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1 Introduction

Let E be a real Banach space, C' a nonempty subset of £ and ¢ : RT =
[0,00) — R be a continuous strictly increasing function such that ¢(0) = 0 and
limy_, o0 ¢(t) = co. We associate a ¢-normalized duality mapping Jy : E — 2F" to
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the function ¢ defined by
Jo(x) ={f" € E* : (x, f*) = [[zl|o(|]x[]) and [f*[| = (=]}, (1.1)

where E* denotes the dual space of E and (.,.) denotes the duality pairing.
We shall denote a single-valued duality mapping by j,. If ¢(t) = t, then J,; reduces
to the usual duality mapping .J.

The following relationship exists between Jy and J, which was shown in [2].

Jo(x) = ¢(|||L““|"|D J(z) Yz #0. (1.2)

The concepts of nearly Lipschitzian mappings, nearly contraction mappings,
nearly nonexpansive mappings, nearly asymptotically nonerpansive mappings, near-
ly uniformly k-Lipschitzian mappings and nearly uniform k-contraction mappings
were introduced by Sahu [I] in 2005. Our interest in this paper is to develop
asymptotic fixed point theory for the class of ¢-nearly Lipschitzian mappings in
Banach spaces. It is shown in this study that Banach contraction mapping prin-
ciple 3] can be improved for demicontinuous ¢-nearly contraction mappings in
Banach spaces. It is also shown that the continuity of nonexpansive mappings
from the results of Browder [4] and Kirk [5] can be weakened to demicontinu-
ity for ¢-nearly nonexpansive mappings in uniformly convex Banach spaces. The
results of this paper generalize the results of Sahu [1] and the references therein.

Definition 1.1. Let C be a nonempty subset of a Banach space F and fix a
sequence {a,} in [0, 00) with a,, — 0. A mapping T : C — C will be called nearly
Lipschitzian with respect to {a,} if for each n € N, there exists a constant k,, > 0
such that

[Tz = T"y| < kn(llz —yll + an) ¥V z,y € C. (1.3)

The infimum of constants k,, for which (1.3) holds will be denoted by n(T™) and
called nearly Lipschitz constant. Notice that

[T"x —T"y||

rz,y e Chx . 14
o=yl +an oY ”} 4

n(T") = sup {

A nearly Lipschitzian mapping T with sequence {(a,,n(T™))} is said to be

(i) nearly contraction if n(T™) < 1 for all n € N,

(ii) nearly nonexpansive if n(T™) <1 for all n € N,

(iii) nearly asymptotically nonexpansive if n(T™) > 1 for all n € N and

limy, oo n(T™) < 1,
(iv) nearly uniformly k-Lipschitzian if n(T™)
(v) nearly uniformly k-contraction if n(T™) <

<k forallneN,
k<1 forallneN.

Sahu [1] provided the following example of a map which is nearly nonexpansive
but not continuous and non-Lipschitzian.
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Example 1.2. [1] Let E =R, C =[0,1] and T : C — C be a mapping defined by

3 if z€]0,4]
Tr =

0 if ze(3,1]

Definition 1.3. [2] Let T : C(T) C E — E be a mapping with domain C(T),
¢ : RT = [0,00) — RT be a continuous strictly increasing function such that
#(0) = 0 and lim;, o ¢(t) = oo and F(T) := {z € C(T) : Tx = z} be the
nonempty set of fixed points of T. T is said to be ¢-uniformly L-Lipschitzian if
there exists L > 0 such that for all z,y € C(T)

[Tz =Tyl < L.-¢(|lz - yl))- (1.5)

Inspired by the facts above, we now introduce the following classes of nonlinear
mappings.

