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1 Introduction

The split feasibility problem has become the inspiration in pure and applied
mathematics. It attracted the author’s attention due to its application in signal
processing. The problem was introduced by Censor and Elfving(1994)([1]).

Let C and Q be nonempty closed convex subsets of real Hilbert space H1

and H2, respectively.
The split feasibility problem(SFP) was formulated so as to find a point u∗

satisfy the properties :

u∗ ∈ C and Au∗ ∈ Q, (1.1)

where A : H1 → H2 is a bounded linear operator.
The split common fixed point problem(SCFP) was formulated such that

u∗ ∈ F (T ) and Au∗ ∈ F (S), (1.2)

where F (T ) and F (S) are fixed point sets of the operators T : H1 → H1 and
S : H2 → H2.

Recently, the study of the split common fixed point problem(SCFP) has
become popular among mathematicians. The problem, first analysed by Censor
and Segal([2]), is a natural extension of the SFP and the convex feasibility prob-
lem.

In ([3]) Hamdi, Liou, Yao and Luo proved strong convergence theorem as
following algorithm : x0 ∈ H1 and

zn = PQAxn,

vn = (1− ξn) zn + ξnS ((1− ηn) zn + ηnSzn) ,

yn = αnγf(xn) + (I − αnB) (xn − δA∗ (Axn − vn)) ,

un = PCyn,

xn+1 = (1− βn)un + βnT ((1− γn)un + γnTun)

for all n ∈ N,
where {αn}, {βn}, {γn}, {ξn} and {ηn} are real sequences in [0, 1], A : H1 → H2 is
a bounded linear operator with its adjoint A∗, f : C → H1 is ρ-contraction, B is
strongly positive bounded linear operator on H1, S : Q→ Q is an L1-Lipschitzian
quasi-pseudo-contractive operator with L1 > 1 , T : C → C is an L2-Lipschitzian
quasi-pseudo-contractive operator with L2 > 1. They showed that the sequence
{xn} converges strongly to the unique fixed point of the contraction mapping
PΓ (γf + I − B).

The purpose of this paper was to study the following split feasibility prob-
lem and fixed point problem :

Find u∗ ∈ C ∩ F (T ) and Au∗ ∈ Q ∩ F (S). (1.3)

The set of solution of (1.3) is denoted by Γ , that is,
Γ = {x | x ∈ C ∩ F (T ), Ax ∈ Q ∩ F (S)}.
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It is immediately evident that (1.3) can be derived from SFP(1.1) and SCFP(1.2).
In this paper, we’re motivated and inspired by Hamdi, Liou, Yao and Luo

([3]), we modified the split feasibility problem and fixed point problem by Hamdi,
Liou, Yao and Luo ([3]) and used the concept from Lemma 2.11. we will introduce
a new iteration to approach the solution of (1.3).
The proof of the strong convergence result is given later in the paper.

2 Preliminaries

Throughout this paper, we always assume that H be a real Hilbert space with
the inner product 〈·, ·〉 and the norm ‖·‖. Let C be a nonempty closed convex
subset of H. Using the notations of weak and strong convergence by 88 ⇀′′ and
88 →′′, respectively.

Recall that a mapping T of C into itself is called nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ ,

for all x, y ∈ C. The set of all elements of fixed point of a mapping T is denoted
by F (T ) =

{
x ∈ C : Tx = x

}
. Goebel and Kirk ([4]) showed that F (T ) is closed

and convex. In a real Hilbert space H, it is well known that

‖λx+ (1− λ)y‖2 = λ ‖x‖2 + (1− λ) ‖y‖2 − λ(1− λ) ‖x− y‖2 , λ ∈ [0, 1]

and

‖x+ y‖2 = ‖x‖2 + 2 〈x, y〉+ ‖y‖2

for all x, y ∈ H.

Lemma 2.1. [5] Let H be a real Hilbert space. Then

‖x+ y‖2 ≤ ‖x‖2 + 2 〈y, x+ y〉 , ∀x, y ∈ H.

Definition 2.2. An operator A is a strongly positive bounded linear operator on
H if there is a constant γ̄ > 0 with the property

〈Ax, x〉 ≥ γ̄ ‖x‖2 , ∀x ∈ H.

Definition 2.3. An operator A : C → H is called L-Lipschitzian if

‖Ax−Ay‖ ≤ L‖x− y‖ , ∀x, y ∈ C

for some constant L > 0. If L ∈ [0, 1], then A is called L-contraction.

Definition 2.4. An operator A : C → C is called pseudo-contractive if

〈Ax−Ay, x− y〉 ≤ ‖x− y‖2 , ∀x, y ∈ C.
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Definition 2.5. An operator A : C → C is called quasi-pseudo-contractive if

‖Ax− y‖2 ≤ ‖x− y‖2 + ‖Ax− x‖2

for all x ∈ C and y ∈ F (A).

Definition 2.6. An operator A : C → H is called α-inverse strongly monotone if
there exists a positive real number α > 0 such that

〈Ax−Ay, x− y〉 ≥ α ‖Ax−Ay‖2 , ∀x, y ∈ C.

It is obvious that any α-inverse strongly monotone mapping A is 1
α−Lipschitzian.

Definition 2.7. An operator A : C → C is called firmly nonexpansive if

‖Ax−Ay‖2 ≤ ‖x− y‖2 − ‖(I −A)x− (I −A)y‖2 , ∀x, y ∈ C.

Definition 2.8. An operator A is said to be demiclosed if ∀xn ⇀ ū and A(xn)→ u
imply that A(ū) = u

Lemma 2.9. [6] Let {Qn} ⊂ [0,+∞], {vn} ⊂ [0, 1] and {ηn} be three real number
sequences. Suppose that {Qn} , {vn} and {ηn} satisfy the following three condi-
tions:

(i) Qn+1 ≤ (1− vn)Qn + ηnvn,

(ii)

∞∑
n=1

vn =∞,

(iii) lim sup
n→∞

ηn ≤ 0 or

∞∑
n=1

|ηnvn| <∞.

Then, lim
n→∞

Qn = 0.

Lemma 2.10. [7] Let {ρn} be a sequences of real numbers. Assume that there
exists a subsequence {ρnk

} of {ρn} such that ρnk
≤ ρnk+1 for all k ≥ 0. For every

n ≥ N0, define an integer sequence {τ(n)} as

τ(n) = max
{
i ≤ n : ρni < ρni+1

}
.

