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1 Introduction

The notion of partial metric is one of the most useful and interesting gen-
eralizations of the classical concept of metric. The partial metric spaces were in-
troduced in 1994 by Matthews [2]. Based on this notion, Matthews [2}3], Oltra
and Valero [4], Tlic et al. [5,/6], Kadelburg et al. |7], Di Bari et al. [8], Hemant
Kumar Nashine et al. [9] obtained some very interesting fixed point theorems for
mappings satisfying different contractive conditions.

On the other hand, in order to generalize the well-known Banach contraction
theorem in complete metric space many authors have introduced various type of
contraction. In 2008, Suzuki introduced a new method [1] and then this method
was extended by some authors |[10H13].

Very recently this method extended to the partial metric space in [14]

The purpose of this work is to provide a new condition for two multivalued
mappings which guarantees the existence of common fixed point.

Our results generalize some old results see for example [13}|14]. In this way, we
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consider the set R of continuous function g : [0,1) — [0, 1) satisfying the following
properties:

(a) g(1,1,1,2,0) = g(1,1,1,0,2) = h € (0, 1),

(b) g is sub-homogeneous, that is, g(ax, axe, axs, axy, axs) < ag(ry, T2, T3, T4Ts)
for all & > 0 and all (z1, 2, 3,24, 25) € [0,1)5,

(¢) If z4,y; € [0,1) and z; < y; for i = 1,2,3,4, then g(z1,22,23,24,0) <
9(y1,v2,93,94,0) and g(x1,22,23,0,24) < 9(y1,¥y2,¥3,0,94).

We appeal the following result in the sequel.
Proposition 1.1. [15] If g € R and u,v € [0,1) are such that
u < max{g(v,v,u,v+u,0),g(v,v,u,0,v+u), gv,u,v,v+u,0),gv,u,v,0,v+u)},

then u < hov.

2 Preliminaries

Definition 2.1. [2] A partial metric on a nonempty set X is a mapping p :
X x X — RT such that for all z,y, 2 € X the following conditions are satisfied:
(i) 2 =y < p(z,z) = p(z,y) = p(y,y),
(i) p(z,2) < p(2,y),
(ili) p(z,y) = p(y, z),
(iv) p(z,y) < p(z,2) + p(z,y) — p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is
a partial metric on X. Each partial metric p on X generates a Ty topology 7, on
X which has as a base, the family of open p-balls {B,(x,¢€);x € X, e > 0}, where

Bp(z,e) ={y € X : p(z,y) < p(z,z) + €},
for all z € X and € > 0.

If p is a partial metric on X, then the mapping d,, : X x X — R* given by

dp(xvy) = zp(xvy) _p($7l') _p(yvy)7
is a metric on X.

Definition 2.2. [3]|16] Let (X, p) be a partial metric space. Then a sequence {x,, }
in X is called

(i) convergent if there exists a point € X such that p(z,z) = limy,_,o0 p(2n, ),
(ii) Cauchy sequence if there exists (and is finite) limy, m—sco D(Tn, Tm)-

Definition 2.3. [3|[16] A partial metric space (X, p) is said to be complete if every
Cauchy sequence {z,,} in X converges, with respect to 7,, to a point € X such
that p(z, z) = limy, m—co P(Tn, Tm)-
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Lemma 2.4. [3,]16] Let (X,p) be a partial metric space. Then

(i) {zn} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in
the metric space (X,d)),

(i1) (X,p) is complete if and only if the metric space (X, d,) is complete. Fur-
thermore, lim, o dp(zn,z) = 0 if and only if p(z,z) = lim, o p(Tn,z) =
hmn,mﬁoo p(xna xm)

Let CBP(X) be a family of all nonempty, closed and bounded subsets of the
partial metric space (Xp). Note that closedness is taken from (X, 7,) (7, is the
topology induced by p) and boundedness is given as follows: A, is a bounded
subset in (X, p) if there exist 2o € X and M > 0 such that for all a € A, we have
a € By(zg, M), that is, p(zo, a) < p(a,a) + M.

For A,B € CBP(X) and = € X, we defined

p(z, A) = inf{p(z,y) : y € A},
d,(A, B) =sup{p(a,B) : a € A},
dp(B, A) = sup{p(A,b) : b € B},

and
Hp(A, B) = max{0,(A, B),0,(B, A)}.

