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Abstract : The concept of many-sorted algebras or heterogeneous algebras is
useful for abstract data type specifications in Theoretical Computer Science. It is
used to explain for abstract data types. Modules and vector spaces are examples
of many-sorted algebras. In this paper we extend the concept of a generalized
hypersubstitution from one-sorted algebras or homogeneous algebras to many-
sorted algebras. We define the I-sorted set of all Σ-generalized hypersubstitutions
on special type and define a binary operation on this set. We show that this set
together with the binary operation forms a monoid.
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1 Introduction

The concept of many-sorted algebras or heterogeneous algebras has been ex-
tended from one-sorted to many-sorted base structure of algebra by G. Birkhoff
and John D. Lipson [1] in 1970.
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Let I be a nonempty set and A := (Ai)i∈I be an I-sorted set, an I-indexed
collection of sets, where Ai is a set of element of sort i of A, for every i ∈ I. Let

I∗ :=
⋃
n≥1

In, Σ ⊆ I∗×I and Σn := In+1. For n ∈ N+, an I-sorted n-ary operation

on A is a mapping fAγ : Ak1 × ... × Akn → Ai where γ = (k1, ..., kn, i) ∈ Σn.
Let Kγ be a set of indices with respect to γ. The structure of a pair A :=
(A, ((fAγ )k)k∈Kγ ,γ∈Σ) is called an I-sorted Σ-algebra.

Example 1.1. A vector space over field F: Let V be a set of vectors and F a
universe of a field F. The structure A := ({V, F}, {+, ·}) is an I-sorted Σ-algebra
with I = {1, 2}, A1 = V, A2 = F and Σ = {(1, 1, 1), (2, 1, 1)}, that is there are
two binary operations, namely + (addition) and · (scalar multiplication), i.e.,

+ := fA(1,1,1) : V × V → V and · := fA(2,1,1) : F × V → V.

There are many papers study about many-sorted algebras. In 2008, K. Denecke
and S. Lekkoksung [2] introduced the concept of terms for I-sorted Σ-algebras.

Definition 1.2. Let I be an indexed set and n ∈ N+. A set X(n) := (X
(n)
i )i∈I

be an I-sorted set of n variables, X(n) is called an n-element I-sorted alphabet,

where X
(n)
i = {xi1, xi2, ..., xin}, i ∈ I. A set X = (Xi)i∈I is an I-sorted set of

variables, X is called an I-sorted alphabet, where Xi = {xi1, xi2, xi3, ...}, i ∈ I.
Let ((fγ)k)k∈Kγ ,γ∈Σ be a Σ-sorted set of operation symbols. Then for each i ∈ I,
an n-ary Σ-term of sort i, is inductively defined as follows:

1. xij ∈ X(n)
i is an n-ary Σ-term of sort i,

2. fγ(tk1 , ..., tkm) is an n-ary Σ-term of sort i where γ = (k1, ..., km, i) ∈ Σ and
tk1 , . . . , tkm are n-ary Σ-terms of sorts k1, . . . , km, respectively..

The set of all n-ary Σ-terms of sort i is denoted by Wn(i) and W (i) :=
⋃
n∈N+

Wn(i)

is called the set of all Σ-terms of sort i. The set WΣ(X) := (W (i))i∈I is called an
I-sorted set of all Σ-terms and its elements are called I-sorted Σ-terms.

2 Generalized Hypersubstitutions

In Universal algebra we use identities to classify algebras into collections called
varieties. Hyperidentities are used to classify varieties into collections called hyper-
varieties. The tool used to study hyperidentities is the concept of a hypersubstitu-
tion which was introduced by K. Denecke, D. Lau, R. Pöschel, and D. Schweigert
[3]. In 2000, S. Leeratanavalee and K. Denecke extended the concept of a hypersub-
stitution to the concept of a generalized hypersubstitution [4]. A generalized hy-
persubstitution of type τ = (ni)i∈I is a mapping σ : {fi | i ∈ I} −→Wτ (X) which
assigns to every ni-ary operation symbol fi a term of the same type which does not
necessarily preserve arity. The set of all generalized hypersubstitutions of type τ
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is denoted by HypG(τ). To define a binary operation on HypG(τ), we define first
the concept of a generalized superposition of terms Sm : Wτ (X)m+1 −→ Wτ (X)
by the following steps:

for any term t ∈Wτ (X),

(i) if t = xj , 1 ≤ j ≤ m, then Sm(xj , t1, . . . , tm) := tj ,

(ii) if t = xj ,m < j ∈ N, then Sm(xj , t1, . . . , tm) := xj ,

(iii) if t = fi(s1, . . . , sni), then
Sm(t, t1, . . . , tm) := fi(S

m(s1, t1, . . . , tm), . . . , Sm(sni , t1, . . . , tm)).