Then τ(n)→∞ as n→∞ and

max
{
ρτ(n), ρn

}
≤ ρτ(n)+1,

for all n ≥ N0.

Lemma 2.11. [8] Let C be a nonempty closed convex subset of a real Hilbert space
H. For every i = 1, 2, ..., N , let Ai be a strongly positive linear bounded operator
on a Hilbert space H with coefficient γi > 0 and γ̄ = mini=1,2,...,Nγi. Let {ai}Ni=1

⊂ (0, 1) with
∑N
i=1 ai = 1. Then the following properties hold:
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(i)
∥∥∥I − ρ∑N

i=1 aiAi

∥∥∥ ≤ 1−ργ̄ and I−ρ
∑N
i=1 aiAi is a nonexpansive mapping

for every 0 < ρ < ‖Ai‖−1
for i = 1, 2, ..., N .

(ii) V I(C,
∑N
i=1 aiAi) =

⋂N
i=1 V I(C,Ai).

Proposition 2.12. [9] Let H be a real Hilbert space. Let U : H → H be an
L-Lipschitzian operator with L > 1. Then

F (((1− ζ)I + ζU)U) = F (U((1− ζ)I + ζU)) = F (U)

for all ζ ∈ (0, 1
L ).

Proposition 2.13. [9] Let H be a real Hilbert space. Let U : H → H be an
L-Lipschitzian quasi-pseudo-contractive operator. Then we have

‖U ((1− η)x+ ηUx)− u∗‖2 ≤ ‖x− u∗‖2 + (1− η) ‖x− U ((1− η)x+ ηUx)‖2 ,

and the operator (1− ξ)I + ξU ((1− η)I + ηU) is quasi-nonexpansive
when 0 < ξ < η < 1√

1+L2+1
, that is,

‖(1− ξ)x+ ξU ((1− η)x+ ηUx)− u∗‖ ≤ ‖x− u∗‖

for all x ∈ H and u∗ ∈ F (U).

Proposition 2.14. [9] Let H be a real Hilbert space. Let U : H → H be an
L-Lipschitzian operator with L > 1. If I − U is demiclosed at 0, then I − U((1−
ζ)I + ζU) is also demiclosed at 0 when ζ ∈ (0, 1

L ).

3 Main Results

Theorem 3.1. Let H1 and H2 are two real Hilbert space, let C ⊆ H1 and Q ⊆ H2

are two nonempty closed convex sets. Let A : H1 → H2 is a bounded linear operator
with its adjoint A∗, Di is strongly positive bounded linear operator on H1 with
coefficient γi > 0 and γ̄ = min

i=1,2,...,N
γi, f : C → H1 is a ρ-contraction, S : Q→ Q

is an L1-Lipschitzian quasi-pseudo-contractive operator with L1 > 1 , T : C → C
is an L2-Lipschitzian quasi-pseudo-contractive operator with L2 > 1. Assume that
Γ 6= ∅ and let {xn} be a sequences generated by x0 ∈ H1

zn = PQAxn,

vn = (1− ξn) zn + ξnS ((1− ηn) zn + ηnSzn) ,

yn = αnγf(xn) +
(
I − αn

∑N
i=1 aiDi

)
(xn − δA∗ (Axn − vn)) ,

un = PCyn,

xn+1 = (1− βn)un + βnT ((1− γn)un + γnTun) , for n ≥ 1,

(3.1)

The parameters {αn}, {βn}, {γn}, {ξn} and {ηn} are real sequences in [0, 1] , δ and
γ are two positive constants.
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We use Γ to denote the set of solution of problem (1.3), that is,
Γ = {x | x ∈ C ∩ F (T ), Ax ∈ Q ∩ F (S)}.

Suppose that T − I and S − I are demiclosed at 0. Assume that the following
conditions are satisfied :

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn =∞,

(ii) 0 < a1 < ξn < b1 < ηn < c1 <
1√

1 + L2
1 + 1

,

(iii) 0 < a2 < βn < b2 < γn < c2 <
1√

1 + L2
2 + 1

,

(iv) 0 < δ, γ <
1

‖A‖2
and γ̄ > γρ,

(v) 0 < αn < ‖Di‖−1
for i = 1, 2, ..., N .

Then the sequence {xn} converge strongly to the unique fixed point of the contrac-

tion mapping z = PΓ

(
γf + I −

∑N
i=1 aiDi

)
z.

Proof. Let z∗ = PΓ

(
γf + I −

∑N
i=1 aiDi

)
z∗ , we have z∗ ∈ C ∩F (T ) and Az∗ ∈

Q ∩ F (S). From PQ is firmly nonexpansive, thus

‖zn −Az∗‖2 = ‖PQAxn − PQAz∗‖2

≤ ‖Axn −Az∗‖2 − ‖(I − PQ)Axn − (I − PQ)Az∗‖2

= ‖Axn −Az∗‖2 − ‖Axn − zn‖2 . (3.2)

Applying Proposition 2.12, condition (ii) and (iii), we have

F (S((1− ηn)I + ηnS)) = F (S)

and
F (T ((1− γn)I + γnT )) = F (T )

for all n ∈ N.
By Proposition 2.13 and condition (ii), we have

‖vn −Az∗‖ = ‖[(1− ξn)I + ξnS ((1− ηn)I + ηnS)] zn −Az∗‖
≤ ‖zn −Az∗‖ . (3.3)

This together with (3.2), it implies that

‖vn −Az∗‖2 ≤ ‖zn −Az∗‖2

≤ ‖Axn −Az∗‖2 − ‖Axn − zn‖2 (3.4)
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By Proposition 2.13 and condition (iii), we have

‖xn+1 − z∗‖ = ‖[(1− βn)I + βnT ((1− γn) I + γnT )]un − z∗‖
≤‖un − z∗‖ . (3.5)

Since PC is nonexpansive, we have

‖un − z∗‖ = ‖PCyn − PCz∗‖
≤‖yn − z∗‖ . (3.6)

