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Abstract : In this work, we investigate strong convergence of the sequences
generated by the forward-backward algorithms using hybrid projection method
and shrinking projection method for solving the minimization problem. The main
advantage of our algorithms is that the Lipschitz constants of the gradient of func-
tions do not require in computation. Finally, we present numerical experiments of
our algorithms which are defined by two kinds of projection methods to show the
efficiency and the implementation for LASSO problem in signal recovery.
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1 Introduction

This paper is interested in solving the convex minimization problem of the
form:

min f(w) +9(v), (1)

where f : H - RU {400} and g : H — R U {+o0} are two proper, lower-
semicontinuous and convex functions. Problem (1.1)) includes many optimization
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problems arising from applied areas such as signal processing, image recovery,
system identification and machine learning [1-4].

Using the fixed point terminology, we know that the problem is equivalent
to solve the fixed point equation z = prox,,(r —aV f(r)) where «a is a positive real
number and prox, is the proximal operator of g defined by prox, = (I + dg)~ L.
The forward-backward algorithm is a classical method for solving problem .
It is generated by the following manner:

okt — Prox,, , (zF — . Vf(zF)), (1.2)
%,_/
backward step forward step

where o, is a suitable stepsize. This method includes, in particular, the proximal
point algorithm [47] and the gradient method [8-11]. Due to its wide applications,
there have been modifications of invented in the literature (see [12H17]).

In 2003, Nakajo and Takahashi 18] introduced the following hybrid projection
method and prove its strong convergence for finding a fixed point of a nonexpansive
mapping T. Let C' be a nonempty closed convex subset of a real Hilbert spaces
H. They investigated the sequence (z*) generated by: 2° € C and

Y = apz® + (1 — ap) Tk,
Cr={z€C: |y —z[| < [la* — 2|},
Qr=1{2€0C:{(z—2F 2% 2F) <0},
gttt = Peynqy, (1'0)7

(1.3)

for every k € NU {0}, where (ay) C [0,a] for some a € [0,1). They proved that
(2*) converges strongly to a fixed point of T. Furthermore, Takahashi et al. [19]
proposed the shrinking projection method which is defined by: 2° € C, C; = C,
! = Pg, (2°) and

y* = apa® + (1 — ay,)Tx¥,
Crpr = {2 € Cr: ly* — 2| < [l2* — 2]}, (1.4)
2 = Pp, (a0),

where 0 < (ax) < a < 1 for all k € N. It was proved that the sequence (z¥)
generated by (1.4]) converges strongly to a fixed point of a nonexpansive mapping
T.

In 2012, Lin and Takahashi [20] introduced the following forward-backward
algorithm using the viscosity approximation method.

Algorithm 1.1. :
Initialization Step. Take z° ¢ H
Iterative Step. Give z* and set

2 = akh(xk) +(1- ak)proxakg(:ck — aka(a:k)),
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where h : H — H is a p—contraction for some p € [0,1), i.e. ||h(z) — h(y)| <
pllx —yl|| for all z,y € H and V[ is a v—inverse strongly monotone with the fol-
lowing conditions:

oo oo
lim o =0, g a® = oo, E laF — a**1) < oo;
n—oo
k=1 k=1

oo

E lag — ag1] < oo, 0<b<ar <2v

k=1

Stop Criteria. If 2*T' =z, then stop.

Recently, Cruz and Nghia [21] proposed the proximal gradient algorithm using
linesearch technique for solving the convex minimization problem in Hilbert spaces.
The main advantage of the proposed method is that the Lipschitz condition on
the gradient of functions is dropped in computing. The linesearch is defined as
follows:

Linesearch 1.1. Given z, o >0, 6 € (0,1) and § € (0, 3).

Input. Set a =0 and J(z, ) := prox,,(z — aV f(x)) with x € domg
While oV f(J(z,)) - ¥ £()]| > 8 (x, ) ]

do a = fa.
End While

Output.a.

