THAI JOURNAL OF MIATHEMATICS @&m
VOLUME 17 (2019) NUMBER 2 : 379-387 & g

\ Z’/‘
http://thaijmath.in.cmu.ac.th T““{jly
ISSN 1686-0209

Approximating Fixed Points of Nonlinear
Mappings in Convex Metric Space

Chao Wang

School of Mathematics and Statistics, Nanjing University of Information
Science and Technology, Nanjing 210044, PR, China
e-mail : wangchaosx@126.com

Abstract : In this paper, we prove an existence fixed point theorem for a general-
ized nonlinear mapping in complete convex metric spaces. We introduce a family
iterations to approximate fixed points of the generalized nonlinear mapping and
discuss the effciency of these iterations. Some examples are also given to illustrate
our results.
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1 Introduction and Preliminaries

In 1922, Banach [1] gave a remarkable fixed point theorem called Banach
Contraction Principle: Let (X, d) be a complete metric space and T : X — X be
a contractive mapping, i.e., there exists h € [0,1) such that

d(Tz,Ty) < hd(z,y) (1.1)

for all ,y € X. Then T has a unique fixed point. The Principle is an improtant
tool in the theory of nonlinear analysis. In the past few decades, as generalization
of Banach Contraction Principle, many authors [2-4,6-8] have defined nonexpan-
sive and contractive type mappings in the framework of Banach spaces and metric
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spaces. They all focused on finding suitable conditions for the exitence and con-
vergence of fixed points of given mappings. In uniformly convex Banach spaces,
Goeble [9] and Bose [10] considered a generalized nonexpansive mapping: Let
T : K — K (where K is a nonempty, bounded, closed and convex subset of a
uniformly convex Banach space) be a mapping such that

[Tz =Tyl < alle =y +bl[lc = Txf| + ly = Tyll] + c[llz = Tyll + ly — Tz|]] (1.2)

for all z,y € K, where a,b, ¢ > 0 and a+2b+2¢ < 1. They proved some fixed point
theorems for the generalized nonexpansive mappings (1.2). From [9] and [10], we
know that the convex structure is important for the existence of fixed point of T'.
In metric spaces, Takahashi [11] introduced a significant convex structure:

A convex structure in a metric space (X, d) is a mapping W : X x X x[0,1] — X
satisfying, for each z,y,u € X and X € [0, 1],

d(u, W (z,y; ) < Ad(u,z) + (1 — N)d(u,y).

A metric space (X,d) together with a convex structure W is called a convex
metric space (X, d, W). Moreover, a nonempty subset K of X is said to be convex
it W(x,y;\) € K for all (z,y; \) € K x K x[0,1].

In fact, every linear normed space and its convex subset are special examples of
convex metric spaces. Late on, Ciric [5], Wang [12-14] and Moosaei [15] considered
some existence and convergence theorems for fixed points of some mappings in
convex metric spaces. Such as uniformly convex Banach spaces, Shimizu and
Takahashi [16] gave a notion of uniformly convex structure in convex metric spaces,
and a convex metric space together with a uniformly convex structure is called a
uniformly convex metric space. And then, some known fixed point results in
uniformly convex Banach spaces have extended to the case of uniformly convex
metric spaces by [17-20].

In this paper, inspired by the above results, we give some fixed point theo-
rems for a generalized nonexpansive type mapping in convex metric spaces. Some
iterations (which converge to fixed points of the given mappings) are given and in
order to choose the more suitable iteration, the rate of convergence towards fixed
points are presented.

Now, we need the following definitions and lemma for the proof of our main
results:

Definition 1.1. Let K be a nonempty subset of a metric space (X,d), T : K - K
is said to be a generalized nonexpansive type mapping if for some given number
A€ 0,1),

d(Tz, Ty) < ad(z,y) + bld(z, Tx) + d(y, Ty)] + cld(z, Ty) + d(y, Tz)]  (1.3)
where z,y € K and

b+le<a+2b+c+|c+(1—-a)A<1. (1.4)
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Note that the coefficients (a, b, ¢) are not necessarily nonnegative in the above
mapping. The mappings which considered in [1-11,15,18] can be obtained from
the generalized nonexpansive type mapping as special cases by suitably choosing
a,b,c and .