From definition of {yn}, we obtain

‖yn − z∗‖ =

∥∥∥∥∥αnγf(xn) +

(
I − αn

N∑
i=1

aiDi

)
(xn − δA∗ (Axn − vn))− z∗

∥∥∥∥∥
= ‖αnγf(xn)− αnγf(z∗) + αnγf(z∗)− αn

N∑
i=1

aiDiz
∗ + xn − δA∗ (Axn − vn)

− αn
N∑
i=1

aiDi (xn − δA∗ (Axn − vn)) + αn

N∑
i=1

aiDiz
∗ − z∗‖

= ‖αnγ (f(xn)− f(z∗)) + αn

(
γf(z∗)−

N∑
i=1

aiDiz
∗

)

+

(
I − αn

N∑
i=1

aiDi

)
(xn − z∗ − δA∗ (Axn − vn)) ‖

≤ αnγ ‖f(xn)− f(z∗)‖+ αn

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥
+

∥∥∥∥∥I − αn
N∑
i=1

aiDi

∥∥∥∥∥ ‖xn − z∗ + δA∗ (vn −Axn)‖

≤ αnγρ ‖xn − z∗‖+ αn

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥
+ (1− αnγ̄) ‖xn − z∗ + δA∗ (vn −Axn)‖ . (3.7)

Observe that

〈xn − z∗, A∗(vn −Axn)〉
=〈Axn −Az∗, vn −Axn〉
=〈Axn −Az∗ + vn −Axn − (vn −Axn) , vn −Axn〉
=〈Axn −Az∗ + vn −Axn, vn −Axn〉 − 〈vn −Axn, vn −Axn〉

=〈vn −Az∗, vn −Axn〉 − ‖vn −Axn‖2 . (3.8)
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and

〈vn−Az∗, vn−Axn〉 =
1

2

(
‖vn −Az∗‖2 + ‖vn −Axn‖2 − ‖Axn −Az∗‖2

)
. (3.9)

From (3.4), (3.8) and (3.9), we obtain

〈xn − z∗, A∗(vn −Axn)〉

=
1

2

(
‖vn −Az∗‖2 + ‖vn −Axn‖2 − ‖Axn −Az∗‖2

)
− ‖vn −Axn‖2

≤1

2

(
‖Axn−Az∗‖2−‖Axn−zn‖2+‖vn−Axn‖2−‖Axn−Az∗‖2

)
−‖vn −Axn‖2

=− 1

2
‖zn −Axn‖2 −

1

2
‖vn −Axn‖2 . (3.10)

From (3.10), we have

‖xn − z∗ + δA∗ (vn −Axn)‖2

= ‖xn − z∗‖2 + δ2 ‖A∗ (vn −Axn)‖2 + 2δ〈xn − z∗, A∗(vn −Axn)〉

≤ ‖xn − z∗‖2 + δ2 ‖A∗‖2 ‖vn −Axn‖2 + 2δ

(
−1

2
‖zn −Axn‖2 −

1

2
‖vn −Axn‖2

)
= ‖xn − z∗‖2 + δ2 ‖A‖2 ‖vn −Axn‖2 − δ ‖zn −Axn‖2 − δ ‖vn −Axn‖2

= ‖xn − z∗‖2 + δ
(
δ ‖A‖2 − 1

)
‖vn −Axn‖2 − δ ‖zn −Axn‖2 . (3.11)

From (3.11) and condition (iv), we have

‖xn − z∗ + δA∗ (vn −Axn)‖2 ≤ ‖xn − z∗‖2 .

So,

‖xn − z∗ + δA∗ (vn −Axn)‖ ≤ ‖xn − z∗‖ . (3.12)

From (3.7) and (3.12), we get

‖yn − z∗‖

≤αnγρ ‖xn−z∗‖+ αn

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥+ (1−αnγ̄) ‖xn−z∗+δA∗ (vn−Axn)‖

≤αnγρ ‖xn − z∗‖+ αn

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥+ (1− αnγ̄) ‖xn − z∗‖

= [1− αn(γ̄ − γρ)] ‖xn − z∗‖+ αn

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥ . (3.13)
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By definition of {xn}, (3.5), (3.6) and (3.13), we get

‖xn+1 − z∗‖ ≤ [1− αn(γ̄ − γρ)] ‖xn − z∗‖+ αn

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥
= [1− αn(γ̄ − γρ)] ‖xn − z∗‖+ αn(γ̄ − γρ)

∥∥∥γf(z∗)−
∑N
i=1 aiDiz

∗
∥∥∥

γ̄ − γρ
.

By induction, we get

‖xn+1 − z∗‖ ≤ max

‖x0 − z∗‖ ,

∥∥∥γf(z∗)−
∑N
i=1 aiDiz

∗
∥∥∥

γ̄ − γρ

 .

Hence, the sequence {xn} is bounded.
Since PC is firmly nonexpansive, we have

‖un − z∗‖2 = ‖PCyn − z∗‖2

= ‖PCyn − PCz∗‖2

≤‖yn − z∗‖2 − ‖(I − PC) yn − (I − PC) z∗‖2

= ‖yn − z∗‖2 − ‖yn − PCyn‖2

= ‖yn − z∗‖2 − ‖un − yn‖2 . (3.14)

From (3.5), (3.13) and (3.14), we have

‖xn+1 − z∗‖2

≤‖un − z∗‖2

≤‖yn − z∗‖2 − ‖un − yn‖2

=

(
[1− αn(γ̄ − γρ)] ‖xn − z∗‖+ αn

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥
)2

− ‖un − yn‖2

= (1− αn(γ̄ − γρ))
2 ‖xn − z∗‖2

+ 2αn [1− αn(γ̄ − γρ)] ‖xn − z∗‖

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥
+ α2

n

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥
2

− ‖un − yn‖2 .
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That is,

‖un − yn‖2 ≤‖xn − z∗‖2 − ‖xn+1 − z∗‖2 + α2
n

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥
2

+ 2αn [1− αn(γ̄ − γρ)] ‖xn − z∗‖

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥ . (3.15)

Next, we focus our analysis on the fact that the sequence {‖xn − z∗‖} is either
monotone decreasing at infinity(Case 1) or not(Case 2).
Case1. There exists n0 ∈ N such that the sequence {‖xn − z∗‖}n≥n0

is decreasing.
Case2. For any n̄0 ∈ N, there exists an integer m̄ ≥ n̄0 such that

‖xm̄ − z∗‖ ≤ ‖xm̄+1 − z∗‖ .