It was proved that Linesearch[L.1]is well-defined, i.e., this linesearch stops after
finitely many steps. They defined the following algorithm:

Algorithm 1.2. :
Initialization Step. Take 2° € domg, o >0, 6 € (0,1) and § € (0, 3)
Iterative Step. Give z* and set

2P = prOXakg(xk - aka(ack)),

with ay, := Linesearch :I:k, 0,0,0).
Stop Criteria. If 2*T1 = z*, then stop.

It was shown that the sequence generated by Algorithm [I.2|converges weakly to
minimizers of f+ g. Moreover, if the gradient of f is globally Lipschitz continuous
on domg with a constant L > 0, then ay > min{c,60/L} for all k € N. However,
their algorithms have only weak convergence in real Hilbert spaces. As pointed
out, for example, by Bauschke and Combettes [22], the weak convergence of an
iterative scheme is an unsatisfactory property in an infinite dimensional setting.
Moreover, it is our academic interests to analyze the strong convergence using the
linesearch technique.

In this paper, based on Algorithm hybrid projection method and
shrinking projection method (L.4), we introduce new hybrid projection algorithms
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for solving the convex minimization problem. We then prove the strong conver-
gence theorems of the proposed methods using the linesearch technique. Finally,
some numerical experiments in signal recovery are provided to show the efficiency
and the implementation of our algorithms.

The rest of this paper is organized as follows: In Sect. 2, we give some defini-
tions and lemmas used for our proof. In Sect. 3, we establish the strong conver-
gence of the proposed algorithms. Finally, in Sect. 4, we show numerical examples
to support the convergence of our algorithms. In Sect. 5, we give the conclusions
of this paper.

2 Preliminaries

This section contains some definitions and lemmas that play an essential role
in our analysis. Let C be a nonempty, closed and convex subset of a real Hilbert
space H with inner product (-,-) and norm || - ||. The strong (weak) convergence
of a sequence (z¥)ey to = is denoted by =¥ — z (2% — ), respectively.

Definition 2.1. A mapping T : C — C' is said to be nonexpansive if
[Tz =Tyl < [l —yl,Vz,y € C.

In a real Hilbert space, we know that for any point € H, there exists a unique
point Pox € C such that

[ = Poz|| < ||z —yl|, vy € C.

Here Pc is called the metric projection of H onto C. We know that Po is a
nonexpansive mapping of H onto C. It is also known that Po satisfies

(x —y, Pox — Poy) > ||Pox — Peyl?, (2.1)
for all x,y € H. Furthermore, Pcx is characterized by the property
(x — Pox, Pcx —y) >0, (2.2)
for all y € C'. Moreover, we know that
ly - Poal® + o - Poal? < |l — y|I%, Va,y € H. (2.3)

We also know that all Hilbert space has the Kadec-Klee property, that is, (z*)
converges weakly to = and ||z*|| — ||z|| imply (z*) converges strongly to .

Definition 2.2. The subdifferential of a function h at x is defined by
Oh(z) = {v € H : (v,y — ) < h(y) — h(z),y € H}.

Fact 2.1. [22, Proposition 17.2] Let h : H — R U {400} be a proper, lower-
semicontinuous and convex function. Then, for x € domh and y € H,

W (x;y — ) + h(z) < h(y).
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Lemma 2.3. (23] The subdifferential operator Oh is mazimal monotone. More-
over, the graph of Oh, Gph(0h) = {(z,v) € H x H : v € Oh(x)} is demiclosed,
i.e., if the sequence (x*,v*) C Gph(Oh) satisfies that (z¥)xen converges weakly to
x and (v¥)gen converges strongly to v, then (x,v) € Gph(Oh).

Let us recall the proximal operator prox, : H — domg with proxg(z) =
(I+8g)~*(2),2z € H. Here I denotes the identity operator. It is well-known that
the proximal operator is single-valued with full domain. It is also known that

M € 0g(prox,,(z)) for all z € H, a > 0. (2.4)

3 Main Results

In this section, we propose the forward-backward splitting algorithm using the
projection algorithm and prove the strong convergence theorem.