Definition 1.4. Let C be a nonempty subset of a Banach space E, ¢ : RT =
[0,00) — RT be a continuous strictly increasing function such that ¢(0) = 0,
lim; 00 ¢(t) = oo and fix a sequence {a,} in [0,00) with a, — 0. A mapping
T :C — C will be called ¢-nearly Lipschitzian with respect to {a,} if for each
n € N, there exists a constant k,, > 0 such that

|72 T < k-l -yl +an) ¥V 2,y € C. (L6)

The infimum of constants k,, for which (1.6) holds will be denoted by n(7T™) and
called ¢-nearly Lipschitz constant. Notice that

T =TT
2(T™) = sup { ¢” yll

(|x_y|+an):x,y60,x7éy}. (1.7)

A ¢-nearly Lipschitzian mapping T with sequence {(a,,n(T™))} is said to be
(i) ¢p-nearly contraction if n(T™) < 1 for all n € N,
(ii) ¢-nearly nonexpansive if n(T™) <1 for all n € N,
(iii) ¢-nearly asymptotically nonexpansive if n(T™) > 1 for all n € N and
lim,, o0 n(T™) < 1,
(iv) ¢-nearly uniformly k-Lipschitzian if n(T™) < k for all n € N,
(v) ¢-nearly uniformly k-contraction if n(T™) < k < 1 for all n € N.

Observe that if ¢ is identity in Definition then we obtain the concepts
introduced by Sahu [1] (see Definition [1.1{ above).
The following definition will be needed in this study.

Definition 1.5. [1] Let C' be a nonempty subset of a Banach space F and T :
C' — C a mapping. T is said to be demicontinuous if whenever a sequence {x,}
in C' converges strongly to « € C, then {Tx,} converges weakly to Tx.



144 Thai J. Math. 17 (2019)/ G. A. Okeke and J. O. Olaleru

Let C be a nonempty closed convex subset of a uniformly convex Banach space
E, {z,} a bounded sequence in E and r : C' — [0,00) a functional defined by

r(z) = limsup ||z, — z|, x€C. (1.8)
n—oo
The infimum of r(.) over C is called asymptotic radius of {z,} with respect to C
and is denoted by r(C,{z,}). A point z € C' is said to be an asymptotic centre of
the sequence {z,} with respect to C' if

r(z) = inf{r(z) : z € C}. (1.9)

The set of all asymptotic centres is denoted by A(C, {zn}).

It is known that every bounded sequence {z,} in a uniformly convex Banach
space ¥ has a unique asymptotic centre with respect to any closed convex subset
C of FE (see, for example [1]), i.e.,

A(C, {zn}) = {2}

and
limsup ||z, — z|| < limsup ||z, — x| Vz # =.

A convex subset C of a Banach space F is said to have the approximate fized
point property (AFPP) for a nonexpansive mapping 7' : C — C if

inf{||lz —Tz|:z € C} =0, (1.10)

i.e., there exists a sequence {z,} in C such that lim,_, ||z, — Tx,|| = 0. Such a
sequence {z,} is called approzimate fized point sequence of T.

It is well known that every closed convex bounded subset C of E has approx-
imating fixed point property (AFPP) for nonexpansive mappings (see Sahu [1]).

Recently, Olaleru and Okeke [6] introduced the classes of asymptotically demi-
contractive mappings in the intermediate sense and asymptotically hemicontrac-
tive mappings in the intermediate sense. We established some fixed point results
for these classes of nonlinear mappings. Qin et al. [7] obtained interesting fixed
point results for the class of asymptotically pseudocontractive mappings in the
intermediate sense. It is our purpose in this study to prove some existence results
for the classes of nonlinear mappings introduced in this study.

The following lemmas will be needed in this study.

Lemma 1.6. [§] Let C be a nonempty closed convex subset of a uniformly convex
Banach space E, {x,} a bounded sequence in E and A(C,{x,}) = {z}. Then we
have

{yn}t € C and r(ym) = r(C,{zn}) as m = 00) = (Yym — 2z as m — 0).

Lemma 1.7. [1] Let C be a nonempty subset of a Banach space and letT : C — C
be demicontinuous. Suppose that T"u — x* as n — oo for some u,x* € C. Then

*

x* is an element of F(T).
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We hereby give an example of some of the nonlinear mappings introduced in
this study.

Example 1.8. Let X =R, C =[0,1] and T': C' — C be a mapping defined by

if z€l0,3]

0 if ze(3,1].

