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Abstract : The aim of this paper is to introduce a new class of expansive map-
pings - αη − ξθ-expansive mappings and establish fixed point theorems for such
mappings in a complete metric space. The results presented in this paper substan-
tially generalize and extend several comparable results in the existing literature.
As an application, we prove new fixed point results for graphic weak ξθ-expansive
mappings.
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1 Introduction

Fixed point theory is one of the most powerful and fruitful tools in nonlinear
analysis. The Banach contraction principle is the simplest and one of the most
versatile elementary results in fixed point theory. In 1984, Wang et al. [1] presented
expansion mappings in metric spaces and proved some fixed point theorems using
these mappings. Rhoades [2] generalized the results of Wang et al. [1] for a pair
of expansive mappings. Recently, Samet et al. [3] introduced α − ψ−contractive
type mappings via admissible mappings and established fixed point theorems for
such mappings in complete metric spaces. The paper written by Samet et al. [1]
is due to the inspiration derived from a large number of papers like [4–6] that
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employ the use of such mappings directly or indirectly in various spaces and their
applications.

In this paper, we introduce the new class of αη − ξθ-expansive mappings in
a metric space and prove fixed point results for this new class of expansive map-
pings. Our results substantially generalize and extend several comparable results
in the existing literature. As an application, we prove new fixed point results for
graphic weak ξθ-expansive mappings.

2 Preliminaries

Let Θ denote the set of all functions θ : R+×R+×R+×R+ → R+ satisfying:
(Θ1) θ is continuous;
(Θ2) θ(t1, t2, t3, t4) = 0 iff t1.t2.t3.t4 = 0.

Example 2.1. Let θ(t1, t2, t3, t4) = t1.t2.t3.t4. Clearly, θ ∈ Θ.

Other examples of θ appear in paper [4].

Definition 2.2. Let χ denote the set of all functions ξ : [0,∞) → [0,∞) which
satisfy the following properties:
(i) ξ is non-decreasing;
(ii) Σ∞n=1ξ

n(a) <∞ for each a > 0.

We now introduce the following:

Definition 2.3. Let (X, d) be a metric space and f be a self-mapping on X.
Then,
(?) we say that f is an αη − ξθ-expansive mapping if

η(fx, x) ≤ α(x, y)⇒ ξ(d(fx, fy))+θ(d(x, fx), d(y, fy), d(x, fy), d(y, fx)) ≥ d(x, y)

where θ ∈ Θ, ξ ∈ χ and α, η : X ×X → [0,∞) are two functions.
(??) We say, f is an α− ξθ-expansive mapping if,

α(x, y) ≥ 1⇒ ξ(d(fx, fy)) + θ(d(x, fx), d(y, fy), d(x, fy), d(y, fx)) ≥ d(x, y)

where θ ∈ Θ, ξ ∈ χ and α : X ×X → [0,∞) is a function.
(? ? ?) We say, f is an α− ξθ-expansive mapping if,

ξ(d(fx, fy)) + θ(d(x, fx), d(y, fy), d(x, fy), d(y, fx)) ≥ α(x, y)d(x, y)

where θ ∈ Θ, ξ ∈ χ and α : X ×X → [0,∞) is a function.

3 Main Results

The main result of the paper is the following theorem.
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Theorem 3.1. Let (X, d) be a complete metric space and f : X → X be a bijective
αη − ξθ-expansive mapping satisfying the following conditions:
(i) f−1 is α−admissible with respect to η :
(ii) there exist x0 ∈ X such that

α(x0, f
−1x0) ≥ η(x0, f

−1x0);

(iii) f is continuous.
Then f has a fixed point.

Proof. Let x0 ∈ X such that α(x0, f
−1x0) ≥ η(x0, f

−1x0). Define the sequence
{xn} in X by xn = fxn+1 for all n = 1,2,3,....

