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Abstract : In this paper, it is solved that the spaces M (Lﬁ,/ (G), L, (G))

and LY (@) can be topologically and algebraically identified, where 1 < p/ <
0, % + pi/ =1 and w a Beurling weight on a locally compact Abelian group G.
Also it is proved that the spaces M (L, N LE (G), Ly, (G)) can be identified with

the weighted spaces of bounded measures M, (G).
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1 Introduction

Throughout this paper, G is a locally compact Abelian group and dx is a Haar
measure on G. The unit of G shall be denoted by e. The translation by a € G
of a measurable function f is defined by the formula L,f (z) = f(x —a). We
denote by Cj (G) the space of continuous functions vanishing at infinity and by
C. (@) the space of continuous compactly supported functions. If 1 < p < oo, then
L? (@) shall denote the space of functions f such that |f|” is integrable [1H3]. A
Beurling weight on G is a measurable locally bounded function w satisfying, for
each x,y € G, the following two properties: w (z) > 1 and w (z + y) < w (z) w (y).
From this definition of w, it is deduced easily that wdx is a positive measure on
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G. We denote by L (G),1 < p < oo, the Banach spaces of equivalence classes of
complex-valued measurable functions on G under the system of norm

o = ([ 17 @F w0 dm)’l’ oo

We represent by LS° (G) the Banach space of all measurable functions f on G
such that

1/l oo = esssup{[f (x)]w ()}
zeG

We express by [P the discrete version of L? (G). Again we have the space
M, (G) = {,u : 1 is a bounded measure and ||y, = /w || < oo} :

All these spaces are Banach spaces. One can find more about these spaces in [2-6].

Let F and F be two Banach spaces of measurable functions and assume that
E and F' are stable by translations. A multiplier on E to F' is a bounded linear
operator commuting with all translations. We denote by M (E, F') the space of
all multipliers on E to F. It is known that a translation operator is an isometry
on L? (G), while it is not in general an isometry on L2 (G). This fact is closely
related to multiplier problems for L2 (G), [6H9].

The conjugate space of L? (G) is the LZ]// (G), where w/ = w'=?’ and %Jr pi/ =
lorp/ = p’%l.

It can be easily seen that LP (G) is a reflexive Banach space. L. (G) is a
Banach algebra under convolution,

L x L. C LE,
and by [7,/9] there exists the inequality

195 Fllpw < Mgl 11l 00 -

2 Main Results
2.1 Multipliers Space of (Lfv// (G), L (G)) p/ > 1

In this section, we will give the space of multipliers acting on some Beurling
weighted spaces. We denote by M (L%, (G), L%, (G)) the space of all multipliers of
(L%, (G), L, (G)) and ||TY|,, , ,, the operator norm of each T € M (L%, (G), LY, (G)).
Furthermore we denote by M (L., (G)) the space of all multipliers on L (G)
and [T, the operator norm of each T' € M (L% (G)). Denote (f,g), =
Jo F®)gtw(t)dt for f € LE (G), g € L%, (G). If p € M, (G), then we write
Iull,, = [w|p| (see [3] for the definition of |u|). Before starting to define multi-
pliers spaces, we will give the following definition and theorems, whose proofs can
be found in [5].
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Definition 2.1. Let T : L? (G) — LY (G) be a bounded linear transformation,
where 1 < p,q < oo. T is said to be a multiplier of (L2, (G), L% (G)) if T commutes
with every translation operator.

Theorem 2.2. Let T : L, (G) — LE (G) be a bounded linear transformation with
p > 1.Then

(i) T € M (L., (G), L% (G)) if and only if there exists a unique function g €
LP (G) such that T =T, : f — g= f, f€ L. (G).
(i) There exists a constant ¢ > 1 dependent only on the weight function w such
that
1Tl o < M9l < clTg

|1,p,w ’

(iti) M (L% (G), L% (G)) and L%, (G) are topologically and algebraically identified
by the mapping of part (i).

Theorem 2.3. Assume that the weight w is continuous. Let T be a bounded linear
operator on Ll (G). Then

(i) T € M (LL(G)) if and only if there exists a unique measure yi such that
T=T,:f—pxf, feL(G).

(i) w(e) | lly = Tl
(iti) M (L% (G)) and M, (G) are topologically and algebraically identified.
The proofs can be found [5].

A characterization of the elements in M (Lfv/ (@),Ly (G)) can be readily ob-

tained by examing the adjoints of these multipliers in the light of the results of the
previous two theorem.