It is immediate to check that p(z,A) = 0 implies that d,(x, A) = 0, where
dp(z, A) = inf{dy(z,a) : a € A}.

Remark 2.5. [17] Let (X, p) be a partial metric space and A be any nonempty set
in (X,p), then a € A if and only if p(a, A) = p(a,a), where A denotes the closure
of A with respect to the partial metric p. Note that A is closed in (X,p) if and
only if A = A.

Proposition 2.6. [18] Let (X,p) be a partial metric space. For any A,B,C €
CBP(X), we have the following:

(i) 6,(A, A) = sup{p(a,a) : a € A},

(i) 6,(A, A) < 5,(A, B),

(iii) 5,(A,B) = 0 = A C B,

() §,(A, B) < §,(A,C) +6,(C, B) —infecc ple, c).

Proposition 2.7. [18] Let (X,p) be a partial metric space. For all A,B,C €
CBP(X), we have

(h1) Hy(A, A) < Hy(A, B),

(h2) Hy(A, B) = Hp(B, A),

(h‘?) ( ) < HP(A C) +H (07 B) _inchCp(c7 C):
(h4) Hy(A,B) =0 < A= B.

The mapping H, : CBP(X)xCBP(X) — [0,00), is called the partial Hausdorff
metric induced by p. It is easy to show that any Hausdorff metric is a partial
Hausdorff metric. The converse is not true see Example 2.6 in [1§].
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3 Main Results

Now, we give the following result about common fixed points of two multival-
ued mappings.

Theorem 3.1. Let X denote a complete partial metric space and T,S : X —
CBP(X) two multivalued mappings. Suppose that there exits o € (0,1) and g € R
such that a(h+ 1) < 1 and ap(z,Tz) < p(x,y) or ap(y, Sy) < p(z,y) implies

Hy(Tw, Sy) < g(p(x,y), p(x, Tx),ply, Sy), p(x, Sy) — p(x, x), p(y, Tx) — p(y,y)),
for all z,y € X. Then F(T) = F(S) and F(T) is nonempty.

Proof. Let zy be a arbitrary point in X and 1 > r > h. choose =1 € Txg such
that ap(zo, Txo) < p(xo,x1). Then, we have
p(z1,Sz1) < Hy(Txo, Sz1)

S g( (anml) (anT'rO)ap('rlvSI1)7p('T07SQ:1) _p(l‘07$0)5
p(x1, Txo) — p(z1,21))
< g(p(zo, 1), p(x0, 1), (21, ST1), P(20, 1) + (71, S21),0).

By using Proposition we have
p(x1,S71) < hp(z0, 1) < 7p(T0,71).

Now we choose a number g such that infycsy, p(z1,y) = p(z1,571) < p <
rp(xo,x1). Thus, there exists xo € Sxy such that p(z1,22) < p < rp(zg,xz1).
Since ap(x1,Sz1) < p(x1,z2), We get,
p(2e, Txe) < Hy(Txo, Sx1)
< g(p(x1,22), p(w2, T2), p(w1, S71), (72, ST1) — P(T2, T2),
p(z1,Tzs) — p(x1,21))
S g(p(xla$2)ap($27T$2)7p($17x2)707p($171'2) +p($27T552))

By using Proposition we have
p(x2, Txa) < hp(xy,x2) < rp(z1,22).
Now by using a similar method, we can find x3 € T'zs such that
p(w2,23) < rp(w1, 22) < rp(wo, 71),

Continuing this process, we can find a sequence {z,} in X such that xzs,_; €
Txon_ 2, Ton € STon_1, and we have,

(i) p(xn’$n+1) < Tnp(.%‘07.’171),

(i) p(xon, Tron) < hp(r2n—1,T2,) and p(Ton—1,ST2n-1) < hp(T2n—2, T2n—1).

If z,, = z,, for some m > 1, then T and S have a common fixed point.
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Suppose that z,, # x,41 for all n > 1. By using (i), we show that {x,} is a
cauchy sequence. Obviously we have,

P(Tn, Trm) < P(Tns Trg1) + P(Tnt1, Tni2) + oo+ P(Totm—1, Trtm)
<r"p(xg,x1) + T”“P(Q?o, 1)+ ...+ 7“”+m_1p(330, x1)
< (4t et Y p(ag, 21)

,,,n

T rnp(xo,xl) — 0.

