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Abstract : In this paper, we studied the option price of the Foreign Currency
in the new form. Such new form of the option price can be related to the Black-
Scholes Formula. Moreover we also studied the kerbel of the option price and
found the interesting properties. However we hope that the results of this paper
may be useful in the research area of Financial Mathematics.
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1 Introduction

We know that the Black-Scholes Formula is very useful in computing ther op-
tion price of the asset price and is accepted as the solution of the Black-Scholes
Equation, see [[1],pp. 637-659]. In fact the Black-Scholes formula is rather compli-
cated formula and is very difficult to be derived from such Black-Scholes Equation.
So many people just only use the verification method to show that the Black-
Scholes Formula is the solution of the Black-Scholes Equation. Fortunately in this
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paper, we succeeded in developed the option price which is the new form of the
option price of the Foreign Currency and can be related to cover the Black-Scholes
formula. The option price of the Foreign Currency can be obtain from the solution
of the Black-Scholes Equation which is given by

5} 0 1, 507 B
&C’(s,t) + (rp — TF)S%C(S,t) + 7078 @C(s,t) —rpC(s,t) =0  (1.1)

with the call payof
C(S7,T) = (St — p)T = max(sy — p,0), (1.2)
[2], pp.237-238] where
. & is the currency price(domestic unit for one foreign unit).

. C(s,t) is the price of foreign exchange call option.

see |
1
2
3. T is the expiration time.
4. st is the currency price at time 7.
5. rp is the domestic riskless rate.
6. rp is the foreign riskless rate.
7. o is the volatility of the currency price.

8. p is the strike price (domestic unit for one foreign unit).

Now the solution of (1.1]) sartisfies (L.2)) is given by

Cs,t) = e TN (dy) — e 2T =N (dy) (1.3)
where
S 0'2
log <> +(rp—rp+ ?)(T —t)
dy = P (1.4)

]. T y2
and denote N(x) = I fioo e T dy.
sqrt2m

Actually (1.3) is called the Black-Scholes Formula and we see that (1.3]), (1.4])
and (|1.5]) are complicated formula as mention before. Now in our work we obtained

o2

o—rp(T—1) o0 (logs+ (rp —rp — 7)(T—t) —y)?

= exp | —
V2ro2(T —t) J- P 202(T —t)

C(s,t) f(y)dy

(1.6)
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as the solution of (1.1)) where f(y) = e¥ — p. The equation (1.6) can also be
computed as the new form of the option price

C(S,t) = se"FT=t) _ g=ro(T=t), (1.7)
Moreover by choosing logp < p < oo in ([1.6)). Then (1.6 can be related to cover
the Black-Scholes formula in (1.3)) and we also obtain the kernel of (1.1) which
having thr interesting properties.
2 Preliminaries

The following Definitions and Lemmas are needed

Definition 2.1. Let f be integrable function the Fourier transform of f is defined

by
Fi@) = Flo) = [ gy (2.)
and the inverse Fourier transform of f(w) is also given by
fla) =7 fw) = 5 [ i), (2:2)

Definition 2.2. (The Dirac-delta distribution)
The Dirac-delta distribution or the impulse function is denoted by § and is defined
by

<ﬂ@w@ﬁzﬁ@@»:/wﬂ@¢mm:@@

— 00

where () is the testing function of indefinitely differentiable function with com-
pact support. Actually

varphi(z) € 2 and §(z) € 9’ where 2 is the space of distribution and 2’ is the
dual of 2, see [[3], pp. 6-14].