Following [21], we assume that two below conditions hold:
(Al) f,g : H — RU {400} are two proper, lower-semicontinuous and convex
functions with domg C dom f and domg is nonempty, closed and convex.
(A2) The function f is Fréchet differentiable on an open set containing domg. The
gradient V[ is uniformly continuous on any bounded subset of domg and maps
any bounded subset of domg to a bounded set in H.

Algorithm 3.1. (step 0) Choose z° € domg, take § € (0,3), 0 >0 and 6 € (0,1).
(step 1) Set o, = o0™* and my, is the smallest nonnegative integer such that

||V f(prox,, ,(a* — eV f(z*))) = V f ()|

< (5||Proxoékg(ﬂr;]C — oszf(mk)) — ack|| (3.1)
(step 2) Set
Yt = proxakg(:rk — a, Vf(zh)). (3.2)
(step 3) Compute
Cr = f{on€domg: " — 2] < [l2* — 2.}
and
Qr = {z.€domg: (z,— 2" 2" —2%) <0}. (3.3)
(step 4) Compute
2" = Po,no, (29). (3.4)

(step 5) Set k < k + 1, and go to (step 1).



612 Thai J. Math. 17 (2019)/ K. Kankam et al.

Throughout this paper, we denote Q by the solution set of (|1.1)) and assume
that £ is nonempty.

Theorem 3.1. Let H be a real Hilbert space. Assume that there exists o > 0 such
that ap, > o > 0. Then the sequence (xk)iozo generated by Algorithm converges
strongly to & = Pq(2°).

Proof. We divide our proof into four steps.
Step 1 Show that (z)72, is well-defined and @ C C, N Qr,Vk > 0. For each
x € domg, we see that

k k k k k k
ly* =@l < lla* =2l & y*1? = 202, ¢") < [|l2]* - 2(z, 2")
& 2,2t —yb) < l2P ~ [ly*)?

(=12 = 1™ 11%]-

M\H

o (z,ah —yF) <
(3.5)

Therefore C}, is closed and convex for all k& > 0. Moreover, it is easy to see that
Qy; is closed and convex for all £ > 0. Therefore, Cx N Qf is closed and convex for

all k > 0. Using (2.4) and (3.2)), we observe that

kE_ k_ k
ah —yh Vi) = 2 Proay (7" ~ 0k V(@) _ V(") € dg(y*).

Ak €75

The convexity of g gives

k_ .k
9(@) = 9(y") = (= = Vf(ah), — y*), ¥z € dom. (3.6)
k
The convexity of f also implies
f@) = fly) > (Vf(y),z —y),Vx € domf, y € domg. (3.7)
From (3.6 and (3.7) with any 2 € domg C domf and y = 2* € domg, we have
2F ok

(F+9)@) > f@)+a@") +(E - Vf@*),z—y")

HVf(ah),z —a")

A

= fla )+9(y’f)+aik<w’“—y cz—y")
H(Vf(") = VYP), 6" = 2" + (V). " — ")
> @)+ g0+ oG ot - )
—IVf (") = VY — 2"+ (V") o* — o)
> J) + g + o = g — ) = Sk g P

+<vf(yk)7yk - xk>7
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where the last inequality follows from the linesearch (3.1). Hence we obtain

(@ —yFyf —x) >l @)+ gWh) — (F + 9)(@) + (VFR)y* — o)
—dja" —y"||*. (3.8)

Replacing z = 2¥ and y = y* in (3.7), we have f(z*) — f(v*) > (Vf(y*), 2% — yF).
From (3.8), we get

(@ =y yh —a) = anl(f+ 9" = (f +9)(@)] = dlla” — "7 (3.9)

Since 2(z* — ¥, y* — x) = [Ja¥ —z|* — [|=¥ — ¢*|* = [ly* — z|]?, by (3.9), it follows
that

