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Abstract : In this paper, we construct an iterative scheme with errors involving
I-asymptotically quasi-nonexpansive mappings and show that the iterative scheme
converges strongly to a common fixed point of I-asymptotically quasi-nonexpansive
mappings in a uniformly convex Banach space under some appropriate conditions.
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1 Introduction.

Throughout this paper, we denote the set of all fixed points of a mapping T’
by F(T), T° = E, where E denotes the mapping E : C — C defined by Ex = x,
respectively.

Let C be a nonempty subset of a real normed linear space X. Let T be a
self-mapping of C. T is said to be asymptotically nonexpansive if there exists a
real sequence {\,} C [0,+00), with lim, A, = 0, such that ||[T"z — T"y|| <
(I+ )|z —yl, for all z,y € C. T is called nonexpansive if ||[Tx —Ty| < ||z —yll,
for all x,y € C.

It was proved in [3] that if X is uniformly convex and if C' is bounded closed
convex subset of X, then every asymptotically nonexpansive mapping has a fixed
point.

Let 7,1 : C — C, then T is called I-quasi nonexpansive on C' if ||[Tu — f| <
[ Hu— f|| for all w € C and f € F(T)N F(I). T is called I-asymptotically quasi-
nonexpansive if there exists a sequence {AL.} C [0,00) with limy_ A}, = 0 such
that ||T%u — f|| < (N, +1)[|[I%u— f|| for all w € C and f € F(T)NF(I) and k > 1.

In 2005, Khan and Hafiz [5] introduced the following iterative scheme with
errors for a pair of nonexpansive mappings as follows: for any given x; € C,

Tnt+l = ansyn + bpzy + CnUn,

>1 1.1
Yn alTx, + bz, + ¢ v, =5 (1.1)
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where {a,}, {bn}, {cn}, {a,}, {b}, {c,} are real sequences in [0, 1) with a, + b, +
en=1=al, + b, +c, and {u,}, {v,} are bounded sequences in C.

In 2006, Jeong and Kim [4] generalize the scheme (1.1) for a pair of asymp-
totically nonexpansive mappings.

In the past few decades, many results on fixed points of asymptotically non-
expansive, quasi-nonexpansive and asymptotically quasi-nonexpansive mappings
have been obtained in Banach space and metric spaces (see, e.g., [2,6,7]). Very
recently, Temir and Gul [9] obtained the weakly almost convergence theorems for
IT-asymptotically quasi-nonexpansive mapping in Hilbert space. Tian, Chang and
Huang [10] got the strong convergence for a finite family of non-self asymptotically
quasi-nonexpansive-type mappings in Banach spaces.

Definition 1.1. Let T : C — C be an [-asymptotically quasi-nonexpansive
mapping, I be a asymptotically nonexpansive mapping on C', where C' is nonempty
closed convex subset of a Banach space X. Then Ishikawa iterative scheme with
errors is the sequences of {x,} defined by, for given z¢ € C,

Yn = O/nTnxn + ﬂ;zxn + pY;LﬁUna

>0 1.2
and™yn + By + YnUn, ’ (12)

anrl

where {a, }, {Bn}, {7}, {a, }, {84}, {7} are real sequences in (0,1) with o, + G, +
Y =1=0al + 6, + ), and {u,}, {v,} are bounded sequences in C'.

In this paper, we show that scheme (1.2) converges strongly to a common
fixed point of I—asymptotically quasi-nonexpansive mappings in uniformly convex
Banach spaces ( in section 3) or in Banach spaces ( in section 4).

2 Preliminaries.

Definition 2.1. Let X be a Banach space, C' a nonempty subset of X. Let
T:C — C. Then T is said to be

(1) demiclosed at y if whenever {x,,} C C such that z,, = z € C and Tx,, — y
then Tx = y.

(2) semi-compact if for any bounded sequence {z,} in C such that |z, —
Tz,| — 0 as n — oo, there exists a subsequence {z,, } of {z,} such that {x,, }
converges strongly to some x* in K.

(3) completely continuous if the sequence {z,} in C' converges weakly to xg
implies that {Tx,} converges strongly to T'zg.