Definition 1.2. [21] Suppose two sequences {x,} and {y,}, n € N (the set of
natural numbers) converge to the same point x*, the following error estimates

d(xn,2") < an,  d(yn,z*) < by,

are available, where {a,} and {b,} are two sequences of positive real numbers

(converging to zero). Let [ = hm ‘g:

(i) If 1 =0, then it is sald that the sequence {z,} converges to x* faster than
the sequence {y,} to z* or, simply, that {x,} is better than {y,};

(ii) If 0 < I < oo, then we say that the sequences {z,} and {y,} have the same
rate of convergence.

Lemma 1.3. [11] Let (x,d, W) be a convex metric space, then the following state-
ments hold:

(1) d(z,y) = d(z, W(z,y; N)) + d(y, W(z,y; ))

(i) d(z, W(z,y; ) = (1 = Nd(z,y), d(y, W(z,y;A)) = Ad(z,y)
forallz,y € X and A € T =10,1].

2 Main Results

Theorem 2.1. Let (X,d, W) be a complete convex metric space, and K be a
nonempty, closed and convex subset of X. If T : K — K be a generalized nonex-
pansive type mapping defined by Definition 1.1, then T has at least one fized point
in K. Moreover, if a+ 2c < 1, then T has a unique fixed point in K.

Proof. For a given number A\ € [0,1), defined a sequence {z,}, by
arbitray o € K, xp =W (zp_1,TTp_1;\) (2.1)
for all n € N. From Lemma 1.1, we get
A Xy, Tpy1) = A(Xp, W(Tp, Tap; N)) = (1 = N)d(2n, Txy) (2.2)
d(@n, Txp—1) =d(Txp_1, W(xp—1,TTn-1; ) = Ad(p_1,TTp_1)

for all n € N. Therefore,

1
d(zy, Tx,) = ﬁd(xn,l‘n+1), d(zp, Tap—1) = ——d(zp,zn—1)  (2.3)

for all n € N. By the triangle inequality and (2.3), we have

d(xn—lv Txn) Sd(xn—la xn) + d(xnv Txn) = d(xn—ly xn) + d(‘rnv xn—i—l)

1-A
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and
d(@p—1,Txy) >d(Tn-1,2n) — d(@n, T2y) = d(Tp_1,Tpn) — %d(zn,xnﬂ)
for all n € N. These imply that
cd(Tn-1,Txyn) < cd(xp_1,2,) + %d(xn,xnﬂ) (2.4)

for all n € N. Now, substituting = with z,, and y with x,,_; in (1.3), we obtain

d(T;En, Txn—l) Sad(zn, xn—l) + b[d(xwu Txn) + d(xn—la Txn—l)] + C[d(d?n, T'rn—l)

+d(xn—1,T2y)] (2.5)
for all n € N. By d(Tzp,xn) — d(@n, Tan—1) < d(Txyn, Trn_1) ,(2.3), (2.4) and
(2.5), it follows that

A b
md(xer»laxn) - ﬁd(xnu xn—l) < ad(xmxn—l) + md(anrhxn)—"

b cA c
T3 4@ Tn1) + T3 (@0, ¥n1) + cd(@n, Tn-1) + 1‘_7|Ad(1'n+1»xn)~

This implies that

1—-b—|c
1-A

for all n € N. By (1.4) and A € [0,1), we get

a+b+c+ (1 —a)r
1-X

d($n+17zn) = d(xnyajn—l)

d(anLla xn) S ad(l'na xnfl)

for all n € N, where 6 = W € [0,1). Thus,

d(Tpt1,Tn) < 0™d(x1,20)

where 1 = W (xo,Txo; A). For any m > n, we know that

n

-0

d(zmaxn) < [971 =+ 9n+1 +oeee gmil]d(xlvxo) < 1 d(l‘l,zo). (26)