In Case1, we assume that there exists some integer m > 0 such that {‖xn − z∗‖}
is decreasing for all n ≥ m.
In this case, we get lim

n→∞
‖xn − z∗‖ exists. From (3.15) and condition (i), we deduce

lim
n→∞

‖un − yn‖ = 0. (3.16)

From (3.7) and condition (iv), we have

‖yn − z∗‖ ≤αnγρ ‖xn − z∗‖+ αn

∥∥∥∥∥γf(z∗)−
N∑
i=1

aiDiz
∗

∥∥∥∥∥
+ (1− αnγ̄) ‖xn − z∗ + δA∗ (vn −Axn)‖

=αnγ̄

γρ ‖xn − z∗‖+
∥∥∥γf(z∗)−

∑N
i=1 aiDiz

∗
∥∥∥

γ̄


+ (1− αnγ̄) ‖xn − z∗ + δA∗ (vn −Axn)‖ . (3.17)

Since {xn} is bounded, then there exists a constant M > 0 such that

sup
n

γρ ‖xn − z
∗‖+

∥∥∥γf(z∗)−
∑N
i=1 aiDiz

∗
∥∥∥

γ̄

 < M.

By using property of convex function of ‖·‖2 and (3.17), we have

‖yn − z∗‖2 ≤ αnγ̄M2 + (1− αnγ̄) ‖xn − z∗ + δA∗ (vn −Axn)‖2 . (3.18)
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From (3.5), (3.6), (3.11) and (3.18), thus

‖xn+1 − z∗‖2

≤‖un − z∗‖2

≤‖yn − z∗‖2

≤αnγ̄M2 + (1− αnγ̄) ‖xn − z∗ + δA∗ (vn −Axn)‖2

≤αnγ̄M2 + (1−αnγ̄)
(
‖xn−z∗‖2+δ

(
δ ‖A‖2−1

)
‖vn−Axn‖2−δ ‖zn−Axn‖2

)
= (1− αnγ̄) ‖xn − z∗‖2 + (1− αnγ̄) δ

(
δ ‖A‖2 − 1

)
‖vn −Axn‖2

− δ (1− αnγ̄) ‖zn −Axn‖2 + αnγ̄M
2.

Hence,

(1− αnγ̄) δ
(

1− δ ‖A‖2
)
‖vn −Axn‖2 + δ (1− αnγ̄) ‖zn −Axn‖2

≤ (1− αnγ̄) ‖xn − z∗‖2 − ‖xn+1 − z∗‖2 + αnγ̄M
2

≤‖xn − z∗‖2 − ‖xn+1 − z∗‖2 + αnγ̄M
2.

This implies that

lim
n→∞

‖vn −Axn‖ = lim
n→∞

‖zn −Axn‖ = 0. (3.19)

Consider that

‖vn − zn‖ = ‖vn −Axn +Axn − zn‖
≤‖vn −Axn‖+ ‖zn −Axn‖ .

Thus
lim
n→∞

‖vn − zn‖ = 0. (3.20)

Note that

vn − zn = (1− ξn) zn + ξnS ((1− ηn) zn + ηnSzn)− zn
=ξn [S ((1− ηn) I + ηnS) zn − zn] .

From (3.20), then

lim
n→∞

‖zn − S ((1− ηn) I + ηnS) zn‖ = 0. (3.21)

Consider that

‖S ((1− ηn) I + ηnS) zn − S ((1− ηn) I + ηnS)Axn‖
≤L1 ‖((1− ηn) I + ηnS) zn − ((1− ηn) I + ηnS)Axn‖
=L1 ‖(1− ηn) (zn −Axn) + ηn (Szn − SAxn)‖
≤L1 ((1− ηn) ‖zn −Axn‖+ ηn ‖Szn − SAxn‖)
≤L1 ((1− ηn) ‖zn −Axn‖+ ηnL1 ‖zn −Axn‖)
=L1 (1− ηn(1− L1)) ‖zn −Axn‖ . (3.22)
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From (3.22), thus

‖Axn − S ((1− ηn) I + ηnS)Axn‖
≤‖Axn − zn‖+ ‖zn − S ((1− ηn) I + ηnS) zn‖

+ ‖S ((1− ηn) I + ηnS) zn − S ((1− ηn) I + ηnS)Axn‖
≤‖Axn−zn‖+ ‖zn−S ((1− ηn) I + ηnS) zn‖+ L1 (1− ηn(1− L1)) ‖zn−Axn‖ .

(3.23)

From (3.19), (3.21) and (3.23), then we have

lim
n→∞

‖Axn − S ((1− ηn) I + ηnS)Axn‖ = 0. (3.24)

Since

‖Axn − SAxn‖
= ‖Axn − S ((1− ηn) I + ηnS)Axn + S ((1− ηn) I + ηnS)Axn − SAxn‖
≤‖Axn − S ((1− ηn) I + ηnS)Axn‖+ ‖S ((1− ηn) I + ηnS)Axn − SAxn‖
≤‖Axn − S ((1− ηn) I + ηnS)Axn‖+ L1 ‖((1− ηn) I + ηnS)Axn −Axn‖
= ‖Axn − S ((1− ηn) I + ηnS)Axn‖+ L1ηn ‖Axn − SAxn‖ .

It implies that

‖Axn − SAxn‖ ≤
1

1− L1ηn
‖Axn − S ((1− ηn) I + ηnS)Axn‖ .

By (3.24), we obtain

lim
n→∞

‖Axn − SAxn‖ = 0. (3.25)
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Consider that

‖yn − xn‖ =

∥∥∥∥∥αnγf(xn) +

(
I − αn

N∑
i=1

aiDi

)
(xn − δA∗ (Axn − vn))− xn

∥∥∥∥∥
=

∥∥∥∥∥αnγf(xn)− δA∗ (Axn − vn)− αn
N∑
i=1

aiDixn + δαn

N∑
i=1

aiDiA
∗ (Axn − vn)

∥∥∥∥∥
=

∥∥∥∥∥αn
(
γf(xn)−

N∑
i=1

aiDixn + δ

N∑
i=1

aiDiA
∗ (Axn − vn)

)
+ δA∗ (vn −Axn)

∥∥∥∥∥
=

∥∥∥∥∥αn
(
γf(xn)−

N∑
i=1

aiDi (xn − δA∗ (Axn − vn))

)
+ δA∗ (vn −Axn)

∥∥∥∥∥
≤ αn

∥∥∥∥∥γf(xn)−
N∑
i=1

aiDi (xn − δA∗ (Axn − vn))

∥∥∥∥∥+ δ ‖A∗ (vn −Axn)‖

≤ αn

∥∥∥∥∥γf(xn)−
N∑
i=1

aiDi (xn − δA∗ (Axn − vn))

∥∥∥∥∥+ δ ‖A∗‖ ‖vn −Axn‖

= αn

∥∥∥∥∥γf(xn)−
N∑
i=1

aiDi (xn − δA∗ (Axn − vn))

∥∥∥∥∥+ δ ‖A‖ ‖vn −Axn‖ .