Every generalized hypersubstitution σ can be extended to a mapping σ̂ :
Wτ (X) −→Wτ (X) by the following steps:

(i) σ̂[x] := x ∈ X,

(ii) σ̂[fi(t1, . . . , tni)] := Sni(σ(fi), σ̂[t1], . . . , σ̂[tni ]), for any ni-ary operation
symbol fi.

Then we can define a binary operation ◦G on HypG(τ) by σ1 ◦G σ2 := σ̂1 ◦ σ2

where ◦ denotes the usual composition of mappings and σ1, σ2 ∈ HypG(τ). Let
σid be the hypersubstitution which maps each ni-ary operation symbol fi to the
term fi(x1, . . . , xni).

We have the following proposition.

Proposition 2.1. [4] For arbitrary terms t, t1, . . . , tn ∈Wτ (X) and for arbitrary
generalized hypersubstitutions σ, σ1, σ2 we have

(i) Sn(σ̂[t], σ̂[t1], . . . , σ̂[tn]) = σ̂[Sn(t, t1, . . . , tn)],

(ii) (σ̂1 ◦ σ2)̂ = σ̂1 ◦ σ̂2.

It turns out that HypG(τ) := (HypG(τ), ◦G, σid) is a monoid with σid as the
identity element. For more details of generalized hypersubstitutions, see [5–8].

3 I-Sorted Σ-Generalized Hypersubstitution

In this section, we extend the concept of generalized hypersubstitutions from
one-sorted algebras to many-sorted algebras. We first introduce the definition of
superposition for Σ-terms and give some properties of Σ-generalized hypersubsti-
tutions.

For γ ∈ I∗, let γ(j) denote the j-th component of γ. Then for any i ∈ I, we
set

Λn(i) := {α ∈ In+1 | α(n+ 1) = i}

and Λ(i) :=

∞⋃
n=1

Λn(i) and Λ :=
⋃
i∈I

Λ(i). Let Σm(i) := {γ ∈ Σm | γ(m + 1) = i}

and Σ(i) :=
⋃
i∈I

Σm(i).
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Definition 3.1. The superposition operation

Sβ : W (i)×W (k1)× ...×W (kn)→W (i),

for β = (k1, ..., kn, i) ∈ Λ, is defined inductively by the following steps:

1. If t = xij ∈ Xi, then

(1.1) Sβ(xij , t1, ..., tn) = xij if i 6= kj ,∀j and,

(1.2) Sβ(xij , t1, ..., tn) = tj if i = kj , 1 ≤ j ≤ n and,

(1.3) Sβ(xij , t1, ..., tn) = xij if j > n.

2. If t = fγ(s1, ..., sm) ∈W (i), for γ = (i1, ..., im, i) ∈ Σ and sq ∈W (iq),
1 ≤ q ≤ m, and assume that Sβq (sq, t1, ..., tn) with βq = (k1, ..., kn, iq) ∈
Λ(iq) are already defined, then

Sβ(fγ(s1, ..., sm), t1, ..., tn) := fγ(Sβ1
(s1, t1, ..., tn), ..., Sβm(sm, t1, ..., tn)),

for tj ∈W (kj), 1 ≤ j ≤ n.