(4) uniformly L-Lipschitzian mapping if for arbitrary x,y € C, we have || Tz —
Tyl < L||lx — y||, where n =1,2,--- and L is a positive constant.

We restate the following lemmas which play important roles in our proofs.

Lemma 2.1 [5]. Let {a,}, {Bn}, {7} and {u,} be four nonnegative real se-
quences satisfying a1 < (14+75) (14 pin )on + B, for all n > 1. I Y0 | py, < 00,
S v <ooand Yoo B, < oo, then lim, ooy, exists.
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Lemma 2.2 [1]. Let X be a real uniformly convex Banach space, C' a
nonempty closed convex subset of X. If T'is asymptotically nonexpansive mapping
of C into itself, then ¥ — T is demiclosed at zero.

Lemma 2.3 [8]. Let C be a nonempty closed bounded and convex subset of a
uniformly convex Banach space X. Let 0 < b <1, <c<1,Vn>1, and let {z,}
and {yn} be two sequences in C with limsup,,_, ||z.|| < a, limsup,, ., ||ly.ll < a,
and limy, oo |[lnzn + (1 — 1) yn|| = a, where @ > 0. Then lim, o ||z, — yn| = 0.

3 Strong convergence for [-asymptotically quasi-
nonexpansive mappings in uniformly convex Ba-
nach spaces

Lemma 3.1. Let C' be a nonempty closed convex subset of uniformly convex
Banach space X. Let T': C — C be an [-asymptotically quasi-nonexpansive
mapping with sequence {l,,} C [1,00) such that > > (I, — 1) < oo, I be an
asymptotically nonexpansive mapping on C' with sequence {k,} C [1,00) such
that 7, (k, — 1) < co. Suppose the sequence {z,} is generated by (1.2), where
S Y <00, Yo e <oo. If Fy = F(T)NF(I)#0, then lim, oo ||zn — z*|
exists for any x* € Fj.

Proof. Since {uy},{v,} are bounded sequences in C, there exists M > 0
such that [|u, — a*|| < M, |jv, —2*|| < M, for all n € N and z* € F;. Setting
kn =1+47rn, l,=1+s,. Since > = (k,—1) < o00,> 2 (I, — 1) < o0, so
Yoo T <00, 0o 8y, < 00. For any * € Fy, we have

[#n41 =" = [lond"yn + Ba@n + Tntn — 27|
< [ My — 2| + (1= o — o) lln — 27| + ynllun — 27|
< an(l+ra)llyn — 2% + (1 — an — )20 — 2| + 7 M
< an(l+rp)lan (T"an —27) + (1 — a5, — ) (@0 — 27) + 75, (v — 27)|
+(1 = an = yo)llzn — 2| + M
< @y (T4+7) (1 + sp) M an — 2| + an (1 +7,) (1 = af, — ) (20 —
Y (n = )|+ (1 = — ) l2n — 2" + 1M
< ana;(1+sn)(1+rn)2”$n — || + any, (1 + 1) M
Fan(l—ap, =)L +r)llen — 27| + (1 — an — )|z — 2% + 7 M
< anan, (T4 s0) (L4 70)? [ — 2] + an(l = ap) (1 +7)2 (1 + s5) |20 — 27|

+04n7;z(1 +ra)M + (1= ap)(1+ rn)2(1 +so)llzn — 2| + M
< ()2 (1 sn)lon — 2%+ (1 + r)anyy, M + v, M.

Since >y, < 00, Yol < 00, thus it follows from Lemma 2.1 that lim,, .o ||z, —
2*|| exists. This completes the proof.

Lemma 3.2. Let X be a uniformly convex Banach space and C' be a nonempty
bounded closed convex subset of X. Let T, I,{z,} be same as Lemma 3.1, where
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a<a, <b a<al, <bforall n >0 and some a,b € (0,1). If T is an uniformly
L-Lipschizian mapping and Fy # 0, then lim, o [Ty — @p| = limy—oo [ T2 —
xn|| = 0.