Iy —=l> < [l2* —2|® = 200 [(f + 9) (") = (f + 9)(2)]
—(1 = 28)]laF — y*. (3.10)
Let 2, € Q and set « = x, in (3.10). Hence we have
ly* — ] < fl2® — . (3.11)

Thus z, € Cy,Vk > 0. Therefore, Q C Cy,Vk > 0. For k = 0, we have that
2% € domg and Q¢ = domg and hence Q C Cp N Qg. Assume that 2" is given and
QcC C,NQ, for some n € {0,1,2,...}. Since 2 is nonempty, C,, NQ,, is nonempty,
closed and convex. So there exists a unique element z"*' € C, N Q,, such that
2" = Po o, (2°). This gives

(xy — 2™ 20 — g™t <0, Vo, € C,, N Q. (3.12)
Since 2 C C), N @, in particular, we obtain
(x, — 2"t 20 — 2"t <0, Va, € Q. (3.13)

This implies that Q@ C @Q,+1. By induction we conclude that, Q@ C Cy N Q,Vk >0
and thus (z%)2 is well-defined.
Step 2 Show that (z¥)%2, is bounded. From (3.3), we see that

(zy — 2 2% — 2F) <0,Vz, € Q4.
This implies that z* = Py, (#°). Then we have
||33k — ac0|| < ||scO — 24|, V. € Qk.
Since ) C Qy, it follows that
2% — 20| < ||l2° — x|, V2. € Q. (3.14)
In particular, since "™ € Qy,

lz* — 2| <l — 2. (3.15)
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By (3.14) and (3.15)), we obtain klim ||z* — 29| exists. Hence (2*)52, is bounded.
—o00

Step 3 Show that klim 2"t —2¥| = 0. By 1} and the fact that 2% = Py, (20),
— 00

we see that

R e e

Since lim [|z* — 20| exists, it follows that lim ||2"*! —2*| = 0.
k—o0 k—o0

Step 4 Show that lerr;O 2% = 7, where 7 = Po(2°). From , ¢ € O and
Step 3, we see that

ly* =" < fla® =2 = 0, k= oo
Hence we obtain

I = ab <l - 2t o

— 0, k— oo (3.16)

Since (ack)zozo is bounded, the set of its weak accumulation point is nonempty.

Take any weak accumulation point w of (z¥). So there is a subsequence (z%7)2°

of (z%)$2, weakly converging to w. We get from and assumption (A2) that
lim V() = V()] = o. (3.17)

Since ykn = proxakng(mk“ — ay, Vf(zk)), it follows from that
akn —ay, Vf(ahn) —yhn

Qg

'

€ dg(y*)

which implies that

kn _ ,,kn
LY L V) = V() € V) +0g(yF) CO(f + g)(yFn). (3.18)

From (3.16), (3.17) and (3.18)), we conclude that w € Q by Lemma If
T = Po(zY), it then follows from (3.14), the fact that w €  and the lower

semicontinuity of the norm that,

l2® =zl < a” —w|
< liminf ||z° — zF= |
n—oo
< limsup ||z° — z*= ||
n—oo
< 20—z (3.19)
Hence we obtain lim |[z*" — 20| = ||2° — w|| = [|2° — Z||. This yields z*» — w =
n—oo

Z,mn — oo. It follows that (2*) converges weakly to Z. So we have

|2° — Z|| < liminf|z® — zF||
n—oo

< limsup||z° — 2"
n—oo

< 2 -z (3.20)
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This shows that lim ||z* —2°|| = ||2° — Z||. From z* — Z, we also have z¥ — 2% —
n—oo

z—x0. Since H satisfies the Kadec-Klee property, it follows that 2% — 20 — 7 —29.

Therefore ¥ — Z as k — oco. This completes the proof. O

We next introduce another version of the forward-backward algorithm based
on the shrinking projection method.