Example 3.2. Let I = {1, 2, 3} and f(1,1,1) with (1, 1, 1) ∈ Σ(1). We consider
m = 4, n = 2 and calculate

Sβ(x14, Sβ1(x12, f(1,1,1)(x11, x12), x23, x31, x11),
Sβ2

(x23, f(1,1,1)(x11, x12), x23, x31, x11)) = x14,

Sγ(Sβ(x14, x12, x23), f(1,1,1)(x11, x12), x23, x31, x11)
= Sγ(x14, f(1,1,1)(x11, x12), x23, x31, x11) = x11.

where β = (1, 2, 1), γ = β1 = (1, 2, 3, 1, 1) and β2 = (1, 2, 3, 1, 2). We see that
Sβ(x14, Sβ1

(x12, f(1,1,1)(x11, x12), x23, x31, x11),
Sβ2

(x23, f(1,1,1)(x11, x12), x23, x31, x11))
6= Sγ(Sβ(x14, x12, x23), f(1,1,1)(x11, x12), x23, x31, x11).

Lemma 3.3. Letm,n ∈ N+ withm ≤ n, β = (i1, ..., in, i) ∈ Λn(i), γ = (i1, ..., im, i)
∈ Λm(i) and βj = (i1, ..., im, ij) ∈ Λm(ij), 1 ≤ j ≤ n. Then for any Σ-terms
s ∈W (i), lj ∈W (ij), tq ∈W (iq) where 1 ≤ j ≤ n and 1 ≤ q ≤ m, we have

Sβ(s, Sβ1(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm)) = Sγ(Sβ(s, l1, ..., ln), t1, ..., tm).

Proof. We will prove by induction on the complexity of the Σ-term s ∈W (i).
If s = xij ∈ X(i),
Case 1: i 6= ij . Then

Sβ(s, Sβ1(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm))

= Sβ(xij , Sβ1
(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm))

= xij

= Sγ(xij , t1, ..., tm)

= Sγ(Sβ(xij , l1, ..., ln), t1, ..., tm).
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Case 2: i = ij , 1 ≤ j ≤ n. Then

Sβ(s, Sβ1
(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm))

= Sβ(xij , Sβ1
(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm))

= Sβj (lj , t1, ..., tm)

= Sβj (Sβ(xij , l1, ..., ln), t1, ..., tm)

= Sγ(Sβ(xij , l1, ..., ln), t1, ..., tm).

Case 3: j > n. Then

Sβ(s, Sβ1(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm))

= Sβ(xij , Sβ1
(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm))

= xij

= Sγ(xij , t1, ..., tm)

= Sγ(Sβ(xij , l1, ..., ln), t1, ..., tm).

If s = fα(s1, ..., sh) ∈W (i) with α = (p1, ..., ph, i) ∈ Σ(i) and sr ∈W (pr),
1 ≤ r ≤ h. We assume that Sαr (sr, Sβ1

(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm)) =
Sγr (Sαr (sr, l1, ..., ln), t1, ..., tm) where αr = (i1, ..., in, pr) ∈ Λ(pr) and
γr = (i1, ..., im, pr) ∈ Λ(pr), 1 ≤ r ≤ h, then

Sβ(s, Sβ1(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm))

= Sβ(fα(s1, ..., sh), Sβ1
(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm))

= fα(Sα1
(s1, Sβ1

(l1, t1, ..., tm), ...,

Sβn(ln, t1, ..., tm)), ..., Sαh(sh, Sβ1
(l1, t1, ..., tm), ..., Sβn(ln, t1, ..., tm)))

= fα(Sγ1(Sα1
(s1, l1, ..., ln), t1, ..., tm), ..., Sγh(Sαh(sh, l1, ..., ln), t1, ..., tm))

= Sγ(fα(Sα1
(s1, l1, ..., ln), ..., Sαh(sh, l1, ..., ln)), t1, ..., tm)

= Sγ(Sβ(fα(s1, ..., sh), l1, ..., ln), t1, ..., tm).

Lemma 3.4. For t ∈ W (i), i ∈ I, let β = (k1, ..., kn, i) ∈ Λn(i) and xk11 ∈
Xk1 , ..., xknn ∈ Xkn , we have

Sβ(t, xk11, ..., xknn) = t.