It follows from (3.19) and condition (i) that

lim
n→∞

‖xn − yn‖ = 0. (3.26)

From definition of {xn}, we have

‖xn+1 − z∗‖2 = ‖(1− βn)un + βnT ((1− γn)un + γnTun)− z∗‖2

= ‖(1− βn)(un − z∗) + βn [T ((1− γn)un + γnTun)− z∗]‖2

=(1− βn) ‖un − z∗‖2 + βn ‖T ((1− γn)un + γnTun)− z∗‖2

− βn(1− βn) ‖T ((1− γn)un + γnTun)− un‖2 . (3.27)

Applying proposition 2.13, we have

‖T ((1− γn)un + γnTun)− z∗‖2

≤ ‖un − z∗‖2 + (1− γn) ‖un − T ((1− γn)un + γnTun)‖2 . (3.28)
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From (3.6),(3.12), (3.18), (3.27) and (3.28), thus

‖xn+1 − z∗‖2 =(1− βn) ‖un − z∗‖2 + βn ‖T ((1− γn)un + γnTun)− z∗‖2

− βn(1− βn) ‖T ((1− γn)un + γnTun)− un‖2

≤(1− βn) ‖un − z∗‖2 + βn(‖un − z∗‖2

+ (1− γn) ‖un − T ((1− γn)un + γnTun)‖2)

− βn(1− βn) ‖T ((1− γn)un + γnTun)− un‖2

= ‖un − z∗‖2 + βn(1− γn) ‖un − T ((1− γn)un + γnTun)‖2

− βn(1− βn) ‖T ((1− γn)un + γnTun)− un‖2

≤‖yn − z∗‖2 + βn(1− γn) ‖un − T ((1− γn)un + γnTun)‖2

− βn(1− βn) ‖T ((1− γn)un + γnTun)− un‖2

≤αnγ̄M2 + (1− αnγ̄) ‖xn − z∗ + δA∗ (vn −Axn)‖2

+ βn(1− γn) ‖un − T ((1− γn)un + γnTun)‖2

− βn(1− βn) ‖T ((1− γn)un + γnTun)− un‖2

=αnγ̄M
2 + (1− αnγ̄) ‖xn − z∗ + δA∗ (vn −Axn)‖2

− βn(γn − βn) ‖un − T ((1− γn)un + γnTun)‖2

≤αnγ̄M2 + ‖xn − z∗‖2

− βn(γn − βn) ‖un − T ((1− γn)un + γnTun)‖2 .

It implies that

βn(γn−βn) ‖un − T ((1−γn)un + γnTun)‖2 ≤ αnγ̄M2+‖xn−z∗‖2−‖xn+1−z∗‖2 .

By condition (i) and (iii), we get

lim
n→∞

‖un − T ((1− γn)un + γnTun)‖ = 0. (3.29)

Observe that

‖un − Tun‖ ≤‖un−T ((1−γn)un+γnTun)‖+‖T ((1− γn)un + γnTun)− Tun‖
≤‖un − T ((1− γn)un + γnTun)‖+L2 ‖(1− γn)un + γnTun − un‖
= ‖un − T ((1− γn)un + γnTun)‖+ L2γn ‖un − Tun‖ .

Thus,

‖un − Tun‖ ≤
1

1− L2γn
‖un − T ((1− γn)un + γnTun)‖ .

This together with (3.29) implies that,

lim
n→∞

‖un − Tun‖ = 0. (3.30)
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Next, we will show that

lim sup
n→∞

〈γf(z∗)−
N∑
i=1

aiDiz
∗, yn − z∗〉 ≤ 0,

where z∗ = PΓ(γf + I −
∑N
i=1 aiDi)z

∗.
Choose a subsequence {yni

} of {yn} such that

lim sup
n→∞

〈γf(z∗)−
N∑
i=1

aiDiz
∗, yn−z∗〉 = lim

i→∞
〈γf(z∗)−

N∑
i=1

aiDiz
∗, yni

−z∗〉. (3.31)

Since the sequence {yn} is bounded, without loss of generality, we have a sub-
sequence {yni} of {yn} such that yni ⇀ z. Subsequently, we derive from above
conclusion that 

xni
⇀ z,

yni ⇀ z,

uni ⇀ z

(3.32)

and 
Axni ⇀ Az,

Ayni
⇀ Az,

Auni
⇀ Az.

(3.33)

Note that uni
= PCyni

∈ C and (3.32), thus z ∈ C.
From demiclosedness of (I − T ) and (I − T )uni

→ 0, then z ∈ F (T ).
Therefore, z ∈ C ∩ F (T ).
Note that zni

= PQAxni
∈ Q and from (3.19) and (3.33), we have zni

⇀ Az.
Thus, Az ∈ Q.
From demiclosedness of (I − S) and (I − S)Axni → 0, then Az ∈ F (S).
Therefore, Az ∈ Q ∩ F (S). That is z ∈ Γ.
Consequently,