Define ¢ : [0,00) — [0,00) by ¢(t) = l%rt Clearly, ¢ is strictly increasing and
#(0) = 0. Observe that T is not continuous and non-Lipschitzian. We now show
that T is ¢-nearly nonexpansive, with sequence {a,} = 2% — 0 as n — oo, we
have for each z,y € C,

[Tz =Tyl < [lz =yl + an

and for each z,y € C and n € [2,00), we obtain

1 1 1
|77 =Ty < 5 jf"i +a, < f’;i +an < o[l -yl + an).
2n 2"

Hence, T is ¢-nearly nonexpansive.

2 Main Results

We shall adopt the method of proof of Sahu [1]. The following lemma will be
needed in our main results.

Lemma 2.1. Let C' be a nonempty closed conver subset of a uniformly convex
Banach space E and T : C' — C a demicontinuous ¢-nearly Lipschitzian mapping
with sequence {(an,n(T™))} such that lim, oo n(T™) < 1. If {y,} is a bounded
sequence in C' such that

lim 00 (00 [y = T™yull) = 0 and A(C, {yn}) = {2"},
then x* is a fized point of T.
Proof. Define a sequence {z,} in C' by
T =T"z*, meN. (2.1)
Using (1.6), we have that for each m,n € N,

lZm =yl < [T = T™yul| + [T yn — ynl|
< nT™).o(llz* = yull + am) + [T yn — yal|- (2.2)

We define a functional r : C — RT by

r(y) = limsup |ly, —yl, yeC. (2.3)

n— oo
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Using (2.2), we obtain

r(zm) = limsup, . [|yn — Tnml|
limsup,, o |n — T yn + Ty, — Tz

< limsup, o [[T"yn — T || + limsup,, o [|yn — Ty
< p(T™).o(r(@") + am) + limsup, oo [[yn — T yn |
— o(r(z*)) as m — oo, (2.4)
since ¢ is a strictly increasing function with ¢(0) = 0. Using Lemma we have
Tmz* — z*. From Lemma we conclude that «* € F(T). O

2.1 The Concept of ¢-Nearly Contraction Mappings for
Existence of Fixed Points

In this subsection, we obtain existence and uniqueness of fixed points of demi-
continuous ¢-nearly Lipschitzian mappings in a general Banach space.

Theorem 2.2. Let C' be a nonempty closed subset of a Banach space E and let
T :C — C be a demicontinuous ¢-nearly Lipschitzian mapping with sequence
{(an,n(T™)}. Suppose noo(T) = limsup, . [n(T™)]= < 1. Then we have the
following:

(a) T has a unique fized point x* € C;

(b) for each x¢ € C, the sequence {T"xo} converges strongly to x*;

(c) [Tz — z*|| < ¢(||xo — Txol| + M) Y oo, n(T?) for all n € N, where

M = sup,,cy Gn.-

Proof. (a) Fix xp € C and let z, = T"zy, n € N. We set d,, := ||zp, — Tny1]|.
Hence, from (1.6) we obtain

dp = | Tz — T ol < (T™).0(||zo — Txol| + an)- (2.5)

From (2.5), we have
Z < ¢(do + M) Z (™), (2.6)

for M > 0, since lim,, ,, a, = 0 and ¢ is a strictly increasing function with
¢(0) = 0. Using the Root Test for convergence of series, if 15 (T) =
limsup,,_, . [n(T™)]# < 1, then we have Zn 1 (T™) < oo. It follows that

>0 dn < 00 and so we see that {z,,} is a Cauchy sequence. Thus, lim,_,
exists (say «* € C). Using Lemma we have that x* is a fixed point of T. Next,
we prove the uniqueness of z*. Let w be another fixed point of T" such that z* # w.
Then we have

2 [ —w
Yoo T2 = T
2 n(T)6([|2" — wl| + an)
A" — wl| + M) 37, n(T™)
00, (2.7

o

A AN IA I
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a contradiction. Hence, T has a unique fixed point z* € C.
(b) It follows easily from (a).
(c) For each m € N, we obtain

[0 = Zniml [T — T |

< STl — T
< X2 a9z - Taol| + a)
< Ollzo — Taol| + M) 75" (1), (28)

Letting m — oo, (2.8) gives

20 — 2*[| < &(|lwg — Tao]| + M) D n(T*). (2.9)
Hence, the proof of Theorem is completed. O

Remark 2.3. Theoremis a generalization of Banach contraction principle [3].
It includes Theorem 3.1 of Sahu [1] as a special case.