Proof. We will prove by induction on the complexity of the Σ-term t ∈W (i).
If t = xij ∈ X(i),
Case 1: i 6= kj . Then Sβ(t, xk11, ..., xknn) = Sβ(xij , xk11, ..., xknn) = xij .
Case 2: i = kj , 1 ≤ j ≤ n. Then

Sβ(t, xk11, ..., xknn) = Sβ(xij , xk11, ..., xknn) = xkjj = xij .
Case 3: j > n. Then Sβ(t, xk11, ..., xknn) = Sβ(xij , xk11, ..., xknn) = xij .
If t = fγ(s1, ..., sm) ∈W (i) with γ = (i1, ..., im, i) ∈ Σ(i) and sr ∈W (ir),
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1 ≤ r ≤ m. Assume that Sβr (sr, xk11, ..., xknn) = sr where βr = (k1, ..., kn, ir) ∈
Λ(ir).

Sβ(t, xk11, ..., xknn) = Sβ(fγ(s1, ..., sm), xk11, ..., xknn)

= fγ(Sβ1(s1, xk11, ..., xknn), ..., Sβm(sm, xk11, ..., xknn))

= fγ(s1, ..., sm)

= t.

For each i ∈ I, an arbitary mapping

σi : {fγ | γ ∈ Σ(i)} →W (i)

is called a Σ-generalized hypersubstitution of sort i. The set of all Σ-generalized
hypersubstitutions of sort i is denoted by Σ(i)-HypG.

The I-sorted mapping σ := (σi)i∈I is said to be an I-sorted Σ-generalized
hypersubstitution and let Σ-HypG := (Σ(i)-HypG)i∈I be the I-sorted set of all
Σ-generalized hypersubstitutions.

Any Σ-generalized hypersubstitution σi of sort i can be extended to a mapping
σ̂i : W (i)→W (i) definded by

1. σ̂[xij ] := xij , for xij ∈ Xi,

2. σ̂[fγ(t1, ..., tn)] := Sγ(σi(fγ), σ̂k1 [t1], ..., σ̂kn [tn]) where γ = (k1, ..., kn, i) and
tj ∈W (kj), 1 ≤ j ≤ n, assume that σ̂kj [tj ] are already defined.

Since the extension of a Σ-generalized hypersubstitution of sort i is unique,
we can define a binary operation ◦iG on Σ(i)-HypG by

(σ1)i ◦iG (σ2)i := (σ̂1)i ◦ (σ2)i,

for (σ1)i, (σ2)i ∈ Σ(i)-HypG and ◦ is the usual composition of mapping.
Let (σid)i ∈ Σ(i)-HypG which maps each operation symbol fγ to the Σ-term
fγ(xk11, ..., xknn), for γ = (k1, ..., kn, i) ∈ Σ(i), i.e.,

(σid)i(fγ) := fγ(xk11, ..., xknn).

Example 3.5. We consider i = 1 and let Σ(i) = {(1, 1, 1, 1), (2, 1, 1)}, i.e., there
are two operations fγ , fβ with γ = (1, 1, 1, 1), β = (2, 1, 1). Let σ1, σ2, σ3 ∈
Σ(i)-HypG such that σ1(fγ) = x11, σ1(fβ) = fβ(x21, x13), σ2(fγ) = fβ(x22, x12)
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and σ3(fγ) = fγ(x12, x11, x11), we have

((σ1 ◦iG σ2) ◦iG σ3)(fγ) = (σ1 ◦iG σ2)ˆ[σ3(fγ)]

= (σ1 ◦iG σ2)ˆ[fγ(x12, x11, x11)]

= Sγ((σ1 ◦iG σ2)(fγ), x12, x11, x11)

= Sγ(σ̂1[σ2(fγ)], x12, x11, x11)

= Sγ(σ̂1[fβ(x22, x12)], x12, x11, x11)

= Sγ(Sβ(σ1(fβ), x22, x12), x12, x11, x11)

= Sγ(Sβ(fβ(x21, x13), x22, x12), x12, x11, x11)

= Sγ(fβ(x22, x13), x12, x11, x11)

= fβ(x22, x11),

(σ1 ◦iG (σ2 ◦iG σ3))(fγ) = (σ̂1 ◦ (σ̂2 ◦ σ3))(fγ)

= σ̂1[σ̂2[σ3(fγ)]]

= σ̂1[σ̂2[fγ(x12, x11, x11)]]

= σ̂1[Sγ(σ2(fγ), x12, x11, x11)]

= σ̂1[Sγ(fβ(x22, x12), x12, x11, x11)]

= σ̂1[fβ(x22, x11)]

= Sβ(σ1(fβ), x22, x11)

= Sβ(fβ(x21, x13), x22, x11)

= fβ(x22, x13).

