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Abstract

Many problems in pure and applied mathematics have as their
solutions the fixed point of some mapping F. Therefore a number of
procedures in numerical analysis and approximations theory amount
to obtaining successive approximations to the fixed point of an ap-
proximate mapping. Our object in this paper to discuss about fixed
point theory and its applications in metric spaces, also we established
some fixed point theorems in complete metric spaces, which general-
ized many results of great mathematicians.
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1. Introduction

The well known Banach [1] contraction principal states that “If X is
complete metric space and f is a contraction mapping on X into itself,
then f has unique fixed point in X”. Many mathematicians worked on this
principal. Kanan[4] proved that “If T is self mapping of a complete metric
space X into itself satisfying:

1
d(Tz,Ty) < [d(Tz,z) + d(Ty,y)] forall z,y € X, where a € [0, 2} )

Then T has unique fixed point in z.
Fisher [3] proved the result with

1
d(Tz,Ty) < [d(Ty,z) + d(Tz,y)], forall z,y € X, where a¢c [0, 2} .

A similar conclusion was also obtained by Chaterjee [2].
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In 1977, the mathematician Jaggi [6] introduced the rational expression
first time as:

(z,Tx)d(y, Ty)
d(z,y)

In 1980 the mathematicians Jaggi and Das [7] obtained some fixed point
theorems with the mapping satisfying:

d
d(Tz,Ty) < ad(z,y)+5 forall z,y € X, z #y,0 < a+0 < 1.

d(z, Tx)d(y, Ty)

d(Tx,Ty) < ad(z,y)+p d(z,y) + d(z, Ty) + d(y, T)

for all z,y € X, a+8 < 1.

In the present paper we are also finding a new rational expression, using
complete metric spaces, which satisfy the many results of great mathemati-
cians.

2. Main Result

Let T be a continues self map, defined on a complete metric spaces x.
Further T satisfies the following conditions:

d(z, Tx)d(y, Ty) + d(z, Ty)d(y, Tz) e
d(z,y)
d(@, Tz)d(y, Tx) + d(y, Ty)d(z, Ty)
d(z,Tx) +d(y, Ty) + d(y, Ty) + d(z, Ty)
+old(z, Tx) + d(y, Ty)] + nld(y, Tz) + d(z, Ty)] + pd(z, y)

d(z,Ty)[d(z, Tz) + d(y, Ty)]
d(z,y) +d(y, Ty) + d(y, Tz)

d(Tz,Ty) <

For all z,y € X,z # y and for o, 8,7,0,m, pu € [0,1), and 2 +~v+40 + 4n+
21 < 2, then T has unique fized - point in T'.
Proof : Let z, be an arbitrary point in X, and we define a sequence {x,,}
by means of iterates of 1. By setting, 17"z, = x,, where n is a positive
integers. If z,, = x,41, for some n, then we have Tz, = z,, then z, is a
fixed point of T taking x,, # x,4+1 for all n.

Now d(xpt1, ) = d(Txy, Txp_1)

d(xp, Txp)d(xp—1, Ten—1) + d(n, Txp_1)d(xn_1,TTy)
d(Tp, Tp—1)
(Xn—1,, Ten)[d(@n-1,TTpn_1,) + d(xn, Txy)]
Tny Tn-1,) + d(@n-1,TTn_1) + d(xpn-1,T2y)
d(xp, Txp)d(xp—1,Ten_1) + d(xp—1,Txn_1)d(xn, TTH_1)
d(xp, Txy) + d(xp—1,Txn—1) + d(xpn-1,TTn—1) + d(xn, TTp_1)
+0[(dzp, Tzy) + d(xn—1, TTn-1)] + n[d(xn-1,T2n) + d(Tpn, TTp-1)] + pd(zp, Tp—1)

< (a+ 3 +0+n) d@n 20s1) + O+ + Wd(@a-1,20)

d(Txy, Txn-1) < «

0%

+y
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i.e.

04+n+p
A(Tpis ) <
(Ener ) S T T oy

) d(zp—1,Tn)-
On applying the same process, we get

0+n+p
A(Tpy1,Tn) <
(@1, 2n) 1—(a+3+6+n)

d(xo,x1)-

By the triangular inequality, we have for m > n,

d(l‘n, xm) < d(.%‘n, xn+1) + d($;1+17 xn+2) +oeeet d(l‘;n_ll‘m)
< (s"+ "4 s™ Y d (g, Tixo)
where
s o+n+p
1—(a+34+0+n)

<1.

Therefore,

n

S
d <
(xna xm) =7

d(zo,Txg) — 0 as m,n — oc.

So, {z,} is Cauchy sequence in z, so by completeness of X, there is a
point, u € x such that x, — u as n — oo. Further, the continuity of 7" in
X implies

T(u) = T(nh—{go Tn) = nh—{lgo Tz, =limn — ocox,i1 = u.