lim sup
n→∞

〈γf(z∗)−
N∑
i=1

aiDiz
∗, yn − z∗〉 = lim

i→∞
〈γf(z∗)−

N∑
i=1

aiDiz
∗, yni − z∗〉

=〈γf(z∗)−
N∑
i=1

aiDiz
∗, z − z∗〉

≤0. (3.34)
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Consider that

‖yn − z∗‖2 ≤

∥∥∥∥∥I − αn
N∑
i=1

aiDi

∥∥∥∥∥
2

‖xn − z∗ − δA∗ (Axn − vn)‖2

+ 2〈αnγ (f(xn)− f(z∗)) + αn

(
γf(z∗)−

N∑
i=1

aiDiz
∗

)
, yn − z∗〉

=

∥∥∥∥∥I − αn
N∑
i=1

aiDi

∥∥∥∥∥
2

‖xn − z∗ − δA∗ (Axn − vn)‖2

+ 2αnγ〈f(xn)−f(z∗), yn−z∗〉+ 2αn〈γf(z∗)−
N∑
i=1

aiDiz
∗, yn − z∗〉

≤

∥∥∥∥∥I − αn
N∑
i=1

aiDi

∥∥∥∥∥
2

‖xn − z∗‖2 + 2αnγ ‖f(xn)− f(z∗)‖ ‖yn − z∗‖

+ 2αn〈γf(z∗)−
N∑
i=1

aiDiz
∗, yn − z∗〉

≤ (1− αnγ̄)
2 ‖xn − z∗‖2 + 2αnγρ ‖xn − z∗‖ ‖yn − z∗‖

+ 2αn〈γf(z∗)−
N∑
i=1

aiDiz
∗, yn − z∗〉

≤ (1− αnγ̄)
2 ‖xn − z∗‖2 + αnγρ

(
‖xn − z∗‖2 + ‖yn − z∗‖2

)
+ 2αn〈γf(z∗)−

N∑
i=1

aiDiz
∗, yn − z∗〉

= (1− αnγ̄)
2 ‖xn − z∗‖2 + αnγρ ‖xn − z∗‖2 + αnγρ ‖yn − z∗‖2

+ 2αn〈γf(z∗)−
N∑
i=1

aiDiz
∗, yn − z∗〉.

It follow that

(1− αnγρ) ‖yn − z∗‖2

≤
(
1− 2αnγ̄ + αn

2γ̄2 + αnγρ
)
‖xn − z∗‖2 + 2αn〈γf(z∗)−

N∑
i=1

aiDiz
∗, yn − z∗〉

= (1 + αnγρ− 2αnγ̄) ‖xn − z∗‖2 + αn
2γ̄2 ‖xn − z∗‖2

+ 2αn〈γf(z∗)−
N∑
i=1

aiDiz
∗, yn − z∗〉
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= (1− αnγρ+ 2αnγρ− 2αnγ̄) ‖xn − z∗‖2 + αn
2γ̄2 ‖xn − z∗‖2

+ 2αn〈γf(z∗)−
N∑
i=1

aiDiz
∗, yn − z∗〉

then,

‖yn − z∗‖2 ≤
[
1− 2αn(γ̄ − γρ)

1− γραn

]
‖xn − z∗‖2 +

γ̄2αn
2

1− γραn
‖xn − z∗‖2

+
2αn

1− γραn
〈γf(z∗)−

N∑
i=1

aiDiz
∗, yn − z∗〉.

Therefore,

‖xn+1 − z∗‖2

≤‖yn − z∗‖2

≤
[
1− 2αn(γ̄ − γρ)

1− γραn

]
‖xn − z∗‖2 +

γ̄2αn
2

1− γραn
‖xn − z∗‖2

+
2αn

1− γραn
〈γf(z∗)−

N∑
i=1

aiDiz
∗, yn − z∗〉

=

[
1− 2αn(γ̄ − γρ)

1− γραn

]
‖xn − z∗‖2

+
2αn(γ̄ − γρ)

1− γραn

[
γ̄2αn

2(γ̄ − γρ)
‖xn−z∗‖2 +

1

γ̄−γρ
〈γf(z∗)−

N∑
i=1

aiDiz
∗, yn − z∗〉

]
.

(3.35)

Applying (3.34), (3.35) and Lemma 2.9, we obtain xn → z∗ as n→∞.
In Case2, we assume that there exists some integer n̄0 such that

‖xn̄0
− z∗‖ ≤ ‖xn̄0+1 − z∗‖ .

Setting wn = ‖xn − z∗‖, then

wn̄0
≤ wn̄0+1.

Define an integer sequence {τn} for all n ≥ n0 as follows:

τ(n) = max{l ∈ N | n0 ≤ l ≤ n,wl ≤ wl+1}.

It is clear that τn is a nondecreasing sequence satisfying

lim
n→∞

τ(n) =∞.
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and
wτ(n) ≤ wτ(n)+1

for all n ≥ n0.
By a similar argument of Case 1, that is

lim
n→∞

∥∥uτ(n) − yτ(n)

∥∥ = 0,

lim
n→∞

∥∥xτ(n) − yτ(n)

∥∥ = 0,

lim
n→∞

∥∥SAxτ(n) −Axτ(n)

∥∥ = 0

and
lim
n→∞

∥∥uτ(n) − Tuτ(n)

∥∥ = 0.

This implies that ww(yτ(n)) ⊂ Γ.
We obtain

lim sup
n→∞

〈γf(z∗)−
N∑
i=1

aiDiz
∗, yτn − z∗〉 ≤ 0. (3.36)

From wτ(n) ≤ wτ(n)+1 and (3.35), we have

w2
τ(n) ≤w

2
τ(n)+1

≤
[
1−

2ατ(n)(γ̄ − γρ)

1− γρατ(n)

]
w2
τ(n) +

γ̄2α2
τ(n)

1− γρατ(n)
w2
τ(n)

+
2ατ(n)

1− γρατ(n)
〈γf(z∗)−

N∑
i=1

aiDiz
∗, yτ(n) − z∗〉. (3.37)

It implies that

w2
τ(n) ≤

2

2(γ̄ − γρ)− γ̄2ατ(n)
〈γf(z∗)−

N∑
i=1

aiDiz
∗, yτ(n) − z∗〉. (3.38)

Combining (3.36) and (3.38), we have

lim sup
n→∞

wτ(n) ≤ 0,

and hence
lim
n→∞

wτ(n) = 0, (3.39)

From (3.39), implies that
lim
n→∞

wτ(n)+1 = 0.

Applying Lemma 2.10 ,we have

max{wτ(n), wn} ≤ wτ(n)+1.



The Theory of the Feasibility Problems and Fixed Point Problems ... 407

It implies that
wn ≤ wτ(n)+1. (3.40)

Since wn is nondecreasing sequence and n ≤ τ(n),

wn ≤ wτ(n). (3.41)

From (3.40) and (3.41), we obtain

0 ≤ wn ≤ max{wτ(n), wτ(n)+1}.

