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1 Introduction

Let E be a compact subset of the complex plane C such that C \ E is simply
connected and F contains more than one point. It is convenient to assume that
0 € E and this can be done, if necessary, without loss of generality making a
change of variables. By the Riemann mapping theorem, there exists a unique
exterior conformal mapping ® from C \ E onto C\ {w € C : |w| < 1} satisfying
®(00) = 0o and P'(00) > 0. For any p > 1, we define

I'y:={z€C:|®(2)|=p} and D,:=EU{zeC:|P(2)|<p},

as the level curve of index p and the canonical domain of index p, respectively.
We denote by po(F') the index p > 1 of the largest canonical domain D, to which
F can be extended as a holomorphic function, and by p,,(F) the index p > 1 of
the largest canonical domain D, to which F' can be extended as a meromorphic
function with at most m poles (counting multiplicities). We denote by

oo

DPOC(F) = U DPm(F)

m=0

the maximum canonical domain in which F' can be continued to a meromorphic
function.
The Faber polynomial of E of degree n is defined by the formula

o) L [ 20
T omi Jp, b2

dt, z€ Dy, n=20,1,2,....

Denote by H(E) the space of all functions holomorphic in some neighborhood of
E. The n-th Faber coefficient of F' € H(FE) with respect to ®,, is given by

), e L[ FO0

= — dt
2mi Jo, ®n(r)

where 1 < p < po(F). Denote by N the set of all positive integers. Set Ny :=
Nu {0}.

The definition of Padé-Faber approximants (first introduced in [0]) is stated
below.

Definition 1.1. Let F' € H(E) and (n,m) € N x N be fixed. Then, there exist

polynomials qﬁm, pﬁmb k=0,1,...,m — 1 such that
deg(ply ) <n—1,  deg(gy,,) <m, ¢y, £0, (1.1)
[2*qe W F —pl )i =0, j=0,1,2,...,n. (1.2)
For each £k =0,1,...,m — 1, the rational function
E L pﬁm,k
nmk T T E
Anm

is called an (n,m, k) Padé-Faber approzimant of F.
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To solve for ordered pairs (pfim > qf m), we need to find nm +m + 1 unknown
coefficients in (IT) from nm~+m linear equations in (IZ2). Then, RE . always ex-
ist but they may not be unique. Moreover, since qi m Z 0, we normalize it to have
leading coefficient equal to 1. Note that the definition of Padé-Faber approximants
in Definition I is totally different from the definition of “classical” Padé-Faber
approximants (see, e.g. [2]). Since this new definition of Padé-Faber approximants
was recently introduced, there are only two publications [, B] studying this ap-
proximation. In [I], Bosuwan and Lépez gave necessary and sufficient conditions
for the convergence with geometric rate of {¢},, }nen (when m is fixed), namely,
proving the analogue of the Montessus de Ballore-Gonchar theorem for Padé-Faber
approximants on row sequences (see [l, Corollary 1.6]). Later, Bosuwan [3] further
studied the convergence of zeros of {g/,, }nen (when m is fixed). These two results
show that the zeros of {inm}neN can be used to detect the location of the poles
of the approximated function F' € H(E).

Next, let us introduce a concept of convergence in Hausdorff content. Let B
be a subset of the complex plane C. By U(B), we denote the class of all coverings
of B by at most a numerable set of disks. Let 5 > 0 and set

hg(B) :=inf ¢ Y U7 : {U;} €U(B) 3,

j=1

where |U;| stands for the radius of the disk U;. The quantity hg(B) is called the
B-dimensional Hausdorff content of the set B. This set function is not a measure
but it is subadditive and monotonic. Clearly, if B is a disk, then hg(B) = |B|?.

Definition 1.2. Let {g,}nen be a sequence of complex valued functions defined
on a domain D C C and g be another complex function defined on D. We say that
{gntnen converges in B-dimensional Hausdorff content to the function g inside D
if for every compact subset K of D and for each € > 0, we have

ILm hg{z € K : |gn(2) —g(2)| > e} = 0.