AT, Tpn) < %d(wn_l,xn). (2.7)

Hence, {x,} is a Cauchy sequence in K. Since K is a closed subset in X, there
exists * € K such that lim z, = z*. Letting n — oo in (2.3), we get that

n—oo

lim Tz, = z*. By substituting « with z* and y with x,, in (1.3), we have
n—oo

d(Tx*, Txy) < ad(z”™, z,) +0[d(z", Tx") +d(zpn, Txp)] +cld(@”, Try) + d(zn, T2™)]
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for all n € N. Letting n — oo in the above inequality, we have
d(Tz*,z*) < ad(z™,z") + bld(z", Tz") + d(z*, z")] + c[d(z™, ") + d(z*, Tz")].

This implies that
d(Tx*,z*) < (b+ o)d(Tx*, z™)

Since 1 — b — |¢| is positive, we can get that d(Tz*,2*) = 0. Thus, z* = Tz*. Tt
concludes that T has at least one fixed point in K and {z,} converges to a fixed
point of T'.

If a + 2¢ < 1, assume that there exist x1,22 € K and Txy = x1, Taxy = xs.
Substituting « with z; and y with x2 in (1.3), we have

d(Tx1,Txs) < ad(zy, x2) +b[d(z1, Tx1) + d(x2, T22)] + cld(x1, Tx2) + d(x2, Tx1)).

That is
d(x1,22) < (a+ 2¢)d(z1, x2).

This implies that d(x1,z2) = 0. Therefore, 1 = z5. It can conclude that T has a
unique fixed point z* in K and {z,} converges to z*. O

Remark 2.2. LetT' =T'(a,b,c,\) = {A € [0,1) : b+|c| < a+2b+c+|c|[+(1—a)X <
1}, Theorem 2.1 shows that if T is nonempty, then the mapping T has at least one
fized point. Moreover, if a + 2c < 1, then T has a unique fized point.

From the Remark 2.2, if the mapping T has a unique fixed point, there may
exist a family iterations {z, }, ( see (2.1) ) such that each of them could be used
to approximate the unique fixed point z*. In order to consider which iteration
from the above family, i.e., which A, would be the best one. We shall discuss the
rate of convergece for the family iterations.

Theorem 2.3. Let T and {z,}» considered in Theorem 2.1 and a + 2¢ < 1. For
any xo € K, we have the estimates

o Az, 20) = [a+b+c+(1—a)A"

1-0 ’ (I1—-b—c)"1l—a—2b—c—|c|]—(1—a)}
_ a+b+c+ (1—a)r
Cl—a—2b—c—lc|— (1 —a)X

d(zy,x*) < d(z1,%0),

0
* <7
d(l‘n,.i? ) =71_ 0d($n—1azn)

d(xn—lv xn)v

where ©* is the unique fixved point of T, 0 = W € [0,1) and x1 =
W(l‘mT.’EQ;/\).

Proof. Letting m — oo in (2.6) and (2.7), we get the conclusion.
O

Remark 2.4. In Theorem 2.3, suppose a family iterations {x,}x converge to the
unique fized point x* ( these A constitute a set T' ). According to Definition 1.2,
we know that
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(i) if a < 1 and there exists the minimum number of I' (let the minimum
number be Amin ), then {x,}x,.,, converges to x* faster than the other iterations
{znty N € T\{Amin}) to x*;

(ii) if a = 1, the family iterations {x,}x (A € T') have the same rate of
convergence;

(iii) if a > 1 and there exists the mazimum number of I' (let the mazimum
number be Amaqz), then {x,}y,... converges to x* faster than the other iterations

{Zntrr (V€ T\{Amaa}) to z*.

Example 2.5. Let a = %b = 1—16,0 = 3% and I' = [0, i) in Theorem 2.2, then T
has a unique fixed point z*. A family iterations {z,}x (A € I') converge to the
unigue fixed point 2*, and {z,, }x—¢ converges to x* faster than the other iterations
{zndy (0<XN < 9).