If xn = xn+1 for some n, then xn is a fixed point of f .
Assume that xn 6= xn−1 for all n. It is given that

α(x0, f
−1x0) ≥ η(x0, f

−1x0);

that is,
α(x0, x1) ≥ η(x0, x1).

Since f−1 is α admissible with respect to η, we have

α(f−1x0, f
−1x1) = α(x1, x2) ≥ η(f−1x0, f

−1x1) = η(x1, x2).

This gives,
α(x1, x2) ≥ η(x1, x2).

In general, we have for all n,

α(xn, xn+1) ≥ η(xn, xn+1) = η(fxn+1, xn+1).

Since f is an αη − ξθ-expansive mapping then we get,

ξ(d(fxn+1, fxn)) + θ(d(xn+1, xn), d(xn, fxn), d(xn+1, fxn), d(xn, fxn+1))

≥ d(xn+1, xn);

that is,

ξ(d(xn, xn−1)) + θ(d(xn+1, xn), d(xn, xn−1), d(xn+1, xn−1), d(xn, xn))

≥ d(xn+1, xn),

and so
ξ(d(xn, xn−1)) ≥ d(xn+1, xn).

By repeated application of above inequality, we get

d(xn, xn+1) ≤ ξn(d(xn−1, xn))

for all n. For any n > m ≥ 0, we have

d(xm, xn) ≤ d(xm, xm+1) + d(xm+1, xm+2) + ...+ d(xn−1, xn)
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≤ ξm(d(x0, x1)) + ...+ ξn−1(d(x0, x1)).

Since
∑
ξn(a) < ∞ for each a > 0, it gives, {xn} is a Cauchy sequence in X.

As (X, d) is a complete metric space, there exists a u ∈ X such that xn → u as
n → ∞. The continuity of f gives, xn = fxn+1 → fu as n → ∞. By uniqueness
of the limit we get fu = u; that is, u is a fixed point of f .

If, in Theorem 3.1, we take η(x, y) = 1 for all x, y ∈ X, then we deduce the
following corollary.

Corollary 3.2. Let (X, d) be a complete metric space and f : X → X be a
bijective α− ξθ-expansive mapping satisfying the following conditions:
(i) f−1 is α−admissible;
(ii) there exist x0 ∈ X such that α(x0, f

−1x0) ≥ 1;
(iii) f is continuous.
Then f has a fixed point.

In analogy to the main result, but omitting the continuity hypothesis of f , we
can state the following theorem.

Theorem 3.3. Let (X, d) be a complete metric space and f : X → X be a bijective
αη − ξθ-expansive mapping satisfying the following conditions:
(i) f−1 is an α−admissible with respect to η;
(ii) there exists x0 ∈ X such that α(x0, f

−1x0) ≥ η(x0, f
−1x0);

(iii) if {xn} is a sequence in X such that α(xn, xn+1) ≥ η(xn, xn+1) for all n ∈ N∪
{0} and xn → x as n→∞ then α(f−1xn, f

−1x) ≥ η(f−1x, x) for all n ∈ N ∪{0}.
Then f has a fixed point.

Proof. By Theorem 3.1, {xn} is a Cauchy sequence in X. Since X is complete,
there exist u ∈ X such that xn → u as n→∞. Also, as in Theorem 3.1, we have,
α(xn, xn+1) ≥ η(xn, xn+1) for all n.
Taking the limit as n→∞, by condition (iii), we have

α(xn+1, f
−1u) = α(f−1xn, f

−1u) ≥ η(f−1u, u) = η(f−1u, f(f−1u))

for all n ∈ N ∪ {0}.
Now since, f is a modified αη − ξθ-expansive mapping,

ξ(d(ff−1u, fxn+1))

+ θ(d(f−1u, ff−1u), d(xn+1, fxn+1), d(f−1u, fxn+1), d(xn+1, ff
−1u))