Such a convergence will be denoted by hg-lim;,,_,o gn = g in D.

The objective of this paper is to investigate a convergence in Hausdorff con-
tent of the sequences of Padé-Faber approximants Rfimm . @ n — 0o when the
sequences {my }nen satisfy
. mylnn

lim
n— oo n

= 0. (1.3)

This type of sequences of indices {(n, my)}neny when {m, }nen satisty the limit
() was first considered by Gonchar [d] for Padé (a, §)-approximants. In the
current paper, we prove many results analogous to those in the paper by Gonchar
(see Theorem 2, Corollary 1, and Corollary 2 in [d]). As a consequence of our
main theorem in this paper, we give an alternative proof of a Montessus de Ballore
type theorem for row sequences of Padé-Faber approximants which was originally
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proved in [I]. Note that the normalization of qﬁ m introduced in the next section
is different from the one in [0].

An outline of the paper is as follows. In section 2, we state the main theorem
and its corollaries. All auxiliary lemmas are in section 3. Section 4 is devoted to
the proofs of all results in section 2.

2 Main Results

An analogue of Theorem 2 in [d] is the following theorem. This theorem
constitutes our main result.

Theorem 2.1. Let p > 1, F € H(E) be meromorphic in D,. Assume that

m* := liminfm,, > dj (2.1)
n—oo
and
nl
lim 2% g, (2.2)
n—oo n
where k is a fixed number in {0, 1,...,m* —1} and dj;, denotes the number of poles

E
N,y

of z*F in D,. Then, for any 8 > 0, each sequence {R
B-dimensional Hausdorff content to z*F' inside D, asn — oo.

kfneN converges in

One of the consequences of Theorem I is a Montessus de Ballore type theorem
for Padé-Faber approximants stated below.

Corollary 2.2. Let k € {0,1,...,m — 1} be fived. Suppose that z*F € H(E) has

poles of total multiplicity exactly m in D, (.xpy at the (not necessarily distinct)

points A1, Aoy ..., A Then, RE,m,k is uniquely determined for all sufficiently large
n and the sequence {Rﬁm,k}neN converges uniformly to z*F inside D, +py \
{Ms A2, A} as n — oo. Moreover, for any compact subset K of D, (.xp) \
{A, A, 5 Am )
P
limsup ||2*F — RE n < 121

e n,m,kHK = m7

where || - ||k denotes the sup-norm on K and if K C E, then ||®| x is replaced by
1.

Here and in what follows, the phrase “uniformly inside a domain” means “uni-
formly on each compact subset of the domain”.
The following corollary is an analogue of Corollary 2 in [4].

Corollary 2.3. Let k € Ny be fized and F € H(E). Denote by D, (.xp) the max-

imal canonical domain in which zFF can be continued to a meromorphic function.

Assume that
my,Inn

=0.

lim m, = o and lim
n—o0 n—o00 n
E

rm, kJneN converges in [3-dimensional

Then, for any B8 > 0, each sequence {R
Hausdorff content to z*F inside D, (xp)y asn — oo.
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3 Notation and Auxiliary Results

For each n € N, let inmn be the polynomial qfimn normalized in terms of its
7eros Ay ; so that

Enrm I -an IT (1- 1) (3.1)

IAn,jl<1 Anj|>1 "

and for all k =0,1,...,m, — 1,

B E
_ Pumak D

E _ _nyma,k
Rymak =5 = 0E
qnymn n,Mn

Now, we discuss some upper and lower estimates on the normalized Qf’m"

in (B). Let ¢ > 0,d € N, k € Ng, and F' € H(F) be fixed. Suppose that
the poles of z*F in D,k py are A1, Aay .oy Aar (they are not necessarily distinct
and d’ < d) and the zeros of nymn for Fare Ay 1, An2,...5 Any, (they are not
necessarily distinct and I,,, < m,,). We would like to emphasize that since 0 € E,
for any k € No, D,,(zxr) = Dyy(r) and A1, Az, ..., Ag are exactly all the poles of
Fin D,,ry. We cover each pole of ZFF in D, (.xry with an open disk of radius
(¢/(6d))'/? and denote by J(’iE (F,d) the union of these disks. For each n € N, we
cover each zero of QF | with an open disk of radius (g/(6m,n?))'/# and denote

by JE,E(F) the union of these disks. Set for each ¢ € N,

JEEd:0) = J(F.a) | (G J;Z,5<F>> (32)
n=>~¢,

and
J2(F,d) := JZ(F,d;1).