Example 2.6. Let a = 1,0 = I—Gl,c = %1 and I' = [0,1) in Theorem 2.2, then T'
has a unique fixed point z*. A family iterations {z,}» (A € T') converge to the
unigue fixed point z*, and these iterations have the same rate of convergence.
Example 2.7. Let a = %,b = 5—2170 = %1 and I' = (%71) in Theorem 2.2, then
T has a unique fixed point z*. A family iterations {x, }» (A € T') converge to the
unigue fixed point z*, and for any 0 < ¢ < %, {Zn}rr=1-c converges to x* faster

than the other iterations {z,}x» (3 <A’ <1—¢).

From Theorem 2.1 and Theorem 2.3, we have the following result in Banach
spaces.

Corollary 2.8. Let K be a nonempty, closed and convex subset of a Banach space
X. For some given number X € [0,1), suppose T : K — K be a mapping such that

[Tz =Tyl < allz —yll + blllz = Tz|| + lly = Tylll + cllle = Tyl + lly — Tz|]
for all x,y € K, where
b+l <a+2b+c+ ||+ (1—-a)r <1

Then,

(i) T has at least one fized point in K. Moreover, if a+2c < 1, then T has
a unique fized point in K;

(i) if a+2¢ <1, defined a sequence {x,} by

arbitray xo € K, x, = tp—1+ (1 —N)Txp_1

for all n € N, then {x,} converges to the unique fized point x*; Moreover, the
following estimates hold:
en

1-6

d(z1,70)s  d(wn,a") < ——d(wn_1,20)

*) <
d(xp,z*) < <73

where § = W and x1 = Azg + (1 — N\)Txo.
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Example 2.9. Let X = R (the set of real numbers) with the usual metric, K =
[0,00) and T : K — K be given by

Tx:{

Then we have the following statements:

(i) T has a unique fixed point 0;

(ii) T satisfies the conditions of Corrollary 2.8 with a = 1,b = %,¢ =0 and
A € [0, 5) (which satisfies b+ [c| < a+2b+c+ ||+ (1 —a)X < 1 and a+2c<1).
In fact, let m(z,y) = alle —y|| +b{le — Tl + ly — Tyl + cllle - Ty|| + |}y — T,
we know that

Case 1: For z,y e U,

, zeU=][0,3);
, z€eV =][3,00).

[eJISINIS]

T2~ Tyl =15 = 4 < Jlo =yl + 50w~ S+ by = L+l — Y1+ 1y - 51
=m(z,y),

Case 2: For z,y €V,

T2~ Tyl = 1%~ ¥ < Jlo— sl + 5le — S+ by - L+ 0lle - L1+ 1y - 2]
=m(z,y),

Case 3: ForzeU,yeV,

T oy 1.3 7 Y T
_ — |1z _Z A g - _Z _Z
1Tz~ Tyl =15 - L < 24 ¥ < Loyl 4 300+ Sl + 0o = L+ 1y - 2]
_m(xvy)a

Case 4: Forx e V,y e U,
T Yy 7 3 Y T
_ — |1z _Z S+l < = Ol — 2 _
1Tz~ Tyl =15 - 41 < 24 ¥ < Loyl + 3o+ 21+ 0o = 4+ 1y - 2]

ZM%%

iv) Leta=31b= 1 c=0,a family iterations
1 3

1

Oa 7))

Ty =ATp_1+ (1= NTxp1 (M€ 3

converge to the unique fixed point 0, and z,, = Tz, 1 converges to 0 faster than
the other iterations @, = Axp—1 4+ (1 = \)Tzn—1 (A € (0, §)) to 0.

Acknowledgements : I would like to thank the referees for their comments and
suggestions on the manuscript.



386 Thai J. Math. 17 (2019)/ C. Wang

References

[1] S. Banach, Sur less operations dans les ensembles abstraits et leur application
aux equations integrales, Fund. Math. 3 (1922) 133-181.