That is (σ1 ◦iG σ2) ◦iG σ3 6= σ1 ◦iG (σ2 ◦iG σ3).

From the previous example, it follows that (Σ(i)-HypG, ◦iG, (σid)i) is non asso-
ciative (with identity). That is, the set Σ(i)-HypG is closed but not associative
under binary operation ◦iG. So we construct a set H(i) by σ ∈ H(i) if for fγ
with γ = (i1, ..., im, i) ∈ Σ(i), σi(fγ) = xij ∈ X(i) or σi(fγ) = fβ(s1, ..., sm) ∈
W (i) where β = (i1, ..., il, i) ∈ Σ(i) such that arity(fγ) ≤ arity(fβ). However, we
can find an example which show that H(i) ⊂ Σ(i)-HypG is not closed under such
operation.

Example 3.6. We consider i = 1 and let Σ(i) = {(1, 2, 3, 1, 1), (1, 2, 1)}, i.e.,
there are two operations fγ , fβ with γ = (1, 2, 3, 1, 1), β = (1, 2, 1). Let σ1, σ2 ∈
H(i) such that σ1(fγ) = x11, σ2(fγ) = fγ(fβ(x11, x23), x22, x31, x13) and σ1(fβ) =
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fβ(x11, x22), we get

(σ1 ◦iG σ2)(fγ) = σ̂1[σ2(fγ)]

= σ̂1[fγ(fβ(x11, x23), x22, x31, x13)]

= Sγ(σ1(fγ), σ̂1[fβ(x11, x23)], σ̂2[x22], σ̂3[x31], σ̂1[x13])

= Sγ(x11, Sβ(σ1(fβ), x11, x23), x22, x31, x13)

= Sγ(x11, Sβ(fβ(x11, x22), x11, x23), x22, x31, x13)

= Sγ(x11, fβ(x11, x23), x22, x31, x13)

= fβ(x11, x23).

We see that ((σ1)1 ◦iG (σ2)1) maps the operation symbol fγ to fβ(x11, x23) for
which arity(fβ) ≤ arity(fγ), that is ((σ1)1 ◦iG (σ2)1) /∈ H(i).

However, we consider the structure of many-sorted algebra whose all operation
symbols of sort i have the same arity n (n ≥ 2) and have the same structure, i.e.,
for each i ∈ I, Σ(i) = {γ} and each k ∈ Kγ , (fγ)k is n-ary. We denote a type of
operation symbols by Σ|I|,n(i). We will prove that (Σ|I|,n(i)-HypG, ◦iG, (σid)i) is
a monoid.

Lemma 3.7. For σi ∈ Σ|I|,n(i)-HypG, let t ∈ W (i), tj ∈ W (kj), 1 ≤ j ≤ n and
α = (k1, ..., kn, i) ∈ Λ. We have

σ̂i[Sα(t, t1, ..., tn)] = Sα(σ̂i[t], σ̂k1 [t1], ..., σ̂kn [tn]).

Proof. We will prove by induction on the complexity of the Σ-term t of sort i ∈ I.
If t = xij ∈ X(i),

Case 1: i 6= kj . Then we get

σ̂i[Sα(t, t1, ..., tn)] = σ̂i[Sα(xij , t1, ..., tn)]

= σ̂i[xij ] = xij

= Sα(xij , σ̂k1 [t1], ..., σ̂kn [tn])

= Sα(σ̂i[xij ], σ̂k1 [t1], ..., σ̂kn [tn]).

Case 2: i = kj , 1 ≤ j ≤ n. Then

σ̂i[Sα(t, t1, ..., tn)] = σ̂i[Sα(xij , t1, ..., tn)]

= σ̂i[tj ]

= σ̂kj [tj ]

= Sα(xij , σ̂k1 [t1], ..., σ̂kn [tn])

= Sα(σ̂i[xij ], σ̂k1 [t1], ..., σ̂kn [tn]).