Using the monotonicity and subadditivity of hg, we have

ho(J2(F,d) < ha(Jg(F.d) + > ha(J7 o (F))
) 2
§2+26;2€<6+62> <e

Note that JZ (F,d) C JE (F,d) for e; < e;. For any set B C D, k), we put
B(e) := B\ J2(F,d). Clearly, if {g, }nen converges uniformly to g on K () for any
compact K C D,,(r) and € > 0, then hg-lim,, 00 gn = g in D,k ).

The normalization of QF

bounds on the estimation of Q% ,,, .

provides the following useful upper and lower
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Lemma 3.1. Fiz k € Ng and d € N. Let F' € H(E), K C D,,.»p) be a compact
set, € > 0 be fized, and ¢ € N be fized. Suppose that

liminf m,, > d’,
n— oo

where d’ is the total multiplicity of poles of zFF in D, :xFy, and

. mylnn
lim =0.
n—o00 n

Then, there exist constants Cy > 0 and Co > 0 independent of n such that for all
sufficiently large n,

197 m, I < CT™, (3-3)
where || - ||k is the sup-norm on K and
min Q7 ()| = (Camyn®) =2/, (3-4)

ze K\JE (F,d;0)
where the above inequality is meaningful when K \ J2(F,d;{) is a nonempty set.

Proof of Lemma B. Without loss of generality, we assume that K is a nonempty
compact subset of D, .« p). Moreover, it is easy to check that if K = {0}, the
inequalities (B3) and (BA) hold. Then, we can assume further that K # {0} and
set M := ||z||kx > 0. Therefore, there exists S € N such that SM > 1. From the
normalization of QF

n,my?

”Qf,mn”K = max H (2 — )‘n,j) H <1 _? ) < (M+ 1)mn

zeK ;
IAn. <1 IAnj1>1 "

and for z € K \ J3(F,d;{) and n > ¢,

@ = | TT G-ap T1 (1-5)

A

[An,s1<1 [An,j|>1 ™
z z
S e T (-35) T (-55)
IAn;1<1 1<|An j|<SM I A g |>SM "
Anj— 2 z

5]

S e T (7)1 (50
)\nj )\nj
[An,;1<1 1<|An,;|<SM ’ [An,j1>SM >

T () T [ ] )

|An,jl1<1 1< An 5|SSM [An.j1>SM



278 Thai J. Math. (Special Issue, 2019)/ W. Chonlapap and N. Bosuwan

Since (¢/(6mnn?))Y/? — 0 as n — oo, it is easy to see that for n sufficiently large,

s (=) e (=)
S /) — \ 6myn? an SM — \ 6m,n? '

Therefore, there exists a constant Co > 0 such that the expression in (B3X) is
greater than (Cym,,n?)~(2"=/B) This completes the proof. O

Next, the following lemma (see, e.g., [6]) concerns the formula for computing
po(F) and the domain of convergence of Faber polynomial expansions of holomor-
phic functions.

Lemma 3.2. Let F € H(E). Then,

-1
pol) = (1msup [
n—oo

Moreover, the series Y~ ([F],®, converges to F uniformly inside D, (.

As a consequence of Lemma B2 and Definition I, if F' € H(E), then for any
k=0,1,...,my,

Zk E,mn(z)F(Z) - PnE:mn,k(z) = Z [ZkQE,mnF]K @2(2)7 z € Dpo(sz)a
l=n+1
(3.6)
and memk = 2;01 [2*QF .. Fle @ are uniquely determined by QF,, .