By the definition of d,, we get,

dp(zna$n+m) < 2p(1'na $n+m) — 0,

as n — 0o, which implies that {x,} is a Cauchy sequence in (X, d,). Since (X,p)
is complete, hence (X, d,) is complete, so we have lim,,_, o, d, (2, z) = 0, for some
z € X. Now by Lemma we get

plz,z) = lim p(z,,z) = n}érEoop(f””’ Ty) = 0.

Now we claim that for each n > 1 on of the relation ap(xa,, Txa,) < p(Tan,x)
and ap(@ant1, STan+1) < P(T2nt1, ) hold.

If ap(zan, Tr2n) > p(@2n, ) and ap(T2n41, STant1) > P(T2n+1, ) for some n > 1,
then we obtain

P(T2n; T2n+1) < P(T2n, @) + (T, T2n11) — (2, 2)
< p(z2n, ) + p(T, T2nt1)
< ap(zan, Txon) + ap(Tan+1, STont1)
< ap(Tan, Tant1) + ahp(Ton, Tant1)-

Thus, (1 4+ h) > 1, which is a contradiction. Therefore our claim is proved. Now
by using the assumption for each n > 1 either

H,(Txap, Sx) < g(p(22n, ), p(@2n, Tx2,), p(x, Sx), p(X2n, ST) — p(T2n, Ton)
7p($7T-T2n) —p(amx)),

or

Hp(TxQnJrh Sif) S g(p(x2n+17x)up(x2n+1aTx2n+1)7p(xasx)7p(xvT$2n+1) _P(%x)
s P(T2n+1,92) — p(Tant1, Tant1)),

hold, Therefore, we have one of the following cases:
(1) In first case we have

p(x2n+1a S‘T) < HP(T‘TQn’Sl') < g(p(x2n7l‘)>p($2naTx2n)7p($7Sz)a
p(l‘,Tl'Qn) —p(l’,l'),p(xgn, SJ?) _p($2n,$2n)),
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for all n € N. Therefore we have

p(z, 52) < p(z, T2n11) + P(T2n+1, ST) — p(T2nt1, T2nt1)
p(x, Tant1) + 9(P(x2n, ), p(T2n, T2y ), p(x, Sx), p(2, T22) — P(T, 7),
P(T2n, ST) — p(T2n, T2n))
p(@, T2n41) + 9(P(T2n, T), p(T2n; T2n11), p(T, ST), p(2, T2n41) — P(2, T),
( (

P\ Zon, T )+p($ S{E) p x2nax2n))

<
<

IN

for all n € N. Since g is continuous letting n — co we obtain

p(z, Sx) < p(x,z) + g(p(z, x), p(z, x), p(x, Sx), p(z, ) — p(X, 2),
p($7 :L‘) —l—p(.’L’, S.’L‘) - p(.%‘, CL'))
9(0,0,p(z, Sz), 0, p(z, Sx)).

Now by using Proposition we have p(z, Sz) =0 and so z € Sz.
(ii) In the second case we have,

p(Tx, xont2) < Hy(Tw, Stoni1) < g(p(x, T2ns1), (2, T2), p(T2n41, STons1)
,p($2n+17 TUC) - p($2n+17 $2n+1)7p($, 55E2n+1) - p(% $))7

for all n € N. Therefore,

p(x, Tx) < p(x, ant2) + D(Tont2, TT) — p(XTant2, Tant2)

p(z, Tant2) + 9(P(T, X2nt1), P(T, T2), P(T2n 11, ST2n41), P(¥2n 41, T'T)
— P(T2n+1, T2n+1), P(T, STant1) — Pz, 7))
p(@, T2ny2) + 9(P(T, T2n41), P(2, TT), p(T2n41, T2n42), P(T2n41, T)

(l‘, ) (JJ l‘) p(xv$2n+2) - ( z, ))7

<
<

+I/\

for all n € N. Since g is continuous letting n — co we obtain
p(z, Tz) < g(0,p(z, Tx),0,p(x, Tx),0).

Now by using Proposition we have p(z,Tz) = 0 and so € Tz. Therefore in
all cases we have F'(T) is non-empty.