≥ d(f−1u, xn+1)

which implies that

ξ(d(u, xn)) + θ(d(f−1u, u), d(xn, xn), d(f−1u, xn), d(xn, u)) ≥ d(f−1u, xn+1)

or
0 = lim

n→∞
d(xn+1, f

−1u) = d(u, f−1u).

i.e., u = f−1u, so u = fu. Hence f has a fixed point.
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To ensure the uniqueness of the fixed point in above theorems, we consider the
condition:
(A) for all x, y ∈ Fix(f) with α(x, y) < η(x, x), there exists w ∈ X such that
α(x,w) ≥ η(x,w) and α(y, w) ≥ η(y, w);
(B) for all u ∈ Fix(f) and all x ∈ X we have, η(u, x) ≥ η(x, fx).

If in Theorem 3.1, we take η(x, y) = 1 for all x, y ∈ X, then we deduce the
following corollary.

Corollary 3.4. Let (X, d) be a complete metric space and f : X → X be a
bijective α− ξθ-expansive mapping satisfying the following:
(i) f−1 is α−admissible;
(ii) there exists an x0 ∈ X such that α(x0, f

−1x0) ≥ 1;
(iii) if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n and as n→∞
then α(f−1xn, f

−1x) ≥ 1 for all n ∈ N ∪ {0}.
Then f has a fixed point.

Theorem 3.5. Adding the conditions (A) and (B) to the hypotheses of Theorem
3.1 (resp. Theorem 3.3, Corollary 3.2 and Corollary 3.4), we obtain the uniqueness
of the fixed point of f .

Proof. To prove uniqueness, let u and v be two fixed points of f such that u 6= v.

Step 1: Let α(u, v) ≥ η(v, v) = η(v, fv). Since f is an αη − ξθ-expansive
mapping, we have,

ξ(d(fv, fu)) + θ(d(v, fv), d(u, fu), d(v, fu), d(u, fv)) ≥ d(v, u) (3.1)

which implies that

ξ(d(fv, fu)) > ξ(d(v, u)) = ξ(d(fv, fu)) ≥ d(v, u)

a contradiction. Hence, u = v.

Step 2: Let α(u, v) < η(v, v). Then from (A), there exists a w ∈ X such that
α(u,w) ≥ η(u,w) and α(v, w) ≥ η(v, w).
As f−1 is α-admissible with respect to η, we get

α(u, f−1w) ≥ η(u, f−1w)

and
α(v, f−1w) ≥ η(v, f−1w),

which gives,

α(u, f−nw) ≥ η(u, f−nw) and α(v, f−nw) ≥ η(v, f−nw).

On the other hand, from (B) we get,

η(u, f−nw) ≥ η(f−nw, f(f−nw)) and η(v, f−nw) ≥ η(f−nw, f(f−nw)).
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Therefore,

α(u, f−nw) ≥ η(f−nw, f(f−nw)) and α(v, f−nw) ≥ η(f−nw, f(f−nw)).

As f be an αη − ξθ-expansive mapping, for all n

ξ(d(fu, ff−nw)) + θ(d(u, fu), d(f−nw, ff−nw), d(u, ff−nw), d(f−nw, fu))

≥ d(u, f−nw),

and so
ξ(d(u, ff−nw)) ≥ d(u, f−nw).

Repeating this process, we get

ξn(d(u,w)) ≥ d(u, f−nw)

for all n. Thus, f−nw → u as n → ∞. Similarly, we get f−nw → v as n → ∞.
From the uniqueness of a limit point, we get u = v. Hence, f has unique fixed
point in X.

We now present some examples to illustrate the validity of our results.