The next lemma (see [B, p. 43] or [[4, p. 583] for its proof) gives an estimate
of Faber polynomials ®,, on a level curve.

Lemma 3.3. Let p > 1 be fized. Then, there exists ¢ > 0 such that
[®nllr, <cp”s  n=>0. (3.7)

Indeed, by the maximum modulus principle, the inequalities in (BZd) can be
replaced by the inequalities

[@nll5, <cp”,  n2>0, (3.8)

which are used frequently in this paper.
The following lemma is about the uniqueness of Q% . (and g7 ).

Lemma 3.4. Let (n,m) € N x N be fivred. Assume that for all qﬁm in Definition
3, deg(qy ,,) = m. Then, qf,, is unique.

Proof of Lemma B4. Let (n,m) € Nx N be fixed. From (I0) and (T2) in Defini-
tion [T, it is easy to check that a polynomial ¢y 2™ +cp12™ " +.. . 4co is ¢f,, if
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and only if ¢, 2™ + Cm_12™ "1 +. . . 4o is monic and the constants ¢, Cm_1, - ., Co
must satisfy the following equation

[z™F), [zm1F), ... [F]n Cm 0

[ F],  [MF, ... [2F]n Crm—1 0
: . . =1 69

2m1F], [2m2F], L [V | eo 0

For contradiction, let us suppose that there are distinct polynomials § = 2™ +
12 b G022+ g and § = 2™ F Cno12" T F G022+ + G
satisfying (B™). Let ¢ be the polynomial ¢ — ¢ normalized to be monic. Clearly,
deg(¢) < m and ¢ # 0 is a monic polynomial where all coefficients satisfying
(B). Therefore, ¢ is qfi m- This contradicts with the assumption that for all qfi s

deg(qﬁm) =m. O

The final lemma proved by Gonchar (see [d, Lemma 1]) allows us to derive
uniform convergence on compact subsets of the region under consideration from
convergence in hi-content under appropriate assumptions.

Lemma 3.5. Suppose that hq-lim,_,~ g, = g in D. Then the following assertions
hold true:

(i) If the functions gn,n € N, are holomorphic in D, then the sequence {gn }nen
converges uniformly inside D and g is holomorphic in D.

(ii) If each of the functions g, is meromorphic in D and has no more than
k < 400 poles in this domain, then the limit function g is also meromorphic
and has no more than k poles in D.

(#ii) If each function g, is meromorphic and has no more than k < +oo poles
in D and the function g is meromorphic and has exactly k poles in D,
then all g,,n > N, also have k poles in D; the poles of g, tend to the poles
A1, A2y ..o, Mg of g (taking account of their orders) and the sequence {gn }nen
tends to g uniformly inside the domain D' = D\ {\1, A2, ..., Ak}

4 Proofs of main results

Proof of Theorem 1. Let k € {0,1,...,m* — 1} be fixed and d be the number
of poles of z"F (counting multiplicities) in D, (particularly, in D,,sp)). For
j=1,2,...,7, let a; be a distinct pole of 2*F in D, (¥ ), and 7; be the order of
a;. Note that since 0 € E, D, .xpy = D, (r) and a1, az, ..., a, are all the poles
of F'in D,,(ry with orders 71,7,...,7,, respectively.
In the first step, we want to show that for each j =1,2,...,7,
|®(a;)|

1. b g e 1200l 41
1&2"‘( nom,) () < pa(F)’ ()
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where v = 0,1,...,7; — 1. This can be done by induction. Let j € {1,2,...,7} be
fixed. Define

wa(z) =[] (e = o).

where d = 371, 75,

F
Go(z) = dez(i)aj()ze)’ and Hy(z) = (2 — a;)'Gy(2),
where ¢ =1,2,...,7;. Note that Hy(a;) # 0 for all £ =1,2,...,7;. By Definition
[T, since deg(wq/(z — a;)¢) = d — € < m, — 1, it is not difficult to check that