Theorem 2.4. Let C' be a nonempty closed subset of a Banach space andT : C —
C a ¢-nearly contraction map with sequence {(an,n(T™))} such that

. an,
lim

— = 0.
n—00 n(T”)fl —1

Then F(T) has at most one element.
Proof. Suppose that x and y are two distinct elements of F'(T'). Then

o = yll = T = Tl| < 0(T™).8(% -yl + an). (2.10)
Since ¢ is a strictly increasing function, then from (2.10) we obtain

Qn

Hence, T has at most one fixed point. O

Corollary 2.5. Let C be a nonempty closed subset of a Banach space and T :
C — C a ¢-nearly uniform k-contraction. Then F(T') has at most one element.

Proposition 2.6. If T : C — C is a ¢p-nearly contraction mapping with sequence
{(an,n(T™))}, then

1T — Tyl < max{gb(”x -y, %} forallz,y € C" andn € N.



148 Thai J. Math. 17 (2019)/ G. A. Okeke and J. O. Olaleru

Proof. Observe that

n o(an)
n(T").o(llx =yl +an) < d(llz —yll) = o(lz—yl) = -1 =1 (2.12)
If ¢l — y])) > -5, then
P(an)
Tz — Tyl < n(TT). — n) < ————. 2.1
[T yl <n(T")-o(lz — yll + an) < DT =1 (2.13)
Since ¢ is a strictly increasing function, then Proposition follows. O

The following results show that Banach spaces have AF PP for the class of
¢-nearly contraction mappings.

Theorem 2.7. Let C be a nonempty closed convex bounded subset of a Ba-
nach space E and T : C — C a ¢-nearly contraction mapping with sequence

{(an,n(T™))} such that lim, 0 W = 0. Then

le (inf{]|lz — T"z| : 2 € C}) =0,

i.e., there exists a sequence {x,,} in C such that

e i om = T7m ) =0

Proof. Suppose that {t,} is a sequence in (0, 1) such that lim, o t, = 1. We have
that for each n € N and some u € C, define

Tor=(1—-ty)u+t,T"z, xe€C. (2.14)
Clearly,

than
||Tnx—Tny||<tnT“x—T"y||<max{tn.¢<||x ). ()_1} (2.15)

for all z,y € C' and n € N. Hence,

ITew =Tyl < max {ta|TE e = Tityll, srptesin— |
< max (7 — gl + an), st )
< max<t, max{t |TE22 — T~ 2y||7n(Tn)"1 1} (Ttﬁ)al’i,l}
= max HTe 21:—T£ Qy\\,%
< max {2 9(z — yl| + an), st
< max{th.(lle - yll + an), s |- (2.16)
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Since ¢ is a strictly increasing function, C' is bounded and limy_ ., 5 = 0 for each
n,f €N,

tha tha
L 041 l . ntn nln

T,z — T, x| < max {tn.¢(dzam C), )T = 1} — DT T =1 (2.17)

as ¢ — oo. From (2.17), we obtain
. ) tnan

Hence, using (2.14) we have

o =T el < £t o = Towl| + 51 (1 = tn) |2 — ul]

<ty e = Tzl + 6,1 (1 — tn).¢(diam(C)). (2.19)

From (2.19), we obtain

inf {|}z — T"z| :z € C} < 77(1“?7:—1 F (1 = t).0(diam(C)).  (2.20)
Hence, the proof of Theorem is completed. O

Next, we obtain a more general result by establishing the fact that every
demicontinuous ¢-nearly Lipschitzian mapping with sequence {(a,,n(T™))} such
that lim, . 7(T™) < 1 has a fixed point in a uniformly convex Banach space.