[2] R. Kannan, Some results on fixed point.III, Fund. Math. 70 (1971) 170-177.

[3] Lj.B. Ciric, A generalization of Banach’s contraction principle, Proc. Amer.
Math. Soc. 45 (1974) 267-273.

[4] Lj.B. Ciric, A new fixed point theorem for contractive mappings, Publ. Inst.
Math. 30 (1981) 25-27.

[5] Lj.B. Ciric, On some discontinuous fixed point mappings in convex metric
spaces, Czechoslovak Math. J. 43 (1993) 319-326.

[6] T. Zamfirescu, Fixed point theorems in metric spaces, Arch. Math. 23 (1972)
292-208.

[7] B.K. Ray, A fixed point theorem in Banach space, Indian J. Pure Appl. Math.
8 (1977) 903-907.

[8] T. Suzuki, A generalized banach contraction principle that characterizes met-
ric completeness, Proc. Amer. Math. Soc. 136 (2008) 1861-1869.

[9] K. Goebel, W.A. Kirk, T.N. Shimi, A fixed point theorem in uniformly convex
space, Boll. Un. Math. Ital. 7 (1973) 67-75.

[10] R.K. Bose, R.N. Mukherjee, Approximating fixed points of some mappings,
Proc. Amer. Math. Soc. 82 (1981) 603-606.

[11] W. Takahashi, A convexity in metric spaces and non-expansive mappings,
Kodai. Math. Sem. Rep. 22 (1970) 142-149.

[12] C. Wang, L.W. Liu, Convergence theorems for fixed points of uniformly quasi-
Lipschitzian mappings in convex metric spaces, Nonlinear Analysis: TMA. 70
(2009) 2067-2071.

[13] C. Wang, J. Li, D.L. Zhu, Convergence theorems for the unique common
fixed point of a pair of asymptotically nonexpansive mappings in gener-
alized convex metric space, Fixed Point Theory and Applications (2010)
doi:10.1155/2010/281890.

[14] C. Wang, J.H. Zhu, B. Damjanovic, L.G. Hu, Approximating fixed points
of a pair of contractive type mappings in generalized convex metric spaces,
Applied Mathematics and Computation 215 (2009) 1522-1525.

[15] M. Moosaei, Fixed point theorems in convex metric space, Fixed Point Theory
and Applications (2012) doi:10.1186,/1687-1812-2012-164.

[16] T. Shimizu, W. Takahashi, Fixed points of multivalued mappings in certain
convex metric spaces, Topol. Method Nonlinear Anal. 8 (1996) 197-203.



Approximating Fixed Points of Nonlinear Mappings ... 387

[17]

[18]

[19]

[20]

[21]

0. Popescu, Two generalization of some fixed point theorems, Comput. Math.
Appl. 62 (2011) 3912-3919.

H. Fukhar-du-din, A.R. Khan, Z. Akhtar, Fixed point results for a general-
ized nonexpansive map in uniformly convex metric spaces, Nonlinear Analy-

sis:TMA. 75 (2012) 4747-4760.

A.R. Khan, H. Fukhar-du-din, A.A. Domlo, Approximating fixed points of
some maps in uniformly convex metric spaces, Fixed Point Theory and Ap-
plications (2010) doi:10.1155/2010/385986.

A.R. Khan, M.A. Ahmed, Convergence of a general iterative scheme for a
finite family of asymptotically quasi-nonexpansive mappings in convex metric
spaces and applications, Comput. Math. Appl. 59 (2010) 2990-2995.

V. Berinde, Iterative Approximation of Fixed Points, Springer-Verlag Berlin
Heidelberg, 2007.

(Received 19 March 2015)
(Accepted 6 September 2016)

THAI J. MATH. Online @ http://thaijmath.in.cmu.ac.th


http://thaijmath.in.cmu.ac.th

	Introduction and Preliminaries
	Main Results