Therefore, wn → 0. That is, xn → z∗. This complete the proof.

By using our main result, we obtain the following results in Hilbert spaces.

Corollary 3.2. Let H1 and H2 are two real Hilbert space, let C ⊆ H1 and Q ⊆ H2

are two nonempty closed convex sets. Let A : H1 → H2 is a bounded linear operator
with its adjoint A∗, D is strongly positive bounded linear operator on H1 with
coefficient γi > 0 and γ̄ = min

i=1,2,...,N
γi, f : C → H1 is a ρ-contraction, S : Q→ Q

is an L1-Lipschitzian quasi-pseudo-contractive operator with L1 > 1 , T : C → C
is an L2-Lipschitzian quasi-pseudo-contractive operator with L2 > 1. Assume that
Γ 6= ∅ and let {xn} be a sequences generated by x0 ∈ H1

zn = PQAxn,

vn = (1− ξn) zn + ξnS ((1− ηn) zn + ηnSzn) ,

yn = αnγf(xn) + (I − αnD) (xn − δA∗ (Axn − vn)) ,

un = PCyn,

xn+1 = (1− βn)un + βnT ((1− γn)un + γnTun) , for n ≥ 1,

(3.42)

The parameters {αn}, {βn}, {γn}, {ξn} and {ηn} are real sequences in [0, 1] , δ and
γ are two positive constants.
We use Γ to denote the set of solution of problem (1.3), that is,

Γ = {x | x ∈ C ∩ F (T ), Ax ∈ Q ∩ F (S)}.
Suppose that T − I and S − I are demiclosed at 0. Assume that the following
conditions are satisfied :

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn =∞,

(ii) 0 < a1 < ξn < b1 < ηn < c1 <
1√

1 + L2
1 + 1

,

(iii) 0 < a2 < βn < b2 < γn < c2 <
1√

1 + L2
2 + 1

,

(iv) 0 < δ, γ <
1

‖A‖2
and γ̄ > γρ,
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(v) 0 < αn < ‖D‖−1
.

Then the sequence {xn} converge strongly to the unique fixed point of the contrac-
tion mapping z = PΓ (γf + I −D) z.

Proof. Putting D = D1 = D2 = D3 = ... = DN in Theorem 3.1, we get the desired
conclusions.

Corollary 3.3. Let H1 and H2 are two real Hilbert space, let C ⊆ H1 and Q ⊆ H2

are two nonempty closed convex sets. Let A : H1 → H2 is a bounded linear operator
with its adjoint A∗, Di is strongly positive bounded linear operator on H1 with
coefficient γi > 0 and γ̄ = min

i=1,2,...,N
γi, f : C → H1 is a ρ-contraction, S : Q→ Q

is an L-Lipschitzian quasi-pseudo-contractive operator with L > 1. Assume that
Γ 6= ∅ and let {xn} be sequences generated by x0 ∈ H1

zn = PQAxn,

vn = (1− ξn) zn + ξnS ((1− ηn) zn + ηnSzn) ,

xn+1 = PC

[
αnγf(xn) +

(
I − αn

∑N
i=1 aiDi

)
(xn − δA∗ (Axn − vn))

]
, for n≥1

(3.43)
The parameters {αn}, {ξn} and {ηn} are real sequences in [0, 1] , δ and γ are two
positive constants.
We use Γ to denote the set of solution of problem (1.3), that is,

Γ = {x | x ∈ C,Ax ∈ Q ∩ F (S)}.
Suppose that S − I is demiclosed at 0. Assume that the following conditions are
satisfied :

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn =∞,

(ii) 0 < a1 < ξn < b1 < ηn < c1 <
1√

1 + L2
1 + 1

,

(iii) 0 < δ <
1

‖A‖2
and γ̄ > γρ,

(iv) 0 < γ <
1

‖A‖2
,

(v) 0 < αn < ‖Di‖−1
for i = 1, 2, ..., N .

Then the sequence {xn} converge strongly to the unique fixed point of the contrac-

tion mapping z = PΓ

(
γf + I −

∑N
i=1 aiDi

)
.

Proof. Putting T ≡ I in Theorem 3.1, we get the desired conclusions.
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4 Application

Lemma 4.1. [10] Let C be a nonempty closed convex subset of a real Hilbert space
H and S : C → C be a self-mapping of C. If S is a κ-strict pseudo-contractive
mapping, then S satisfies the Lipschitz condition

‖Sx− Sy‖ ≤ 1 + κ

1− κ
‖x− y‖ , ∀x, y ∈ C.

By Lemma 4.1, applying T, S are κ,κ̄-strict pseudo-contractive mappings, we
obtain this theorem.

Theorem 4.2. Let H1 and H2 are two real Hilbert space, let C ⊆ H1 and Q ⊆ H2

are two nonempty closed convex sets. Let A : H1 → H2 is a bounded linear
operator with its adjoint A∗, Di is strongly positive bounded linear operator on
H1 with coefficient γi > 0 and γ̄ = min

i=1,2,...,N
γi, f : C → H1 is a ρ-contraction,

S : Q → Q is a κ̄-strict pseudo-contractive mapping, T : C → C is a κ-strict
pseudo-contractive mapping. Assume that Γ 6= ∅ and let {xn} be a sequences
generated by x0 ∈ H1

zn = PQAxn,

vn = (1− ξn) zn + ξnS ((1− ηn) zn + ηnSzn) ,

yn = αnγf(xn) +
(
I − αn

∑N
i=1 aiDi

)
(xn − δA∗ (Axn − vn)) ,

un = PCyn,

xn+1 = (1− βn)un + βnT ((1− γn)un + γnTun) , for n ≥ 1,

(4.1)

The parameters {αn}, {βn}, {γn}, {ξn} and {ηn} are real sequences in [0, 1] , δ and
γ are two positive constants.
We use Γ to denote the set of solution of problem (1.3), that is,

Γ = {x | x ∈ C ∩ F (T ), Ax ∈ Q ∩ F (S)}.
Suppose that T − I and S − I are demiclosed at 0. Assume that the following
conditions are satisfied :

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn =∞,

(ii) 0 < a1 < ξn < b1 < ηn < c1 <
1√

1 +
(

1+κ̄
1−κ̄

)2

+ 1

,

(iii) 0 < a2 < βn < b2 < γn < c2 <
1√

1 +
(

1+κ
1−κ

)2

+ 1

,

(iv) 0 < δ, γ <
1

‖A‖2
and γ̄ > γρ,



410 Thai J. Math. 17 (2019)/ S. Premjitpraphan and A. Kangtunyakarn

(v) 0 < αn < ‖Di‖−1
for i = 1, 2, ..., N .