L [ Gi)QE,. ()¥(2)
@ = E = M dz = 4.2
Apm [GZQn,mn]" i o CI)”+1(Z) z =0, ( )
where 1 < p; < |®(¢;)|. Define
o L[ GEQE, (V)
n,n 27_” sz q)n—i-l(z) )

where |®(a;)| < p2 < pa(F).
Because G1Qf,, ®'/®"*! is meromorphic on {z € C : p; < |z] < p} and

has a pole at «; of order at most 1, it follows from Cauchy’s Residue theorem to
G1QF ,,, @' /@™ at o that

1 [ GERE. (PR, 1 [ Gr()QE ., (IV(2)
2mi Jr,, Pntl(z) 2mi Jr, Pntl(z)
=res (G1Q) ,, ®'/®" T ))
(2= 0)Gi(2)Qp 1, (2)2'(2)
= lim —
z—ra (P"H‘l (z)
_ Hi(0)Qrm, ()@ (ay) (4.3)
ot (ay)
From (E2) and (E3), we have
1 [ GiERE, CC)  Hi()@E )P
2mi Jr,, ontl(z) N Ot (o) ’ '
and by Lemma B, we know that for all £ =1,2,...,7;,
G L P’ M
i/ Z(Z) rL,7n1n(Z) (Z)dZ < cic ’ (45)
2mi Jr o tl(2) 12
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where the numbers ¢ and ¢; do not depend on n (from now on, we will denote
some constants that do not depend on n by ¢, ¢3,¢q,...). By (B2) and (E3), we

obtain
cac™ | ®(ay)|"

|Qrr ., ()] <

Py
Letting pa — pa(F), it is easy to check that
P(a;)|
lim su Y < |7]
n_)QQP'Qn mn( J)| — pd(F)

Next, we suppose that the inequality (E1) is true for u = 0,1,...,¢— 2, where
¢=2,3,...,7;, and we will show that the inequality (B0) holds for ¢ — 1. Since
GeQE ., ®' /@t is meromorphic on {z € C: p; < |2| < p2} and has poles at a
of order at most /, it follows from Cauchy’s Residue theorem to G,QF =~ &' /on+1
at o that

n,Mn

O o L[ G@ELEVE 1 [ GlE)E,, (P)
Tan = nn = o /F T+ (2) = 5 /F T+ (2) dz
= res (Gan m, ' /et O(j)
1 (e a) Gu2)QE,, ()9 ()T
=7 Trti(z) '

Using (E22) and the Leibniz formula, we have

1 =1\ (H@
= () (EY T @t e,
t=0

Consequently,

(QE Y =V(a;) =t — 1)1 (q)nH) ()
NyMy 1) = ‘'n,n HK‘I)/ J

ST ()T @) (B ) )

t=0
(4.6)

Let 6 > 0 such that ps := pg(F) — ¢ > |®(a;)|. Moreover, by (E3),

E / My
0 — %m /Fp2 Ge(z) @Zﬁﬂ((zz))q) (=), < 01;3 7 @)
and by Cauchy’s integral formula, for all t =0,1,...,¢ — 2,
H,o\ 0 (0—1—1t) Hy(2)®'(2)
(o) )=S0 L e

@ (4.8)

= [®(ay) = 0"
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where {z € C: [z — ;| = ¢} C {z € C: |®(2)] > |®(a;)| — ¢}. From (E2) and
(ER), the equality (E8) implies that

lim sup| (Qy7 1, )~ () /"

n—oo

N, My

17(0) et
=1 —1)! — ) (q
lin_il*ip ’(z ) Tn,n (qu)/ ) (Oé])

—Z () (Z) T @0t () e

o, (g )

Letting § — 0, we obtain the inequality

1/n

: B(ay)|
lim su - =D (g N7 < |7J
(@, )V a7 < I
Therefore, we have the inequality (E70) for all u =0,1,...,7; — 1.
From (BM), we obtain
QL F = Pl k= D a®e, (4.9)

{=n+1

where
k
a’é’l’)b = [Zk g,mnF}f'