Next we show that F(T) = F(S). Let « € Tx, then ad(z, Tz) < d(z, ), therefore
we have,

p(z, Sz) < Hy(Tz, Sx)
< g(p(z,x),p(x, Tx), p(x, Sx), p(x, Sx) — p(x, z), p(x, Tx) — p(x, ))
< g(p(1'7 x),p(m, ;C)7p($, S:r),p(x, (E) + p(xu Sx), 0)'

Now by using Proposition we have p(z,Sz) < hp(x,Sz). This implies that
p(z,Sx) = 0 and so x € Sz. Thus F(T) C F(S). Similarly we can show that
F(S) C F(T). This completes the proof. O
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The following result is a consequence of Theorem [3.1

Theorem 3.2. Let X denote a complete partial metric space and T : X —
CBP(X) be a multivalued mapping. Suppose that there exits o € (0,1) and g € R
with h = ¢g(1,1,1,2,0) such that a(h+ 1) <1 and ap(x, Tz) < p(x,y) implies

Hyp(Tx, Ty) < g(p(z,y), p(z, Tx),p(y, Ty), p(x, Ty) — p(z, 2), ply, Tx) — p(y,y)),
forallz,y € X. Then T has a fized point.

Theorem 3.3. [14] Define a strictly decreasing function 6 from [0,1) onto (3, 1]
by 6(r) = lJer. Let (X,p) be a complete partial metric space and T : X —
CBP(X) be a multivalued mapping. Assume that there exists r € [0,1) such that
O(r)p(z,Tx) < p(z,y) implies Hy(Tx,Ty) < rp(z,y) for all z,y € X. Then T
has a fized point.

Proof. Define g € R by g(x1,z2, 23,24, 25) = rx;. put a = (r). Since h = r and
a(l+ h) <1, by using Theorem T has a fixed point. O

Theorem 3.4. Let X be a complete partial metric space and T : X — CBP(X) be
a multivalued mapping. Assume that there exist a,b, c € [0,1) such that a+b+c < 1
and Y5p(x, Ta) < p(x,y) implies Hy(Tx, Ty) < ap(a,y)+bp(x, Tz) +cp(y, Ty)

forallx,y € X. Then T has a fixed point.

Proof. Define g € R by g(x1,x2, x3,24,25) = axy + bry + cx3. Put a = ILZZC

Since h = a+b+cand a(1+h) < 1, by using Theoremm T has a fixed point. [

Theorem 3.5. Let X be a complete metric space and T : X — CBY (X)) be a mul-

tivalued mapping. Assume that there exists v € [277,1) such that 0(r)p(z, Tx) <
p(z,y) implies H(Tx,Ty) < rmax{p(z,y),p(z,Tx),p(y,Ty)} for all z,y € X.
Then T has a fized point.

Proof. Define g € R by g(x1,x2, T3, x4, 25) = rmax{z,x2,z3}. Put a = 6(r).
Since h = r and a(1 + k) < 1, by using Theorem [3.2] T has a fixed point. O

Theorem 3.6. Let X be a complete partial metric space and T : X — CBP(X)
be a multivalued mapping. Assume that there exist 3, € [0,1) such that

sgraP(@, Ta) < p(x,y) implies Hy(Tz,Ty) < yp(z,y) + Bp(x, Tz) + Bp(y, Ty)
forall x,y € X. Then T has a fixed point.

Proof. Define g € R by g(x1,x2,x3, x4, T5) = yr1 + Bro + fxs. put o = m
Since h = 25 +1 and a(1+h) < 1, by using Theorem [3.2} T has a fixed point. [

Theorem 3.7. Let X be a complete partial metric space and T : X — CBP(X)
be a multivalued mapping. Assume that there exist r € [0,1), and L € [0,1) such
that ﬁp(m,Tm) < p(x,y) implies

Hy(Tz, Ty) < rp(z,y) + Lmin{p(z,Ty) — p(z,z),p(y, Tz) — p(y,y)},
forallz,y € X. Then T has a fized point.
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Proof. Define g € R by g(x1,x2,23,24,25) = rzy + Lmin{zy,25}. Put a =
ﬁ. Since h = r and a(l + h) < 1, by using Theorem T has a fixed
point. O
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