Theorem 2.8. Let C be a nonempty closed convex subset of a uniformly convex
Banach space E and T : C — C a demicontinuous ¢-nearly Lipschitzian map-
ping with sequence {(an, n(T™))} such that lim,_, . n(T™) < 1. Then the following
statements are equivalent:
(a) T has a fized point;
(b) there exists a bounded sequence {T™xy} in C;
(c) there ezists a bounded sequence {y,} in C such that
lim (lim |y — T™ynl|) = 0.
m—o0 nN—oo
Proof. 1t is easy to show that (a) = (b) since T"x¢ = x¢ for each n € N and
(a) = (c) since

= 0 for each neN.

We now show that
(b) = (a). Suppose that the sequence {T"zo} is bounded and A(C,{T"x¢}) =
{z}. Since, for n > m > 1

[T"xo = T™ 2| < n(T™)-¢(|T" " x0 — 2] + am), (2.21)
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From (2.21), we obtain

limsup ||[T"zg — T™z|| < n(T™).¢(limsup | T"zg — z|| + am)- (2.22)
n— oo

n—oo

Therefore, r(T™z) — r(C,{T"x0}) as m — oo. Using Lemma we obtain
Tz — z as m — oo. It follows from Lemma [[.2] that z is a fixed point of T,
meaning that (b) = (a).
(¢c) = (a). Let {y,} be a bounded sequence in C such that

lim (lim |y — T™ynll) = 0.

m—o00 N—roo

The result follows from Lemma 211 O

We now combine Theorems 2.7] and B8 and establish that the condition
W — 0 also guarantees the existence of fixed points of ¢-nearly contraction
mappings in uniformly convex Banach spaces.

Theorem 2.9. Let C' be a nonempty closed convex bounded subset of a uniformly
conver Banach space E and T : C — C a demicontinuous ¢-nearly contraction
mapping with sequence {(a,,n(T™))} such that lim, sornyer— = 0. Then T
has a unique fized point.

Proof. Using Theorem it follows that there exists a sequence {y,} in C' such
that lim,, — s (limy— 00 || —T™yn||) = 0. The result follows from Theorem[2.8] O

The following corollary is a generalization of the results of Goebel and Kirk [9].

Corollary 2.10. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E and T : C — C a demicontinuous ¢-nearly asymptotically nonex-
pansive mapping. If there is a point xg € C such that {T™xzo} is bounded, then T
has a fixed point in C.

Remark 2.11. Theorems[2.4] 2.8 and 2:9]includes Theorems 3.4, 3.7, 3.8 and
3.9 of Sahu [1] as special cases.

2.2 Structure of Set of Fixed Points of Demicontinuous ¢-
Nearly Lipschitzian Mappings

Theorem 2.12. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E and T : C' — C a demicontinuous ¢-nearly Lipschitzian mapping
with sequence {(an,n(T™))} such that lim, oo n(T™) = 1. Then F(T) is closed
and convez.

Proof. Closedness of F(T): Let {z,} be a sequence in F(T) such that z, — z.
We are to show that z € F(T'). Observe that

|20 = T2 = [Tz — T"2)l < (T B2 — 2l +@n)s  (2:23)
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from (2.23), we obtain

limsup ||z, — T"z|| = 0. (2.24)
n—oo
Since ¢ is a strictly increasing function and
o(llz = T"2]) < ¢(llz — znll) + (llzn — T"z[)), (2.25)
we obtain
limsup ||z — T"z|| = 0. (2.26)
n—oo

Using Lemma[1.7} we obtain 2z € F(T'), meaning that F(T) is closed.

Convezity of F(T): Let z,y € F(T) such that  # y. Let z = 3(z +y). Then
we obtain

mn mn mn mn mn 1
17"z = 2| = 1Tz = T"z|| < n(T")-¢(|l2 = 2] + an) < 0(T")-0(5 |2 = yll + an).
(2.27)
and

mn n 1
17"z =yl < n(T").-o(5 e — yll + an). (2.28)
Hence,
Iz =2 = 3Tz - 2) + (@2 - y)
n Lijp — _ o(lz—yl)
n(Tm).o(zllz =yl + an) {1 0 (n(T").tb(%Hw*yHJran))}

for every n € N, where § is modulus of convexity of E. It follows that

IN

lim ||T"z — z|| =0,
n—oo
hence z € F(T) using Lemma O

Corollary 2.13. Let C be a nonempty closed convex subset of a uniformly convex
Banach space E and T : C' — C' a demicontinuous ¢-nearly contraction mapping
with sequence {(an,n(T™))}. Then F(T) is closed and convex.