Therefore, u is a fixed point of T in z.
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3. Uniqueness

Suppose if there is any other v # w in X such that T'(v) = v, then
d(u,v) = d(Ty,Ty)

d(u,v) <

ad(u, Tu)d(v, Tv) + d(u, Tv)d(v,Tu)  d(u,Tv)[(d(u,Tu) + d(v,Tv)]
(u,v) d(u,v) + d(v, Tv) + d(v, Tu)
d(u, Tu) + d(v,Tu) + d(v, Tv)d(u, Tv)
d(u, Tu)d(v, Tu)d(v, Tv)d(u, Tv)
+o[d(u, Tu) + d(v, Tv)] + n[d(u, Tv) + d(v, Tu)] + pd(u,v)

=9

+

l.e.

d(u,v) < [a+ 2n + pld(u,v).

This is a contradiction because, 2ac 4+ v 4+ 46 + 4n + 2u < 2. Hence u is the
unique fixed point.

Now we are proving an interesting result in which 7T is not necessarily
continuous in X, but 77 is continuous for some positive integer P,T? is
continuous, Then T has a unique fixed point.

Theorem 2 : Let T be a self map defined on a complete metric space (X, d)
such that (1:1) holds. If for some positive integer P, TP is continuous, then
T has a unique fixed point.

Proof : We define a sequence {x,} as in theorem 1, clearly it converges to
some point u in X. Therefore there is a subsequence {X,,x} of {X,,}, (nx =
Kp) also converges to u. Also

TP = TP(lim x,k)
k—o0
= lim (TPz.x)
k—o0
= lim (Xnk+1)
k—o0
= .
Therefore, u is a fixed point of T),.
Now, we show that, T, = u.

Let m be the smallest positive integer such that T/ = u but T}/ # wu.
Forg=1,2,3,--- ,m—1. If m > 1,

d(Ty,uw) = d(Ty,T)")
d[(Tu, T(T;" )]
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d(u, Tu)d(T™ Lu, T™u) + d(u, T™u)d(T™ tu, Tu)
d(u, T™ 1)
d(u, T™u)[d(u, T™u) + d(T™ ‘u, T™u)
d(u, T u) + d(T™ tu, T™u) + d(T™ u, Tu)
d(u, Tu)d(T™ Yu, Tu) + d(T™ tu, T™u)d(u, T™u)
d(u, Tu) + d(T™ u, Tu) + d(T™ tu, T™u) + d(u, T™u)
+6[d(u, Tu) + d(T™ Y, T™u)] + nd(T™ ‘u, Tu) + d(u, T™w)] + pd(u, T™ ", u)

d(Tu,u) < «

+6

i.e.

d(u,Tu) < 0+ ntp

< d(u, T™ )
1—(a+3+d6+n)

ie.
d(u, Tu) < s™d(u, Tl'm — 1, u).

Thus we can write that
d(u,T,) < s™d(u,Ty)

Since, s™ < 1. Therefore d(u,T,) < d(u,Ty). This is contradiction. Hence
T, = u i.e. uis a fixed point of T

The uniqueness of u follows as in theorem 1.

We further generalize the result of theorem 1, in which T is neither
continuous nor satisfies condition (1.1). In what follows 7™, for some
positive integer m, satisfying the same rational expression and continuous,
still T' has unique fixed point.

Theorem 3 : Let T be a continues self map, defined on a complete metric
space (X, d), such that for some positive integer m, T" satisfies the following
conditions:

d(z, T™z)d(y, T™y) + d(x, T™y)d(y, T"z)
d(z,y)
d(z, T™y)[d(z, T"x) + d(y, T"y)]
d(z,y) + d(y, tmy) + d(xz, T™y) + d(y, T™x)
d(z, T™z)d(y, T™x) + d(y, T™y)d(x, T™y)
d(z, T™zx) + d(y, T™z) + d(y, t™y) + d(x, T™y)
+0ld(z, T"z) + d(y, T™y)| + nld(y, T"z) + d(z, T"y)] + pd(z, y)
forall z,y € X,z #yand o, 8,7,0,m, u > 0, with 2a+vy+46 +4n+2u < 2.

If T™ is continuous then 7" has unique fixed - point.
Proof : By Theorem 2, we assume that 7" has unique fixed point. Also

d(T"z, T™y) < «

+0

+v

Tu=T(T"u)=T"(Tu),
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which implies T'u = u, further since fixed point of T is a fixed point of T,
and 7™ has a unique fixed point u, it follows that u is the unique fixed
point of T
Example : Let X = [0, 1] with the usual metric and T': X — X be defined
by
1
Tx = {0, when 0§:):§§
1 1

It is clear that T is discontinuous and does not satisfy (1.1) for any «, 3,7, 4,1, u €
[0,1) with 2ac + v 4+ 40 + 4n + p < 2, when x = %,y = 1. But it can be
easily seen that 72 is continuous and satisfies the condition of theorem 3,
and 0 is unique fixed point of 72 and so of T'.
Remarks :

1. f @« = =v=39=n=0, then theorem 1 reduce to Banach [1].
2. If a =0 =7v=n=p=0, then theorem 1 reduce to Kannan [4].
3. If a =3 =~ =mn=0, then theorem 1 reduce to Chatterjee [2].
4. If « = f =~ =6 =0, then theorem 1 reduce to Fisher [3].

5. If « = =~ =0, then theorem 1 reduce to Reich [5].
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