Algorithm 3.2. (step 0) Set Cy = domg, choose x° € domg, take & € (07%),
0>0andf e (0,1).
(step 1) Set ap, = o™ and my, is the smallest nonnegative integer such that

al[VF(y") = V(M) < olly* — 2. (3.21)
(step 2) Set
g = prox,, (2" — apV (")), (3.22)
(step 3) Compute
Crp1 = {ze €Ot lly" —a| < Jl2* — 2|} (3.23)
(step 4) Compute
"t = Pg, ,, (20). (3.24)

(step 5) Set k < k + 1, and go to (step 1).

Theorem 3.2. Let H be a real Hilbert space. Assume that there exists a > 0 such
that ap, > o > 0. Then the sequence (xk)zozo generated by Algorithm converges
strongly to & = Pqo(2°).

Proof. We divide our proof into five steps.

Step 1 Show that Pg,,,(2") is well-defined and Q C Cjy1,Vk > 0. Similar to
Step 1 in Theorem we can show that C1 is closed and convex, Vk > 0. Also,
we can show that

2% — 20| < ||2° — .||, Vz, € Cy.

Thus, if z, € Q, then we have z, € Cg11. So Q C Cky1 and PCHl(xO) is well-

defined.

Step 2 Show that klim |z% — 2% exists. From zF = Pg, 2 Cry1 C Cy and
—00

2l e Cy, Yk > 1, we get
lz* — 20| < ||lz*+t — 20|, VE > 0. (3.25)
On the other hand, since 2 C C}, we obtain

2% — 20| < ||lzs — 2°||, Yz, € Q. (3.26)
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It follows that the sequence (z*) is bounded and nondecreasing. Therefore, klim |2 —
—00

20| exists.
Step 3 Show that 2* — Z as k — oo. For [ > k, by the definition of C}, we see
that 2! = Pg,(2°) € C; C Ck. So we obtain

l* = 2®|* < fla’ — 20 — [la* — 2%

From Step 2, we have (xk),;";o is a Cauchy sequence. Hence, 2 — Z as k — oo.
Step 4 Show that z € Q. From Step 3, we see that

lim [l2**! — 2| = 0.
k—o0
Since 2**! € Cy41 C Cy, we have

Iyt =2 < ek — o =0, koo,

It follows that

I R P

— 0, k— oo. (3.27)
We get from and assumption (A2) that
Jim [Vf(y") = V") =0. (3.28)
Since y* = proxakg(xk — o, Vf(x*)), it follows from that

a* — o,V f(a¥) —y*
o

€ dg(y*)

which implies that

k k

‘ a‘ky + V(YY) = VI®) e V") +ag(y") Co(f +9)(y").  (3.29)

From ([3.27)), (3.28)) and (3.29)), we have T € Q. by Lemma

Step 5 Show that 7 = Pqo(z?). Since 2% = Pg, (z°) and © C C}, we obtain

(2 — 2% 2F —2,) > 0,Vz, € Q. (3.30)
By taking the limit in (3.30)), we obtain
(x° — %7 — x,) > 0,VYz, € Q. (3.31)

This shows that # = Po(2°). We thus complete the proof. O
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4 Numerical Experiments

In this section, we present some numerical examples to the signal recovery. We
consider our first algorithm defined by projection method and provide a compari-
son among Algorithm Algorithm and Algorithm In this case, we set

Tzl = proxakg(xk — apVf(x*)). It is known that T is a nonexpansive mapping

2
when ay, € (0, Z) and L is the Lipschitz constant of V f. Compressed sensing can

be modeled as the following underdeterminated linear equation system:
y = Az + €, (4.1)

where 2 € RY is a vector with k nonzero components to be recovered, y € RM
is the observed or measured data with noisy ¢, and A : RY — RM(M < N) is a
bounded linear operator. It is known that to solve can be seen as solving the
LASSO problem:

1
Jnin 3l = Az]5 + Allz ], (4.2)

where A > 0. So we can apply our method for solving in case f(z) =
1y — Az||} and g(z) = Al|z|1. It is noted that V f(z) = AT (Az — y).