Corollary 2.14. Let C' be a nonempty closed convex subset of a uniformly con-
vex Banach space E and T : C — C a demicontinuous ¢-nearly asymptotically
nonexpansive mapping. Then F(T) is closed and convex.

A subset F' C C is said to be a I-local retract of C' [10] if every family {B; :
i € I} of closed balls centered at points of F' has the property:

<ﬂB,~> NC+#) = <ﬂBi> NF 0.
el el
It is easy to see that a 1-local retract of a convex set is metrically convex and
1-local retract of a closed set must itself be closed.

The next result shows that the fixed point set of a ¢-nearly Lipschitzian map-
ping is a 1-local retract of its domain.
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Theorem 2.15. Let C' be a nonempty closed convex subset of a Banach space F
and T : C — C a ¢-nearly Lipschitzian mapping with sequence {(a,,n(T™))} such
that limsup,, , o n(T™) < 1. Suppose that each closed conver subset D of C has
the fixed point property for T. Then F(T) is a (nonempty) 1-local retract of C.

Proof. By assumption F'(T) # 0. Let {B(z;,7;) : ¢ € I} be a family of closed balls
centered at points z; € F(T'). Suppose

So = (ﬂ B(xi,ri)> NC # 0, r({T"z},z;) = limsup |[T"z — ||, z € C (2.29)
n—oo

el

and

S1={xeC:r({T"x},x;) <}
Let = € Sy; then we obtain

r({T"z}, z;)

lim SUP;, 00 ”Tnx - ‘T’L”
lim SUPy, 00 ||Tmaj - TnajZH

< limsup, oo (T¢I — 2] + an)
< o(lz— i)
< P(ry). (2.30)

It follows that = € Sy, i.e., So C Sy # 0.
Let z,y € Sy such that z = (1 — ¢)x + ty, t € [0,1]. We obtain

r({T"z},z;) < limsup,,_, o |77z — x|
< lz =l
< (A=)l — x| 4ty — 2]
< (2.31)

hence z € S7. So we obtain that S; is convex.
Now let {ym,} be a sequence in S; such that y,, — y as m — oo. We claim
that y € S1. So we have

r({T"ym},zi) <r; ¥ i€l

Hence for each m € N,

limsup,, o [|T"y —zf| < limsup, o |T"y = T"ym||
+ lim SUPy, 00 HTnym - xl”
< limsup,_, o n(T").0(|y — ym| + an) +7i
< Sy = yml) +m:
< (2.32)

as m — oo, it follows that y € S;. Hence S7 is a nonempty closed and convex
subset of C. Moreover, T is self-mapping on S;. Hence S; N F(T') is nonempty by
assumption. Suppose that p is an element of S; N F(T). Then, we obtain

r({T"p}, ai}) = r({p}, @) = [lp — @l < o(r),
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this implies that
SlﬂF(T) - SoﬁF(T)

We observe that So N F(T) € S; N F(T) since Sy C S;1. Hence, So N F(T)
S1NFE(T) # 0.

o

3 Numerical Example

In this section, we give numerical example to illustrate our results.
Example 3.1. Let X =R, C =1[0,1] and T : C — C be a mapping defined by

L if 2z €]0,3]
Tr = (3.1)
0 if ze(3,1]

It was shown in [1] that T is nearly nonexpansive.
Let D be a nonempty convex subset of a Banach space. Let T': D — D be a
mapping, the Mann iteration scheme, is defined by

xg €D
(3.2)
Tny1 = (1 — ap)xyn + Ty
where a;, € [0,1], n > 0. Choose a;, =1 — #, we obtain
T 1 1
Tp+1 = ﬁ - ﬁ + 5 (33)

Hence, it converges to p = %, which is the unique fixed point of 7.
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