Case 3: j > n. Then

σ̂i[Sα(t, t1, ..., tn)] = σ̂i[Sα(xij , t1, ..., tn)]

= σ̂i[xij ] = xij

= Sα(xij , σ̂k1 [t1], ..., σ̂kn [tn])

= Sα(σ̂i[xij ], σ̂k1 [t1], ..., σ̂kn [tn]).
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If t = fα(s1, ..., sn) ∈W (i) with sr ∈W (kr).
Assume that σ̂kj [Sαj (sj , t1, ..., tn)] = Sαj (σ̂kj [sj ], σ̂k1 [t1], ..., σ̂kn [tn]) where αj =
(k1, ..., kn, kj) ∈ Λ(ij), 1 ≤ r ≤ n.

σ̂i[Sα(t, t1, ..., tn)] =σ̂i[Sα(fα(s1, ..., sn), t1, ..., tn)]

= σ̂i[fα(Sα1
(s1, t1, ..., tn), ..., Sαn(sn, t1, ..., tn))]

= Sα(σi(fα), σ̂k1 [Sα1
(s1, t1, ..., tn)], ..., σ̂kn [Sαn(sn, t1, ..., tn)])

= Sα(σi(fα), Sα1
(σ̂k1 [s1], σ̂k1 [t1], ..., σ̂kn [tn]), ...,

Sαn(σ̂kn [sn], σ̂k1 [t1], ..., σ̂kn [tn]))

= Sα(Sα(σi(fα), σ̂k1 [s1], ..., σ̂kn [sn]), σ̂k1 [t1], ..., σ̂kn [tn])

= Sα(σ̂i[fα(s1, ..., sn)], σ̂k1 [t1], ..., σ̂kn [tn])

= Sα(σ̂i[t], σ̂k1 [t1], ..., σ̂kn [tn]).

Lemma 3.8. Let (σ1)i, (σ2)i ∈ Σ|I|,n(i)-HypG. Then

((σ1)i ◦iG (σ2)i)ˆ= (σ̂1)i ◦ (σ̂2)i.

Proof. We will give a proof by induction on the complexity of the Σ-term t.
If t = xij ∈ Xi,

((σ1)i ◦iG (σ2)i)ˆ[xij ] = xij = (σ̂1)i[xij ]

= (σ̂1)i[(σ̂2)i[xij ]]

= (σ̂1)i ◦ (σ̂2)i[xij ]

= (σ̂1)i ◦ (σ̂2)i[t].

If t = fγ(t1, ..., tn) ∈ W (i) with γ = (i1, ..., in, i) ∈ Σ(i) and tj ∈ W (ij). Suppose

that ((σ1)ij ◦
ij
G (σ2)ij )ˆ[tj ] = (σ̂1)ij ◦ (σ̂2)ij [tj ], 1 ≤ j ≤ n.

((σ1)i ◦iG (σ2)i)ˆ[t] = ((σ1)i ◦iG (σ2)i)ˆ[fγ(t1, ..., tn)]

= Sγ( ((σ1)i ◦iG (σ2)i)(fγ), ((σ1)i1 ◦
i1
G (σ2)i1)ˆ[t1], ...,

((σ1)in ◦
in
G (σ2)in)ˆ[tn])

= Sγ( ((σ̂1)i ◦ (σ2)i)(fγ), ((σ̂1)i1 ◦ (σ̂2)i1)[t1], ...,

((σ̂1)in ◦ (σ̂2)in)[tn])

= Sγ( (σ̂1)i[(σ2)i(fγ)], (σ̂1)i1 [(σ̂2)i1 [t1]], ...,

(σ̂1)in [(σ̂2)in [tn]])

= (σ̂1)i[Sγ((σ2)i(fγ), (σ̂2)i1 [t1], ..., (σ̂2)in [tn])]

= (σ̂1)i[(σ̂2)i[fγ(t1, ..., tn)]]

= (σ̂1)i ◦ (σ̂2)i[fγ(t1, ..., tn)]

= (σ̂1)i ◦ (σ̂2)i[t].

Theorem 3.9. Let (σ1)i, (σ2)i, (σ3)i ∈ Σ|I|,n(i)-HypG. Then,

((σ1)i ◦iG (σ2)i) ◦iG (σ3)i = (σ1)i ◦iG ((σ2)i ◦iG (σ3)i).
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Proof.