In our experiment, the sparse vector x € RY is generated from uniform distri-
bution in the interval [-2,2] with k nonzero elements. The matrix 4 € RM*V is
generated from a normal distribution with mean zero and invariance one. The
observation y is generated by with Gaussian noise white signal-to-noise ratio
SNR=40. The initial point z° is picked randomly. The restoration accuracy is
measured by the mean squared error as follows:

1
MSE = Nka — 2|2 <1075,

where z* is an estimated signal of x.

In what follows, let ¢ = 5, # = 0.4, and § = 0.4 in both Algorithm and
Algorithm and let the step size a in Algorithm and Algorithmbe W.

Let h(xz) = £ be a contraction and choose a = ﬁ in all algorithms. We denote
by CPU the time using in CPU and Iter the number of iterations. The numerical

results are reported by Table 1.

The data in Table 1 shows that, for a given tolerance, all algorithms can be
used to solve the LASSO problem in compressed sensing. To be more precise,
Algorithm with a linesearch take significantly less number of iterations and
CPU time compared to Algorithm [I.1] of [20] and Algorithm [1.3]of [21].
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Table 1: Computational results for solving the LASSO problem

N=512, M=256

N=1024, M=512

m-sparse signal Method

CPU Tter CPU Tter

m=20 Algorithm E 4.3612 673 35.2779 1258
Algorithm [T.3] 41.5479 3645 265.4392 6851

Algorithm [T.1 9.7712 1742 65.0949 3249

m=30 Algorithm [3.1] 6.0680 793 32.7622 1335
Algorithm T3 56.6697 4370 282.0070 7265

Algorithm [T.1 13.0234 2109 64.8357 3457

m=40 Algorithm [3.1] 5.5765 790 35.2468 1391
Algorithm [T.3] 57.1358 4495 324.6561 7639

Algorithm [T.1 14.2279 2175 71.0742 3649

m=>50 Algorithm [3.1] 7.8385 1024 41.1793 1416
Algorithm T3] 96.3842 5901 357.4149 7818

Algorithm [T.1 24.7290 2873 88.7461 3731

m=60 Algorithm 16.6168 1486 52.7078 1534
Algorithm 155.5344 8933 287.6895 8668

Algorithm 36.4613 4381 70.8262 4164

We next provide some
convergence behavior of all
observation data, recovered signal, the number of iterations versus MSE.

numerical experiments for two cases to illustrate the
algorithm in comparison. We plot the original signal,

Original signal ( N=512, M=256, 20 spikes )

05

\| | T T T | T | T | T
I | '
| | | | | | | | | | ‘ | | |
50 100 150 200 250 300 350 400 450 500
Measured values with SNR=40
T T T T T
| | | | |
50 100 150 200 250
Recovered signal Algorithm 3.1 ( 673 iterations, CPU=4.3612)
\| | T T I T | T T T |
I L .
! | | | | |
L L L | L L L L L L L
50 100 150 200 250 300 350 400 450 500
Recovered signal by Algorithm 1.3 ( 3645 iterations, CPU=41.5479)
\| | T T I T | T T T | T
L | 1 L
| | | | | | | | | | | | | |
50 100 150 200 250 300 350 400 450 500
Recovered signal by Algorithm 1.1 ( 1742 iterations, CPU=9.7712)
\| | T T I T | T T T | T
L | 1 .0
I | | | | | | | | | ‘ | | |

0
,n5<|
A

Figure 1:

50 100 150 200 250 300 3850 400 450 500

From top to bottom: original signal, observation data, recovered signal by

Algorithm[3.3] Algorithm[I.3|and Algorithm[[.I]with N = 512 and M = 256, respectively.
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L] 3

——
—— Algorithm 3.1
===Algorithm 1.3 [
—— Algorithm 1.1

[
] 500 1000 1500 2000 2500
number of iterations

+ L
3000 3500 4000

619

Figure 2: The objective function value versus number of iterations in case

N=512, M=256.