Lemma 2.4. Let G be a noncompact, locally compact Abelian group. Then
(i) If f € L, (G), 1< p<oo, then lim ||+ Lufll,, = 2% [,

(i6) If § € Cour (G). then lim |+ Lofllay = | flla

Proof. Let f be in L2, (G). Then fw? € L, and since C, (G) = LP (G), for all
e > 0, there exists g. € C. (G) such that

€
<

P 2425

wa% — g- (1)

If suppg = K is said, then since K is compact, so is KK ~'. Thus using that
C. (G) is translation invariant, we have Lsg € C.(G) and hence K N K, = &,
where suppLsg = sK = K, for s ¢ KK~!. Indeed if K N K, # &, then there
exists a t € K N K, such that t = k; and t = sky with ki, ks € K. Thus ky = sko
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and hence s = k3 k;l, and we have s € KK ! as a contradiction by choosing of s.
2)

It is again known that
1
lg + Lsgll, = 27 |lgll,

,

for all g € C.(G) [10]. Using that the space L? (G) is translation invariant and

wa% + L (fw%) —g—Lsg

(1), (2), we obtain
1 1
w2 (03], <o+ Zaal| <
1 1
o] <[ (0t -0
P P
= Qwa%—g‘ <2L17
P 24 2%

and for s ¢ KK !, using this last inequality and (2)
‘ ’wa; + L (fw%)H —llg + Lsgll,,
P P

IA

1 S
P

P

fw

1
+[llg + Logll, = 2% ligl,
fwi‘
p

ot . 03] -
p
1 1
2v ||gll, — 27
< 2% _4on
24 2%
< 25 _qor .
2427 2492w
1 and w/ = wl_p/,

+

fwr —g
P

Lemma 2.5. If f € LP (G) and g € qu// (G), where %—i— 4=
3)

||f * g”oo,w/ < ”f”p,w Hng/,w/ :

then

~—

(4

)
oo

Proof. If we show that
1 -
160l < 103 4101 ()7

then one can easily seen (3). Let © € G be abritrary and fixed. Then, for y € G
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we have
1 wl™ /(@)
fro@ul @] = | [ 1e-pud -9 T——gwdy
a wr (z —y)
)w%(aj)

IA
N

Il IN
N Q\
~

=

g

3 =
N—

*

[
=

S

=
N—

N—

QU

<

This satisfies (4). Finally (3) can be easily obtained from (4). O

Theorem 2.6. Let T : LZ;// (G) = L (G) be a bounded linear transformation,

where p > 1, % + 1% =1, w is a Beurling weight function and w/ = w'=?". Then

(a) T : qu// (G) — L (G) if and only if there exists a unique function g €

/
Lt (G) suchthatT:Tg:f%g*f,fELZ/(G), where]%qui/:l and
/

w/ — wlfp s
(b) There exists a constant ¢ > 1 dependent only on the weight function w such
that

1Tl 0w < N9llpw < €Nyl o »

c , an are topologically and algeabrically iden-
M(17,(G), L, (@) and L2, (G logically and algeabrically id
tified by the mapping of part (a).

Proof. 1If g € L? (G) and we set T'f = g * f for each f € LZ// (G), then by using

. /
Lemma 2.2 we obtain ||g * f|l  ,,, < 19/l | f]l,/ /- Therefore T'€ M(L?  (G),
L, (G)) and
1T 00007 < N19lp0 - ()
Conversely suppose T € M (Lﬁ)// (@), L (G)) and denote by T* the adjoint of
T, that is, the continuous linear transformation from L% (G)* to Lk // (G)" =

Lo (G), 4L =1, w/ = w?. Since LL (G) C L% (G)" we can write
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(Tf hy, = (f,T*h), for each f € qu// (G), h € L. (G). Moreover, for each
s € G we have

(f,T*Lsh),, = (Tf Lsh), = (LTfh), = (TL.f,h),
= (Lsf, T"h),, = ([, LT"h),,

where f € L‘z)// (G), h € L (G). Consequently, by Theorem 2.1, there exists a
unique g € LP, (G) such that T*h = g * h for each h € L} (G). An elementary

computation reveals for each f € Li}// (G) and h € L}, (G) that
<Tf7h‘>w = <f’T*h>7_U = <fvg*h>w = <g*f7h>w

Therefore T'f = g = f for each f € qu// (@). On the other hand from the form of
T* and Theorem 2.1, we see that

I9llp . < I 0 < 1Tl

pw —

w/ 00 CHTHp/,oo,w/ )

where ||T*||, ,, denotes the norm of T* restricted to Ly, (G). Thus

”g”p,w S ¢ ||THp/1oo,w/ : (6>

This combined with (5) and (6) completes the proof. of Theorem?2.3. O

2.2 Multipliers of (L. (G)N L2 (G), L. (G)).

Note that Ll (G) N LP (G) is a Banach space with the norm Al =
[l + I-ll,,..o [8]. Now we denote by M (LL(G)N L2 (G), L, (G)) the space of
all multipliers from Ll (G)NLP (G) to L. (G) and ||T|| the operator norm of each
M (L, (G)NLE (G), L, (G)). If i € My (G), then we define [|ull, = [, w]ul,
and if w = 1, then we use the symbol ||u|| = [, |ul.