Then the sequence {xn} converge strongly to the unique fixed point of the contrac-

tion mapping z = PΓ

(
γf + I −

∑N
i=1 aiDi

)
.

Proof. By using Theorem 3.1 and Lemma 4.1, we obtain the conclusion.

In 2009, Kangtunyakarn and Suantai([11]) introduced the S-mapping gener-
ated by a finite family of κ-strictly pseudo contractive mappings and real numbers
as follows:

Definition 4.3. Let C be a nonempty convex subset of real Banach space. Let
{Ti}Ni=1 be a finite family of κi-strict pseudo contractions of C into itself. For each

j = 1, 2, ..., N, let αj = (αj1, α
j
2, α

j
3) ∈ I×I×I, where I ∈ [0, 1] and αj1+αj2+αj3 = 1.

Define the mapping S : C → C as follows:

U0 = I,

U1 = α1
1T1U0 + α1

2U0 + α1
3I,

U2 = α2
1T2U1 + α2

2U1 + α2
3I,

U3 = α3
1T3U2 + α3

2U2 + α3
3I,

.

.

.

UN−1 = αN−1
1 TN−1UN−2 + αN−1

2 UN−2 + αN−1
3 I,

S = UN = αN1 TNUN−1 + αN2 UN−1 + αN3 I.

This mapping is called S-mapping generated by T1, T2, ..., TN and α1, α2, ..., αN .

Lemma 4.4. [11] Let C be a nonempty closed convex subset of a real Hilbert space.
Let {Ti}Ni=1 be a finite family of κ-strict pseudo contractions of C into C with⋂N
i=1 F (Ti) 6= ∅ and κ = max{κi : i = 1, 2, ..., N} and let αj = (αj1, α

j
2, α

j
3) ∈ I ×

I×I, j = 1, 2, ..., N , where I = [0, 1] , αj1+αj2+αj3 = 1, αj1, α
j
3 ∈ (κ, 1) for all j =

1, 2, ..., N − 1 and αN1 ∈ (κ, 1], αN3 ∈ [κ, 1) αj2 ∈ [κ, 1) for all j = 1, 2, ..., N. Let
S be the mapping generated by T1, T2, ..., TN and α1, α2, ..., αN . Then F (S) =⋂N
i=1 F (Ti) and S is a nonexpansive mapping.

Theorem 4.5. Let C and Q are nonempty closed convex subset of real Hilbert
spaces. Let {Ti}Ni=1 be a finite family of κi-strict pseudo contractions of C into C

with
⋂N
i=1 F (Ti) 6= ∅ and κ = max{κi : i = 1, 2, ..., N} and let αj = (αj1, α

j
2, α

j
3) ∈

I × I × I, j = 1, 2, ..., N , where I = [0, 1] , αj1 + αj2 + αj3 = 1, αj1, α
j
3 ∈

(κ, 1) for all j = 1, 2, ..., N − 1 and αN1 ∈ (κ, 1], αN3 ∈ [κ, 1) αj2 ∈ [κ, 1) for all j =
1, 2, ..., N. Let S be the S-mapping generated by T1, T2, ..., TN and α1, α2, ..., αN .
Let {T̄i}Ni=1 be a finite family of κ̄i-strict pseudo contractions of Q into Q with
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i=1 F (T̄i) 6= ∅ and κ̄ = max{κ̄i : i = 1, 2, ..., N} and let βj = (βj1, β

j
2, β

j
3) ∈ I ×

I×I, j = 1, 2, ..., N , where I = [0, 1] , βj1 +βj2 +βj3 = 1, βj1, β
j
3 ∈ (κ̄, 1) for all j =

1, 2, ..., N − 1 and βN1 ∈ (κ̄, 1], βN3 ∈ [κ̄, 1) βj2 ∈ [κ̄, 1) for all j = 1, 2, ..., N. Let S̄
be the S-mapping generated by T̄1, T̄2, ..., T̄N and β1, β2, ..., βN . Let A : H1 → H2

is a bounded linear operator with its adjoint A∗, Di is strongly positive bounded
linear operator on H1 with coefficient γi > 0 and γ̄ = min

i=1,2,...,N
γi, f : C → H1

is a ρ-contraction. Assume that Γ 6= ∅ and let {xn} be a sequences generated by
x0 ∈ H1

zn = PQAxn,

vn = (1− ξn) zn + ξnS̄
(
(1− ηn) zn + ηnS̄zn

)
,

yn = αnγf(xn) +
(
I − αn

∑N
i=1 aiDi

)
(xn − δA∗ (Axn − vn)) ,

un = PCyn,

xn+1 = (1− βn)un + βnS ((1− γn)un + γnSun) , for n ≥ 1,

(4.2)

The parameters {αn}, {βn}, {γn}, {ξn} and {ηn} are real sequences in [0, 1] , δ and
γ are two positive constants.
We use Γ to denote the set of solution of problem (1.3), that is,

Γ = {x | x ∈ C ∩
⋂N
i=1 F (Ti), Ax ∈ Q ∩

⋂N
i=1 F (T̄i)}.

Suppose that S − I and S̄ − I are demiclosed at 0. Assume that the following
conditions are satisfied :

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn =∞,

(ii) 0 < a1 < ξn < b1 < ηn < c1 <
1√

2 + 1
,

(iii) 0 < a2 < βn < b2 < γn < c2 <
1√

2 + 1
,

(iv) 0 < δ, γ <
1

‖A‖2
and γ̄ > γρ,

(v) 0 < αn < ‖Di‖−1
for i = 1, 2, ..., N .

Then the sequence {xn} converge strongly to the unique fixed point of the contrac-

tion mapping z = PΓ

(
γf + I −

∑N
i=1 aiDi

)
.

Proof. By using Theorem 3.1 and Lemma 4.4, we obtain the conclusion.
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