((σ1)i ◦iG (σ2)i) ◦iG (σ3)i = ((σ1)i ◦iG (σ2)i)ˆ ◦ (σ3)i

= ((σ̂1)i ◦ (σ̂2)i) ◦ (σ3)i

= (σ̂1)i ◦ ((σ̂2)i ◦ (σ3)i)

= (σ̂1)i ◦ ((σ2)i ◦iG (σ3)i)

= (σ1)i ◦iG ((σ2)i ◦iG (σ3)i).

Lemma 3.10. For Σ-term t ∈W (i), (σ̂id)i[t] = t.

Proof. We will prove by induction on the complexity of the Σ-term t ∈W (i).
If t = xij ∈ X(i), then (σ̂id)i[t] = (σ̂id)i[xij ] = xij = t.
If t = fγ(s1, ..., sn) ∈ W (i) with γ = (i1, ..., in, i) ∈ Σ(i) and sr ∈ W (ir), 1 ≤ r ≤
n. Assume that (σ̂id)ir [sr] = sr and γr = (i1, ..., in, ir) ∈ Λ(ir).

(σ̂id)i[t] = (σ̂id)i[fγ(s1, ..., sn)]

= Sγ((σid)i(fγ), (σ̂id)i1 [s1], ..., (σ̂id)in [sn])

= Sγ(fγ(xi11, ..., xinn), s1, ..., sn)

= fγ(Sγ1(xi11, s1, ..., sn), ..., Sγn(xinn, s1, ..., sn))

= fγ(s1, ..., sn)

= t.

Lemma 3.11. For (σ)i ∈ Σ|I|,n(i)-HypG,

(σ)i ◦iG (σid)i = (σid)i ◦iG (σ)i.

Proof. Let fγ with γ = (i1, ..., in, i) ∈ Σ|I|,n(i),

((σ)i ◦iG (σid)i)(fγ) = ((σ̂)i ◦ (σid)i)(fγ) = (σ̂)i[(σid)i(fγ)]

= (σ̂)i[fγ(xi11, ..., xinn)]

= Sγ((σ)i(fγ), (σ̂)i1 [xi11], ..., (σ̂)in [xinn])

= Sγ((σ)i(fγ), xi11, ..., xinn)

= (σ)i(fγ)

= (σ̂id)i[(σ)i(fγ)]

= ((σ̂id)i ◦ (σ)i)(fγ)

= ((σid)i ◦iG (σ)i)(fγ).

Theorem 3.12. (Σ|I|,n(i)-HypG, ◦iG, (σid)i) forms a monoid.
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[3] K. Denecke, D. Lau, R. Pöschel, D. Schweigert, Hypersubstitutions, Hyper-
equational classes and clones congruence, Contributions to General Algebras
7 (1991) 97-118.

[4] S. Leeratanavalee, K. Denecke, Generalized Hypersubstitutions and Strongly
Solid Varieties, General Algebra and Applications, Proc. of the 59 th Work-
shop on General Algebra, 15-th Conference for Young Algebraists Potsdam
2000, Shaker Verlag (2000) 135-145.

[5] A. Boonmee, S. Leeratanavalee, Factorisable monoid of generalized hyper-
substitutions of type τ = (n), Acta Math. Univ. Comenianae 85 (1) (2016)
1-7.

[6] S. Leeratanavalee, Structural properties of generalized hypersubstitutions,
Kyungpook Math. J. 44 (2) (2004) 261-267.

[7] W. Puninagool, S. Leeratanavalee, Green’s relations on HypG(2), An. St.
Univ. Ovidius Constanta 20 (1) (2012) 249-264.

[8] W. Puninagool, S. Leeratanavalee, Natural partial ordering on E(HypG(2)),
Asian-Eur. J. Math. 6 (2) (2013) 7 pages.

(Received 29 March 2018)
(Accepted 4 March 2019)

Thai J. Math. Online @ http://thaijmath.in.cmu.ac.th

http://thaijmath.in.cmu.ac.th

	Introduction
	Generalized Hypersubstitutions
	I-Sorted -Generalized Hypersubstitution

