X and (S, f) and (T, f) are weakly compatible.
Then S, T and f have a unique common fixed point fp in B(fx0, r). Moreover
Gd(fp, fp, fp) = 0.

Proof. By Lemma 1.9, there exists E ⊂ X such that fE = fX and f : E → X is
one-to-one. Now since SX ∪ TX ⊂ fX, we define two mappings g, h : fE → fE
by g(fx) = Sx and h(fx) = Tx respectively. Since f is one-to-one on E, then
g, h are well-defined. Now fx0 ∈ B(fx0, r) ⊆ fX. Then fx0 ∈ fX. Let y0 = fx0,
choose a point y1 in fX such that y1 = g(y0) and let y2 = h(y1). Continuing this
process and having chosen yn in fX such that

y2i+1 = g(y2i) and y2i+2 = h(y2i+1), where i = 0, 1, 2, ...,

We know that f is G-α-admissible then, α(x, y, z) ≥ η(x, y, z) implies that
α(fx, fy, fz) ≥ η(fx, fy, fz) and also (S, T ) is G-α-admissible then, α(x, y, z) ≥
η(x, y, z) implies α(Sx, Ty, Tz) = α(g(fx), h(fy), h(fz)) ≥ η(g(fx), h(fy), h(fz))
and α(h(fx), g(fy), g(fy)) ≥ η(h(fx), g(fy), g(fz)). This implies that the pair
(g, h) isG-α-admissible. As α(y0, y1, y1) ≥ η(y0, y1, y1) implies that α(gy0, hy1, hy1)
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≥ η(gy0, hy1, hy1) and α(y1, y2, y2) ≥ η(y1, y2, y2) implies that α(hy1, gy2, gy2) ≥
η(hy1, gy2, gy2). Continuing this process, we have

α(yn, yn+1, yn+1) ≥ η(yn, yn+1, yn+1).

Following similar arguments of Theorem 2.2, yn ∈ B(fx0, r). Also by inequality
(10).

j∑
i=0

ψi(Gd(y0, gy0, gy0) ≤ r, for all j ∈ N.

Note that for fx, fy, fz ∈ B(fx0, r) and α(fx, fy, fz) ≤ η(fx, fy, fy). Then by
using inequality (2.9), we have,

max{Gd (g(fx), h(fy) , h(fz)), Gd(h(fx), g(fy), g(fz))} ≤ ψ(Gd(fx, fy, fz)).

As fX is a right complete space, all conditions of Theorem 2.5 are satisfied, we
deduce that there exists a unique common fixed point fp ∈ B(fx0, r) of g and
h. Now fp = g(fp) = h(fp) or fp = Sp = Tp = fp. Thus fp is the point of
coincidence of S, T and f . Let v ∈ B(fx0, r) be another point of coincidence of
f, S and T then there exist u ∈ B(fx0, r) such that v = fu = Su = Tu, which
implies that fu = g(fu) = h(fu). A contradiction as fp ∈ B(fx0, r) is a unique
common fixed point of g and h. Hence v = fp. Thus S, T and f have a unique point
of coincidence fp ∈ B(fx0, r). Now since (S, f) and (T, f) are weakly compatible,
by Lemma 1.10 fp is a unique common fixed point of S, T and f .
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