Proof. By Lemma 3.1, for any * € Fy, lim,_ ||z, — 2*|| exists. Assume
lim, oo ||Zn, — ™| = ¢ > 0. Since

[0, T + Y (v — @) + (L= 0 )y — 2|
A [T — ™| + ypllvn — 2™l + (1 = af, = ) [lzn — 27|

(L sn) [T 2n — 27| 4+ pllon — 2™l + (1 = o5, = ) [lon — 27

[yn — 27|

(AN VAN VAN VAR VAN

(1 +80) (A + 1) |2y — 2| + ’Y;LM'
Taking limsup on both sides in above inequality, we obtain

limsup ||y, —z*|| < c. (3.1)

n—oo

Since [[I"yn — 2" + yn(un — %) < (1 + rp)llyn — 2" + M. By (3.1), we
have limsup,,_, oo [I"Yn — * + Y (U, — )| < c. And ||z, — 2™ + Y (up, — %) || <
|xn — 2*|| + v M, which implies lim sup,,_, . |, — 2* + v (uy, — 2*)|| < c. Further,
limp—ool|Tn+1 — *|| = ¢ means that

nh—{go Han(Inyn — "+ Y (up —2%)) + (1 - O‘n)(xn — 2" + Y (up — 27))|| = c

It follows from Lemma 2.3 that

lim ||I"y, — x,|| = 0. (3.2)
Next,
len — 2% < lwn = Iyl + [ T"yn — 27|
< len = Mynll + (U4 ) llyn — 27|

gives that ¢ = lim,, .o ||y, — 2*|| < liminf, o ||yn —2*||. By (3.1) limy, oo ||yn —
z*|| = e

Since | Ty, — * + ), (vn, — )| < (14 sp)(1 + mp)||zn — 2*|| + 7, M and
lzn — 2 + v, (vn — )| < |lzn — =*)| + v, M, we have limsup,,_, |7z, —
¥ + 4L (vp — 2%)|| < ¢ and limsup,, o ||Tn — 2* + 7, (v — 2*)|| < c. Further,
limp—o0l|yn — 2*|] = ¢ means that

lim ||O‘;z(Tn$n -z + 'Y;L(Un —x"))+ (1 - O‘;L)(xn -z + 'Y;L(Un —x"))|l=c

n—oo

By Lemma 2.3, we have

limp—oo||T"xpn — zp|| = 0. (3.3)

a;z(l +s0)(L+ 1) |lzn — 2| + (1 - 0‘;; - 'V;L)”mn — 2" +77Iz||vn -z
ap (14 s2) (1 +rp)llzn — 2" + (1= ap) (1 + 5,)(1+7rp) [0 — 2| + 5 v — 20|
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Also,
" 2n — 2l < {20 — I"Yull + [Ty — 20|

< (L+rn)len =yl + 1 "yn — 2nl

= ()@ (@0 — T™2) + A& — vn) + Yp(n — )
I yn — 2l

< oLt r)llen = T 2n | + 90 (L + )2 — val|
YL+ ra)llzn = 2% + [ I"yn — 20|

< O‘/n(l o)l — T || + ’Y’:L(]‘ + 1) M

ALt r)llzn — 27| + 11"y — znl|.
Taking limsup on both sides in the above inequality, we have

limsup || ["z,, — x| <O0.

That is
lim ||[I"z, — z,| = 0. (3.4)
In addition,
[ Zns1 — xn” = Ho‘nlnyn + (1 = an = Yn)Tn + Ynlin — xn”

lon(I"yn — o0) + Yn(un — %) + Y0 (2™ — 25)||
anl[I"yn — xp | + Yo (2™ — 20| + 7 M,
thus it follows from (3.2) that

IA

limp—oo||Tnt1 — zn]| = 0. (3.5)
Hence,
[Tzn —anll < |T"2n — 2ol + | T"2 — T2y
< T"2n — za|| JrL||T7kl$n — Zy|
< T ey — x|l + LIT" iy — T ||

LT 2y 1 — 2|
1T"xn — x| + L2||xn — ZTn—1]|
+L||Tn71xn_1 — Tyl + Lljzp-1 — znll,
By (3.3) and (3.5), we have
limp—ool| Ty — xn|| = 0. (3.6)

IN

On the other hand,

" 2n — xp || + [T 20 — Tz

"2y — x| + k1||1"711‘n — |

"z, — x| + k1||I"_1xn — I"_lmn_1|| + k‘lHI"_la:n_l — 2|
11" 2n — || + krkn_1l|2n — Zn_1|| + k[T eny — 2|

+k1l|zn—1 — zall,

[{zn — zn]

VAN VAN VAR VAN
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by (3.4) and (3.5), we have
limp ool L2y, — x| = 0. (3.7)

This completes the proof.