Original signal ( N=1024, M=512, 30 spikes )
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Recovered signal by Algorithm 3.1 ( 1335 iterations, CPU=32.7622)
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Recovered signal by Algorithm 1.3 ( 7265 iterations, CPU=282.0070 )
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Recovered signal by Algorithm 1.1 ( 3457 iterations, CPU=64.8257)
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Figure 3: From top to bottom: original signal, observation data, recovered
signal by Algorithm Algorithm and Algorithm with N = 512
and M = 256, respectively.
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T
——Algorithm 3.1
——-Algorithm 1.3 [|
——Algorithm 1.1

| 1 - )
] 1000 2000 3000 4000 5000 6000 7000 8000
number of iterations

Figure 4: The objective function value versus number of iterations in case
N=512, M=256.

Next, we discuss our forward-backward algorithm defined by the shrinking
projection method. We provide a comparison among Algorithm [T} Algorithm
and Algorithm For convenience, we set all condition as in the previous
example.

Table 2: Computational results for solving the LASSO problem

m-sparse signal Method N=512, M=256 N=1024, M=512
CPU Iter CPU Tter

m=20 Algorithm 5.2158 660 40.9654 1247
Algorithm 29.0458 3548 183.4528 6789

Algorithm 5.8716 1696 46.3793 3222

m=30 Algorithm 8.7975 865 45.0510 1369
Algorithm 42.1279 4820 236.4308 7648

Algorithm 9.8976 2325 62.7609 3645

m=40 Algorithm 7.4329 926 42.7707 1369
Algorithm 53.7019 5079 224.0050 7551

Algorithm 12.2709 2461 54.1403 3608

m=50 Algorithm 8.6868 1099 56.2084 1508
Algorithm 107.2563 6309 308.9143 8439

Algorithm 20.1471 3085 67.8876 4053

m=60 Algorithm 3. 13.3035 1223 40.4446 1439
Algorithm 90.2037 7025 233.2904 8016

Algorithm 24.5405 3447 57.9466 3838

The data in Table 2 shows that, for a given tolerance, all algorithms can be
used to solve the LASSO problem in compressed sensing. To be more precise,
Algorithm with a linesearch take significantly less number of iterations and
CPU time compared to Algorithm [I.1] of [20] and Algorithm [1.4] of [18].
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We plot the original signal, observation data, recovered signal, the number of
iterations versus MSE.

Original signal ( N=512, M=256, 50 spikes )
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Recovered signal by Algorithm 3.3 ( 1099 iterations, CPU=8.6868 )
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Recovered signal by Algorithm 1.4 ( 6309 iterations, CPU=107.2563 )
| | \| | T T T J || T T T T | T T I
08 | | 1 | | | L L. , |
o8 I I I I I I I I
50 100 150 350

200 250 300 400 450 500
Recovered signal by Algorithm 1.1 ( 3085 iterations, CPU=20.1471)
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Figure 5: From top to bottom: original signal, observation data, recovered

signal by Algorithm Algorithm and Algorithm with N = 512
and M = 256, respectively.
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Figure 6: The objective function value versus number of iterations in case
N=512, M=256.
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Original signal ( N=1024, M=512, 40 spikes )
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Figure 7: From top to bottom: original signal, observation data, recovered
signal by Algorithm Algorithm and Algorithm with N = 512
and M = 256, respectively.
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Figure 8: The objective function value versus number of iterations in case
N=512, M=256.
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5 Conclusions

In this work, we discuss the modified forward-backward splitting method in-
volving linesearches for solving minimization problems of two convex functions.
We prove strong convergence theorems by using projection method and shrinking
projection method. All the results are compared, in compressed sensing, with
different kinds of forward-backward methods. It is found that algorithm using
linesearch has a better convergence behavior than other methods through exper-
iments. Our algorithms do not require to compute the Lipschitz constant of the
gradient of functions. This advantage is very useful and convenient in practice.
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