Lemma 2.3. Given the equation

2 9 1, 0?
), r) — 2o L) () =0

0
—v(R,7)—(rp—rF — 59 BR2
(2.3)

or

which is obtained from (1.1) by changing the variable R = logs, 7 =T —t and
write C(s,t) = v(R, ) with the call payoff or the initial condition

v(R,0) = (e —p)* = f(R) (2.4)
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where f is continuous function of R then
v(R,7) = K(R,7)  f(R) (2.5)

is the solution of (2.1) in the convolution form where

o—roT (R+ (rp—rp — ?)T)Q
K(R,7) = Woros exp | — Dy (2.6)

is the kernel of (12.3)).
Proof. Take the Fourier transform defined by ([2.1)) with respect to R to both sides
of (2.3). Then

o2

. 1 . .
—0(w,7) —(rp —TF — ?)iwv(w,T) + §azw2v(w,7') +rpo(w,7) =0

or

whose solution is

1 2
U(w,7) = C(w) exp (—5020)2 +iw(rp —rp — %) —rp)T| .
Now from ([2.4]) by taking the Fourier transform
B(w,0) = f(w)
thus 9(w,0) = C(w) = f(w). It follows that
~ iry 1 2 2 . 02
U(w, ) = f(w)exp —o W+ iw(rp —rp — ?) —rp)T
since from (|2.2))
v(R,T) = F 10(w, 1)
1 Rl
=— e“Bo(w, 7)dw.
2 J_ o

2

v(R,T) = 7/ ei‘“Rf(w) exp (—;azwz +iw(rp —rp — %) —rp)7| dw

— 00
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Let f(w) = f:x;o e~ Y f(y)dy thus

02

U(R,T)zg/ / esze—zwyexp[(—202w2+iw(rD—rF—2)—rD)T]f(y)dydw

S e[ ot -2 rF—"2>T+R—y>}f<y>dydw

2

o2

e~TDT [ 1 (D—T‘F—f)T—FR Y

= exp | —=o?7T(w—i 2| dwx
27 J_ o 2 027'
o2

[e's) ((TD—T’F—?)T—FR—ZJ)Z

— dy.

/_ _oxp 507y f(y)dy

2

p= (rD—rF—%)T—i-R—y 1 /3
Putu—oy/=(w—1 )thendw[duthus

2 o3r o\ T

2

2

o 1 ) (Bt (ra—rp— L )7—y)?
v(R,T) = 5= / u? du _ exp — 957+ f(y)dy

2

e~ TDT (R+(rq—r —J—)T—y)
S [ |2 Fw)dy

e 20°T
2
o
e—TDT [0 (R+(rg—rp— 7)7—@/)2
= \/ﬁ exp | — 9027 f(y)dy (2.7)

(Note that [ e du = /7). Now can be written in the convolution form
v(R,7) = K(R,7) * f(R).
Thus we obtain and as required. Moreover it can shown that
lim K(r,7) = 0(R)

T7—0

where §(R) is the Dirac-delta distribution defined by definition (2.2)), see [[4], pp.
36-37] thus

o(,0) = 6(R) 1 (7) = | " SW)F(R - y)dy = F(R—0) = f(R)

— 00

by definition (2.2)). It follows that (2.4) holds. O
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Lemma 2.4. The equation (2.3) with the call payoff (2.4) has the solution
v(R,7) = elf7TFT _e7TETy (2.8)

as the new form of the option price of the Foreign Currency and moreover it has
the solution that covers the Black-Scholes formula given by (1.3)).

Proof. Form ([2.7)),

2
1%
e—TDT oo (R+ (rp—rp — 7)7’—3/)2 ,
v(R,T) = W /700 exp | — 552, eYdy
o2
o0 (R+(rp—rr = 5)7—y)?
B p/ P 2021 2

2
ag
QUgg(yf(TD*TFfT)T—R) then dy— = v2027du

and y = V202Tu+ (rp —rp — %)T + R thus

where f(y) = e¥—p, put u =

e~ TDT oo , o2
W(Rﬂ_) = \/me*“ exp V2o2ru + (TD —rp — 7)7— + R| du

V2ro?r (/oo 2

\/2027'/ e“Qdu)
2

e o7 V202reBe DT TET 7%7 /oo —(u— Y2 25‘27)2d e~ "pT \/ﬁf
= ———V2027e"e"™PTe e e w— 027/
V2raolr s Vonolr p