Theorem 3.3. Let X be a uniformly convex Banach space and C, T\, I, {z,}
be same as in Lemma 3.2. If [ is a semi-compact mapping and F; # (), then {z,}
converges strongly to a common fixed point of 7" and 1.

Proof. Since I is semi-compact mapping, {z, } is bounded and lim,, o ||2n—
Iz,|| = 0, then there exists a subsequence {z,, } of {z,} such that {x,,} converges
to x*. It follows from Lemma 2.2, 2* € F(I). In addition, since T is an uniformly
L-Lipschizian mapping and lim, ||y — Tzy|| = 0. So ||z* — Tz*|| = 0. This
implies that 2* € F(I) N F(T). Since the subsequence {z,,} of {x,} such that
{xn,} converges strongly to z* and lim, oo ||zn, — 2*| exists, then {z,} converges
strongly to the common fixed point * € Fj. The proof is completed.

Theorem 3.4. Let X be a uniformly convex Banach space and C, T, I, {x,,}
be same as in Lemma 3.2. If I is completely continuous mapping and F} # (), then
{z,} converges strongly to a common fixed point of T" and I.

Proof. By Lemma 3.1, {z,} is bounded. Since lim, .oo||Tn — Iz,|| =
limp—ool|Tn — Tay|| = 0, then {Tx,} and {Iz,} are bounded. Since I is com-
pletely continuous, that exists subsequence {Ix,,} of {Ix,} such that {Iz,,} — p
as j — oo0. Thus, we have lim; oo Tn;, — Txn,|| = limj_ool|Tn, — L2y, = 0.
So, by the continuity of I and Lemma 2.2, we have lim;_.||z,, — p|| = 0 and
p € F(I). Further,

[T, = pll < NTwn; — ;|| + ll2n, — Lz || + [[L2n, = pl| (3-8)

Thus, limy; —co||T%yn,; — p|| = 0. This implies that {Tx,;} converges strongly to
p. Since T is uniformly L-Lipschzian, T is continuous. So, p = T'p. Hence p € F.
By Lemma 3.1, lim, ||z — p|| exists. Thus lim,—||x» — p|| = 0. The proof is
completed.

4 Strong convergence for /[-asymptotically quasi-
nonexpansive-type mappings in Banach spaces

Definition 4.1. Let X be a real Banach space, C be a nonempty closed convex
subset of X. Then
(1) T : C — C is called asymptotically nonexpansive-type if

limsup{ sup [||7%u — T*v|| — |u —v||]} <0

n—oo U, ve

for all £ > 1.
(2)T : C — C'is called asymptotically quasi-nonexpansive-type if

limsup{Sgg[||Tku —fll=llu=fll} <0

n—oo
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for all f € F(T) and k > 1.

(3)Let I : C — C. T is called I-asymptotically quasi-nonexpansive-type if
limsup,, oo {supuec||T*u — f| — [|[I¥u — f]]]} <0 for all f € F(T)N F(I) and
k>1.

Remark 4.2. It follows from Definition 4.1 that

(a) If T : C — C is an asymptotically nonexpansive mapping, then T is an
asymptotically nonexpansive-type mapping;

(b) if F(T) is nonempty and T : C' — C is an asymptotically nonexpansive-
type mapping, then T is an asymptotically quasi-nonexpansive-type mapping;

(¢)if T,I: C — C, T is an IT-asymptotically quasi-nonexpansive mapping,
then T is an [-asymptotically quasi-nonexpansive-type mapping.

Theorem 4.3. Let X be a real Banach space and C be a nonempty closed
convex subset of X. Let T : C' — C be an [-asymptotically quasi-nonexpansive-
type mapping, I be an asymptotically nonexpansive-type mapping on C. Sup-
pose the sequence {z,} is generated by (1.2) with > 7 a, < o0,> > al <
00, Yoo 1 Yn < 00, 2oy Vs < 00. If the common fixed point set Fy = F(T)NF(I)
is nonempty, then the sequence {z,} converges strongly to a common fixed point
of T and I, if and only if liminf,, . d(z,, F) = 0.