The following theorem is a generalized version of the Theorem 3.5.1 in [8].

Theorem 2.7. Let G be a noncompact locally compact Abelian group, 1 < p < oo,
w is continuous at the unit e of G and w(e) = 1. If T : L} (G)NLE (G) — L} (G)
is a continuous linear transformation, then the following are equivalent:

(i) T € M (L, (G)NLE (G),LL (G)),

(i) There exists a unique measure p € My, (G) such that Tf = p* f for each
feLy(G)NLE(G).

Moreover the correspondece between T and p defines an isometric algebra isomor-
phism of M (LY, (G) N LE (G), L%, (G)) onto My, (G).
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Proof. If p € My, (G) and Tf = p* f for each f € L (G) N LP (G), then

1Tl = ||u*f||1,w/G'/Gf(t5)u(S)ds

w(t) dt

< [(Lue-snmeiis) v
< [([1r @)
< [([ror@i)us i
< 1l il < 17T il -

Thus T € M (L, (G) N L%, (G) , Ly, (G)) and ||| < [|u]],,-
Conversely, suppose that T' € M (L% (G) N LE (G), L, (G)). Then for each
f € L4 (G) N I (G) we have [Tl < IT] (Ifll, + 1/, )- Combining this

estimate with Lemma 2.1 (i), we deduce that
20Ty, = Jim |TF+LTfly, = lm [T (f+Laf)ll,
Jim (|7 (1 + Loflly o+ 15 + Lofl0)
1
= T (2050 + 27 110

for each f € LL (G)N LP (G). Thus

IN

17 < DT (17 + 257 0 ) S € L (G) N L2 (G).

Repeating this process n times, we see that
1
17 < WTU (11 +2° G 1) -

Since p > 1 we have lim2"(%_1) = 0, and so we conclude that

T F 1y < NTUAF M-

Hence T is continuous on LY, (G)NLP (G), considered as a subspace of L}, (G).
Thus T defines a continuous linear transformation from L. (G) N LE (G) as a
subspace of L. (@) to Ll (G) which commutes with translation. Since L. (G) N
LP (G) is dense in L}, (G), T determines a unique element 7/ of M (L. (G)) and
|7/]| < |Tl. By Theorem 2.2 in [5], there exists a unique a element pu € M, (G)
such that T/f = px f for each f € L} (G) and |pul, = HT/H Consequently
Tf=uxfforeach f € L. (G)NLE (G) and ||pl,, < ||T||. Hence (i) and (ii) are
equivalent. It is evident that the correspondence between T' and p defines isometric
algebra isomorphism from M (LY, (G) N L%, (G), L, (G)) onto M, (G). O
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The spaces M (L%, (G), LY (GQ)) are Banach spaces of continuous linear trans-
formations from L2, (G) to L% (G). The norm of an element T'€ M (L2, (G), LY, (G))
will be denoted by |[T'[|, , - Our first result shows that certain of these spaces
may be identified with each other.

Theorem 2.8. Let G be a locally compact Abelian group and suppose that 1 < p <
o0, 1 < qg< o0, %—I—p%:l, %—Fq%:l, that w is a weight function on G, w/ =

w'=P". Then there exists an isometric linear isomorphism of M (L (G), L% (Q))
onto M (ng/ @), 17, (G)).

Proof. Let T € M (L2 (G),L% (G)). If 1 < p,q < oo, then we define T* :

/ /

L? (G) — L”  (G) to be the operator adjoint to T, that is, the linear opera-
w w

tor determined by the equation

(fT9), = (T, (FE15(G).9€ LY, (G)).

Clearly T* is continuous. Morever, T*L, = L,/T* for each s € G, since as
usual we have for f € L? (G) and g € LZ)// (G) that

<f7T*Lsg>w = <Tf, Lsg>w = <L3vag>w = (TLsf,g>w
= (Lsf,T79),, = (. LsT"g),, -

o plw The reflexivity of

Thus T* € M (L%, (G), L, (G)) and [T, ., = IT"]
L2 (G) and LY (G) shows immediately that the mapping T" — T is surjective.
Hence this mapping defines an isometric linear isomorphism from M (L2 (G),L% (G))

onto M (LZ}// (G) ,qu// (G)), when 1 < p,q < oo. O

The assertion of the theorem for the cases p=1,1 < g< oc and 1 < ¢ < o0,
q = 00, follows immediately from Theorem 2.1 and Theorem 2.3.
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