_ V20PTVT R

2021
— eR—'pr

E—T‘FT _ eTpr
_ e?"DTp

(Note that [ e="'du = /7). Thus v(R,7) = eR~"FT — ¢="™07p  Thus we
obtainb (2.8)) as required. Next show that equation ([2.3) has the on solution that
covers the Black-Scholes Formula. Since from ([2.7)

o2

—rpT oo (R-l—(TD—TF—f)T—y)Q
v(R,T) = B / exp | — 2 eYdy
’ V2ro?r | Jo 20%T
o2
oo (R—i—(rp—rp—?)T—y)Q
B p/ i 2027 dy
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2
—(R+(rp —rp — %)T —y)?
where f(y) = (e —p)T. Let A =exp 572 e¥ and
o’r
o2
—(R+(rp—71F — ?)T—y)2
B =exp o eY.
—TrpT

e

Hence v(R,7) = (ffooo Ady —p [T, de)

V2ro2T
consider the integral ffooo Bdy. Choose y > log p and put
o2
u o R—l—(rD—rF—?)T—y
V2o 2021
o2
R+ (rp—rp— 7)7 —logp
thus —c0 < u < where —y < —logp and we have
V202t ) Y &
o
R+ (rp—rp — 2 )r — logp
d(—y) = dy = Vo?7rdu. Now let a = 2 thus
Cu = 2 V2ot
[ Bdy=vo2r [* e = du.
1 o?
Next ider the integral [~ Ady Let 6 = R —rp— )T —
ext consider the integral [~ Ady Le m( +(rp —rF 5 )T —y)
then d(—y) = dy = sqrt20%rdf. Since we choose y > logp hence —oco < 0 <
o2 o?
R+ (rp—rp— )7 —logp R+ (rp—rp— )7 —logp
. Let b= then
V202t V2027

0o b 5 2
/ Ady = V 2027/ e exp [R +(rp—rp— %7’ — \/20’27'9] do

1 b
= V202re29°7 exp [R +(rp—rFp— 202)7} /

— 0o

1
exp [—(9 + \/§V0'2T)2:| de
b
= 20’2T6R6TD_TFT/ exp {—(9 + ;\/0’27)2:| do.

1 1
Put \% =0+ 5\/027 then df = ida and o = v/20 + Vo27. Since

o2
R+ (rp —rp — —)7 —logp
—00 <0< 2
2021

hence
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2

R+ (rp—rp— %)T —logp

V202t
o2
R+ (rp—rp— 7)T—logp

V2o2T

—o0 <8 < + Vot

—o0 < <

2
Let C =dfracR+ (rp —rp — U—)T —log pvV 2027 then

2
) c o2
/ Ady = v(szeRerD_”"T/ e” zda.
—c0 —o0
So we have
erpT R € @ u?
V(R,T) = —== | Vo?7e erD*TFT/ 677d0(—p\/0'27'/ e 2 du
\V2mwolT —0 —0

= eft—reT (e*aédoa —e"Pp (\/12? /a eu;du>
= ef""PTN(dy) — eT"PTpN(dy).
It follows that
v(R,7) = eBTFTN(dy) — e "PTpN(dy) (2.9)
is the Black-Scholes Formula where d; = C and d2 = a and denote N(z) =

1 & 2
\/T? ffoo e 2 dy D
3 Main Results

Theorem 3.1. Recall the equation (L.1))

%C’(s,t) + (rp — TF)S%C’(S,t) + %O’QSQ%O(S,t) —rpC(s,t) =0 (3.1)
with the call payoff
c(s7,T) = (s7 —p)* (3.2)
then has
C(s,t) = se"r(T=t) _ gro(T=t), (3.3)

as the solution of the new form of the option price and moreover (3.1) has the

solution that cover the Black-Scholes formula given by (1.3]), (1.4) and (1.5)).
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Proof. By (2.8) of Lemma (2.4)),
v(R,T) = eB7TFT _ TP,

Since from Lemma (2.3), we write C(s,t) = v(R, ) where R =logsand 7 =T —t
then we have

C(s,t) = v(logs, T —t) = '8¢ r(T=H) _ cro(T=1)

— Se—’l"F(T—t) _ e_TD(T_t)p.