Proof. The necessity is obvious.

Next we prove the sufficiency. For any given p € Fi, since {u,}, {v,} are
bounded sequences in C, we may set My = sup{||u, — pl|, |lvn — p||}-

Since T is an I-asymptotically nonexpansive-type mapping, I is an asymptot-
ically nonexpansive-type mapping and {z,}, {y,} C C, for any given ¢ > 0, there
exists a positive integer ng such that for all n > ng and any u € Fy

|72 —u|| = [z —u|]| < e

e -l — e —ul] < e (41)

Hence for any n > ny, it follows from (1.2) and (4.1) that

Hanrl - p” = ||anlnyn + ﬁnxn + YnUn — p”
< Iy = pll + Bullzn — pll + ynllun — ol
< an {11y = pll = llyn — plI} + anllyn = pll + Bullzn — pll + Yo llun — pl|
< an5+an”yn7p”+ﬂn||1'n7p”+'7nM1~
< anetanllyn —pll + (1 — an)llzn — pll + M.

(4.2)
Next,
lyn — pll [, T" @y + Br®n + Yrun — Dl

o | T"xn = pll + By llzn — pll + vy llun — ol

a {IT"xn — pl| — |20 — plI} + g [lzn — pll + By ll2n — pll + 75 lun — Dl
ane + (g + Bz — pll + 7 M.
ahe + ||zn — ol + 7, M.

INIAININA I

(4.3)
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From (4.2) and (4.3), as n > ng we have

ane + an(o‘;zg + [|zn — pl| + V;M) + (1 = an)l|lzn — pll + 90 My
[#n — pll + An, (4.4)

[Zn1 —pl <
<

where A4, = a,(1 + a))e + oy, My + v Mi,n > 1. Since > 07 a, < 00,
S, <00, >0y <ooand Y oo, 7, < oo, we have that X224, < co.
By the arbitrariness of p € F, from (4.4) we have

inf ||zp1 —pl| < inf ||z, —p|| + An, VYn > nyg,
pEF peF,

and so we have
d($n+1,F1) Sd(l‘n,F1)+An, V’H,Zno (45)

By Lemma 2.1, the limit lim,,_, d(x,, F1) exists. By the condition
liminf,, o d(z,, F1) = 0, we have
lim d(x,, F1) =0. (4.6)
n—oo
For any ¢ > 0, since lim,,—,o d(z,, F1) = 0, there exists natural number n;
such that when n > ny, d(z,, F1) < §. Thus, there exists x* € Fy such that for
above € there exists positive integer no > njy such that as n > no
€

lm =2l < S

Now for arbitrary n,m > no, consider

e €
ln = 2l < llzn = "l + llom =27 < 5 + 5 =,
This implies {z,} is a cauchy sequence in C. Since C is a closed subset of X,
there exists p* € C such that z,, — p*.
By the routine method, it is easy to show that F} is a closed set. If d(p*, F) >
0. For any p € Fy, we have [|p* — p|| < [[p* — @ || + ||z, — p||. This implies that

d(p”, F1) < [lp* — znll + d(zn, F1). (4.7)

Letting n — oo in (4.7) and noting (4.6), it gets d(p*, F1) < 0. This is a contra-
diction. So d(p*, F1) = 0, hence p* € Fy. The proof is completed.

By Remark 4.2 and Theorem 4.3, we can directly obtain the following corollary.

Corollary 4.4. Let X be a real Banach space and C' be a nonempty closed
convex subset of X. Let T': C — C be an I-asymptotically quasi-nonexpansive
mapping with sequence {l,,} C [1,00) such that > ° (I, — 1) < oo, I be an
asymptotically nonexpansive mapping on C' with sequence {k,} C [1,00) such
that > ° | (k, — 1) < co. Suppose the sequence {z,,} is generated by (1.2), where
Sy <00, Yl < 00, Y Y < 00, oy s < 00. If the common fixed
point set Fy = F(T)NF(I) is nonempty, then the sequence {x,, } converges strongly
to a common fixed point of T" and I, if and only if limin f,_d(z,, F) = 0.
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