Example 3.6. Let X = [0,∞) together with the metric d(x, y) = max{x, y} if
x 6= y and d(x, y) = 0 if x = y. Define the self mappings f and ξ by fx = x2 and
ξt = t/2, respectively, for all x, t ∈ X. Consider the mappings α, η : X×X → [0,∞)
defined by α(x, y) = 1 if x = y, α(x, y) = 0 otherwise, and η(x, y) = 1 for all
x, y ∈ X. Also, let θ(t1, t2, t3, t4) = t1.t2.t3.t4. Clearly,
(i) θ ∈ Θ;
(ii) f is bijective, continuous and an αη − ξθ-expansive mapping;
(iii) f−1 is an α−admissible with respect to η;
(iv) there exist x0 = 0 ∈ X such that α(x0, f

−1x0) ≥ η(x0; f−1x0).
Since all of the conditions of Theorem 3.1 are satisfied, f has a fixed point.

The following example establishes the validity of Theorem 3.3.

Example 3.7. Let X = [0,∞) together with usual metric d. Define self map-
pings f and ξ by fx = x

2 if x ∈ [0, 1), fx = 0 otherwise, and ξt = t
2 respec-

tively, for all t ∈ X. Consider the mappings α, η : X × X → [0,∞) defined by
α(x, y) = 1 if x, y ≥ 1, α(x, y) = 0 otherwise, and η(x, y) = 1 for all x, y. Also, let
θ(t1, t2, t3, t4) = t1.t2.t3.t4. Clearly,
(i) f−1 is an α−admissible with respect to η;
(ii) there exists an x0 = 1 ∈ X such that α(x0, f

−1x0) ≥ η(x0, f
−1x0);

(iii) if {xn} is a sequence in X such that α(xn, xn+1) ≥ η(xn, xn+1) for all
n ∈ N ∪ {0} and xn → x as n → ∞, then α(f−1xn, f

−1x) ≥ η(f−1x, x) for
all n ∈ N ∪ {0};
(iv) f is bijective, and an αη − ξθ−expansive mapping.
All the conditions of Theorem 3.3 are satisfied, and hence f has a fixed point.
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4 Graphic ξθ-Expansive Mappings

Let (X, d) be a metric space. Consider a directed graph G such that the set
V (G) of its vertices coincides with X and the set E(G) of its edges contains all
loops. We assume that G has no parallel edges, so we can identify G with the pair
(V (G), E(G)).

Definition 4.1. Let (X, d) be a metric space endowed with a graph G and f :
X → X be a bijective self mapping. We say that f is a Graphic ξθ− expansive
mapping if

(x, y) ∈ E(G)⇒ (f−1x, f−1y) ∈ E(G)

and

(x, y) ∈ E(G)⇒ ξ(d(fx, fy)) + θ(d(x, fx), d(y, fy), d(x, fy), d(y, fx)) ≥ d(x, y),

where θ ∈ Θ and ξ ∈ χ.

Theorem 4.1. Let (X, d) be a complete metric space endowed with a graph G
and f be a bijective Graphic ξθ-expansive mapping. Suppose that the following
assertions hold:
(i) there exists an x0 ∈ X such that (x0, f

−1x0) ∈ E(G);
(ii) f is G-continuous.
Then f has a fixed point.

Proof. Define α : X × X → (−∞,+∞) by α(x, y) = 1 if (x, y) ∈ E(G) and
α(x, y) = 0, otherwise. We first show that f−1 is an α−admissible mapping. Let
α(x, y) ≥ 1. Then (x, y) ∈ E(G). As f is a Graphic ξθ-expansive mapping, we have
(f−1, f−1y) ∈ E(G); that is, α(f−1x, f−1y) ≥ 1. Hence f−1 is an α−admissible
mapping. Secondly, we show that f is continuous (or α continuous on (X, d)).
Since f is G-continuous on X, xn → x as n → ∞, and (xn, xn+1) ∈ E(G) for all
n imply that fxn → fx. Thus xn → x as n → ∞, and α(xn, xn+1) ≥ 1 for all n
imply that fxn → fx which implies that f is α continuous on X. From (i),there
exists an x0 ∈ X such that (x0, f

−1x0) ∈ E(G), which gives, α(x0, f
−1x0) ≥ 1.