Thus we obtain . Next from of Lemma
v(R,7) = ef"FTN(dy) — €"P"pN (dy)
since
u(s,t) = v(R,7) =v(logs, T —t) = se "FTIN(d)) — e ™ T=DpN(dy).

Hence u(s,t) = se "#(T=ON(d;) — e "2T=)pN(dy) is the Black-Scholes formula
where

2
log <S> +(rp—rp+ 1)(T —t)
dy = —L 2

Tt
s 2
log () +(rp—rp— ?)(T—t)
d S p
' Tt

Thus the solution of (3.1)) covers teh Black-Scholes Formula given by (1.3]), (1.4

and (1.5)) as required. O
Theorem 3.2. (The property of kernel K(logs, T —t))
From (26),
o2
oD (T—t) —(log s+ (rp —rp = 5 )(T —1))?
K(logs, T —t) = ex
(tog ) 2no?(T —t) P 20%(T —t)

where R = logs and 7 = T —t. The kernel K(logs,T — t) have the following
properties
(i) K(logs,T —1t) satisfies equation
(ii)) K(logs, T —t) >0 for0<t<T
(iii) K(logs, T —t) is the tempered distribution, that is K(logs, T —t) € S'(R)

where S'(R) is the space of tempered distribution on the set of real number
R.
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(iv) e~ [* K(logs, T — t)d(logs) = 1
(v) limy_,7 K(log s, T —t) = 6(log s)
(vi) K(logs, T —t) is a Gaussian or Normal distribution with mean

1
e’”’D(T’t)(ich — (rp —7p))(T —t) and variance e~ 2> T=a2(T — t).

Proof. (i) Since K(logs,T —t) is the kernel of (3.1) which is the solution of
(3.1) and we can also compute directly to show that K (logs, T —t) satisfies

B
(ii) K(logs, T —t) >0 for 0 <t <T is obvious.

(i) K(logs, T —t) € S'(R), see [[B], pp.135-136].
(iv) Since

erp(T=t) / K(logs, T — t)d(lns)

o2
logs+ (rp — 1 — ?)(T —1))?

1 >0 (
- \2m0?(T —t) /_Oo oP 202(T —t)

2

d(log s)

1 o)
=— (1 —rp— 2T =) th
put u 202(T—t)(0gs+ (rp—rp 5 )(T —t)) then
d(log s) = v/202(T — t)du.
Hence

oo
e " du

oo 2 2 T _ ’
oo (T—1) / K(logs, T —t)d(logs) = 202((Ttt))
- V2102(T =) J -
_ VI,

2r0?(T —t)

(v) limy7 K(logs, T —t) = 6(log s), see[[], pp.36-37].
(vi) Since K (logs,T —t) is a Gaussian function or Normal distribution, hence

mean = E(K(logs, T —t))
2

:eT‘D(T—t)E 1 exp _(logs— (% B (TD _TF))(T_t))
202 (T —t) 202(T —t)

— eTD(T_t)(%U2 —(rp—rp))(T —1t)
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where FE is expectation.

variance = V(K (logs, T —t))
o2
1 (logs — (5 = (rp —rp))(T' 1))

exp |—

~2rp(T—t)y/
2ro?(T —t) 202(T —t)

=€

_ 6727‘D (Tft)0_2 (T _ t)

where V' denote variance.

4 Conclusion

The foreign Currency option is the kind of investing by buying or selling money
with of foreign exchange in the option condition which is similar to then option of
stock prices. For trading the foreign currency option, the Black-Scholes Formula
is needed for computing such option. Actually the Black-Scholes Equation. In this
paper we have introduced another kind of solutions whcich is the new result and
name the form of the option price. Fortunately such new form of the option price
is simple formula and can be related to cover such Black-Scholes Formula.

We hope that the new results of our work may be useful in the research of
Financial Mathematics.
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