Multiplying the equation (E9) by wy and expanding the result in terms of Faber
polynomial expansion, we have

zkwdQﬁmnF denmnk* Z a wdq)g Zb(y’f%q)y
v=0

l=n+1
n+d %)
=y b, + Y bR, (4.10)
v=0 v=n+d+1

where b,(,k% =Y et aﬁi}b[wd@g]y or bl(,ky), = [zkwdQE’ F — wq Pt mn,k]l"
Let K be a compact subset of D, .xp) and set

o = max{]| @], 1}

(¢ = 1 when K C FE). Next, we will estimate Y -
Since deg(wdpfmn_’k) <d+n,forallv>n+d+1,

v=n+d+1 |bV"||(I> ( )| on EO"

b(u]f) . [Z wdQn mnF - wdpn Mo, k]l/ = [kadQE,mnF]V
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1 Fwa)Qf e, () F(2)P(2)
~ 2mir,, vl (z)

dz,

where 0 < py < pa(2*F). From Lemma B, for sufficiently large n, it is easy to
see that
13%2

v,n

<2 (4.11)
2

By (BR) and (B11), we get

- = cgcn a\"
Songied| < X () o —aen (2) . @
v=n+d+1 Eo‘ v=n-+d+1 2 P2

Consequently, as py — pg(2*F), we have

00 1/n o
lim sup %) || @, | < —. (4.13)
n— 00 u:nz—i—:d-&-l ’ o, pd(ZkF)

Now, we find the estimate of ZZig b,(,k%|\<l>,j(z)| on D,. By Definition [, we
know

W0 L[ A, FEY(E)
En T o T, Ol+1(z) ’
where 1 < p; < po(2*F), and we define
1 ZFQE  (2)F(2)® (2
Te(l;) = . "5 3 (2) 2 )dz, (4.14)
' 2mi Jr,, OH1(2)

where pg_1(2FF) < ps < pa(zFF). Because zFQF  F®'/®'*! is meromorphic

n,mn

on {z € C: p; < |z| < pa} and has poles at ay,as,...,aq of orders at most
T, To....,Tq, respectively, it follows from Cauchy’s Residue theorem that
Y kNE /
k k 2 Qnm, (2)F(2)®'(2)
= ) = e ( SOV,
Jj=1
i kNE F(2)P' (rj=1)
SN S (Catin e SRCTCLIO
j=1 (7 = Dl a=ay it (z)
T;i—1 ) (rj—1—u)
1 7, =1\ [ (2 — ;) 2FF®'\ u
= Zm Z < Ju ) <é)g+1 (a;)( E,mn)( )(aj)~
j=1 1 u=0
(4.15)
Let 6 > 0. By computations similar to (£22) and (E=8), we have
i g BT (4.16)

P2
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and (ry—1—u)
(z — aj)szqu)’) . cr
—_— ()| £ ———=. (4.17)
‘( Pt 7T (12(ay)] - 9)f
Moreover, the inequalities (E) imply that for all w =0,1,...,7; — 1,
O(aj)| +6\"
E W) ()] < |37 4.1
(QE,)as)| < e (LG EE (118)

(recall that D, .xpy = D,,(ry). From (E13), (E08), (E17), and (EI8), we obtain

k k
jal| <[7¥)

¥ Ti—1 ik s\ (T 1—w)
1 i =1\ ((z — ;) 2°F® u
e (O (BT @)@ e
= u=0
<G Co i (12 (aj)| +6)"

b (ol F) 107 2 ([@(ay) 0

Next, we estimate |[wq®Py],|. Suppose that 6 > 0 is sufficiently small so that
p1 — 0 > 1. Then, by (B1),

1 wa()P()¥(2) | | _ erolpr =)’
Dl = |— dz| < .
|[wd d | 27T’L'/F . (I)V-l,-l(z) 2= (p1 _5)u
Consequently, we get
BT < 3 laglllwa®e,|
l=n+1
[e%s) m Y n l
cgc™m c1o(p1 — ) )
< " (
£§1< ps (P ’“F +5”; )) (p1 = 0)
Y n
ciic™  (p1—6 c12 P1 5)
= + .
(p1 = 6)¥ ( p2 ) (pa(zFF) + 6)"(p1 — 6)¥ ]; (