Since f is a Graphic ξθ-expansive mapping,
(x, y) ∈ E(G) or α(x, y) ≥ 1 and this gives

ξ(d(fx, fy)) + θ(d(x, fx), d(y, fy), d(x, fy), d(y, fx)) ≥ d(x, y),

which gives the result that f is a bijective α− ξη-expansive mapping.
Thus all of the conditions of Corollary 3.2 are satisfied, and f has a fixed

point.

Theorem 4.2. Let (X, d) be a complete metric space endowed with a graph G
and f be a bijective Graphic ξθ-expansive mapping. Suppose that the following
assertions hold:
(i) there exists an x0 ∈ X such that (x0, f

−1x0) ∈ E(G);
(ii) if {xn} is a sequence in X such that (xn, xn+1) ∈ E(G) for all n ∈ N ∪ 0 and
xn → x as n→∞ then (f−1xn, f

−1x) ∈ E(G).
Then f has a fixed point.
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Proof. Define α : X × X → (−∞,+∞) as in proof of Theorem 4.1. Let {xn}
be a sequence in X such that α(xn, xn+1) ≥ 1 for all n ∈ N ∪ {0} and xn → x
as n → ∞; i.e., {xn} is a sequence in X such that (xn, xn+1) ∈ E(G) for all
n ∈ N ∪ {0} and xn → x as n → ∞. Then by (ii), (f−1xn, f

−1x) ∈ E(G) for all
n ∈ N ∪ {0} or α(f−1xn; f−1x) ≥ 1 for all n ∈ N ∪ {0}; which implies condition
(iii) of Corollary 3.2. All other conditions of Corollary 3.2 follow as in the proof
of Theorem 4.1 and consequently f has a fixed point.

To ensure the uniqueness of the fixed point in each of the above theorems, we
consider the condition:
(C) for all x, y ∈ Fix(f) with (x, y) not in E(G), there exists a w ∈ X such that
(x,w) ∈ E(G) and (y, w) ∈ E(G).

Remark 4.3. Adding condition (C) to the hypotheses of Theorem 4.2 (resp. The-
orem 4.1), one obtains the uniqueness of the fixed point of f .

Let (X, d,�) be a partial ordered metric space. Define the graph G by

E(G) = (x, y) ∈ X ×X : x � y.

For this graph the condition (x, y) ∈ E(G) ⇒ (f−1x, f−1y) ∈ E(G) of Definition
4.1 means that f is a nondecreasing map. From Theorems 4.1 and 4.2, we derive
following important results in partially ordered metric spaces.

Theorem 4.4. Let (X, d,�) be a partial ordered metric space and f be a bijective
self mapping on X. Suppose that the following assertions hold:
(i) f is a nondecreasing map;
(ii) x � y ⇒ ξ(d(fx, fy))+θ(d(x, fx), d(y, fy), d(x, fy), d(y, fx)) ≥ d(x, y), where
θ ∈ Θ and ξ ∈ χ;
(iii) there exists an x0 ∈ X such that x0 � f−1x0;
(iv) f is continuous.
Then f has a fixed point.

Theorem 4.5. Let (X, d,�) be a partial ordered metric space and f be a bijective
self-mapping on X. Suppose that the following assertions hold:
(i) f is a nondecreasing map;
(ii) x � y ⇒ ξ(d(fx, fy))+θ(d(x, fx), d(y, fy), d(x, fy), d(y, fx)) ≥ d(x, y), where
θ ∈ Θ and ξ ∈ χ;
(iii) there exist an x0 ∈ X such that x0 � f−1x0;
(iv) if {xn} is a sequence in X such that xn � xn+1 for all n ∈ N ∪ {0} and
xn → x as n→∞ then f−1xn � f−1x for all n ∈ N ∪ {0}.
Then f has a fixed point.
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