(4.19)
Applying (88) and (1Y), we have

n-+d

> b lIp,
v=0

- clgcm<m—a)”+ cualpr — 6)" Z( a)“ §< o )
- p2 (Pa(F) +0)" <= \| = \(p1—9)
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n n n—+d

m p1—5> cuapr = )" & <|<1><aj>+6> =1,

< | ci3c™" + o
b ( p2 <pd<sz>+6>n; [®(ay)| ~ & 2

p176 " 014,017(; 7 |¢ |+5 +d
< Min d+1)o™me.
= | ( P > T aFF) +5"JZ_1(|<I> y—s) |rHdtle
(4.20)
This implies that

n+d 1/n
: —9) alp—9) |® ()| + 0
lim su bR 11D, <max{g(p1 max — )L
mawp | 3 Pali®l) < P TR PR N Tew

Letting § — 0, p1 — 17, and py — pa(2*F), we have

ntd 1/n
lim su b (1@, <7 4.21
maw |- W | < o (a.21)

Finally, by (83), (210), (E713) and (E=2T), we obtain for sufficiently large ¢,

. k B 1/n
llr?lﬁsolip |2 F — Ry, Mk ||50\JE(F,d;€)
n+d k) q) > b(k) b, 1/m
< lim sup Z bun ’
n— o0 n Mn y=ptd+1 dQ" D\ JE (Fdi0)
1/n
li !
- lim su
~ pa(ZFF) ey min Q1 (2)]
2€K\JZ (F,d;¢) ,
o 2mp g
< ——— limsup(eismpn?) W = ———| 4.22
= pa(FEF) nﬁoop( 15mn") pa(2*F) 2

where ¢15 > 0 and the last equality follows from the limit condition (22). There-
fore, for any 3 > 0, hg-lim, 0o RY =, = =2FFin D, k- Since D, C D, .rpy,
=2zFFin D,.

T, My,

hﬂ-limng)oo RE

n,mny,k

O

Proof of Corollary Z3. Let k € {0,1,...,m — 1} be fixed. By the assumption of
Corollary I, we have m,, = m. Then, the conditions (E1) and (Z2) in Theorem
P are obtained. By Theorem P, we get hi-lim,_ o Rf’mmk =2FFin D,k F)-
Applying (ii7) in Lemma B3, we get that each pole of z¥F in D, (.xF) attracts as
many zeros of QF . as its order. Therefore, since zFF has m poles in D,, (.15,

deg in = m for all sufficiently large n. Applying Lemma B4, QF  is unique for

n,1Mm
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all such n. From the discussion below (BH), since PnE,m,k is uniquely determined
by QF ., RE.,. , is also unique for all such n.

Let K C D, k) \{A1, A2, - -, A } be a compact set. Choose o := max{||®||x, 1}.
Since all points A1, A, ..., Ay, attract all zeros of Qf’m, for sufficiently small € > 0
and large /,

K C D, \JP(F,d:1).
By the inequality (E222), we have

. 1/n . 1/n
h,ﬁ“j;;p [2°F = Ryl |l e < hffo‘ip [ F = Ry Hﬁa\Jf(F,d;é)
_7
= pa(FF)

This implies that the sequence {Rf m,k}nGN converges uniformly to z*F inside
D, .+ \{A1, A2, ..., Am} as n — oo. The proof is completed. O

Proof of Corollary Z23. Let K be a compact subset of D, _(.rp), and let e >0, 3 >
0, and k € Ny be fixed. Then, since K is compact, K C D, .« ) for some d € N.
Clearly, lim,, o my > d. Applying Theorem 71, because hg-lim, o RY | =
ZkF in Dpd(sz),

ILm hs{z€ K:|RE, (2)—2"F(z)| >¢} =0.

;M ,

This completes the proof. O
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