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Abstract : In this paper, we investigate some properties of commutative I'-ideals
in I'-generalized Boolean semiring. Also, we obtain commutativity of I'-generalized
Boolean semiring satisfying some suitable conditions. Furthermore, we investigate
the commutativity of prime I'-generalized Boolean semiring R possessing a non-
identity commuting automorphism and satisfying right distribution: (b + ¢)aa =
baa + caa for all a,b,c € R and a € T'.
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1 Introduction

In 1934, H.S. Vandiver [R] gave the first formal definition of a semiring and
developed the theory of a special class of semirings. A semiring R is given as
an algebraic structure (R,+,-) such that (R,+) and (R, ) are both semigroups
satisfying a(b+ ¢) = ab + ac and (b + ¢)a = ba + ca for all a,b,c € R. M.K. Rao
[7] introduced I'-semiring as a generalization of semiring. The ideals, prime ideals,
semiprime ideals, quasi-ideals, k-ideals and h-ideals of a I'-semiring were studied
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and developed by S.K. Kyuno [8], T.K. Dutta and S.K. Sardar [2], R. Chinram [
and S. Pianskool and P. Khachorncharoenkul [6].

In 2016, T. Makkala and U. Leerawat [4] established a I'-generalized Boolean
semiring (or simply I'-G B-semiring), which was a generalization of Boolean semir-
ing. Later, they introduced the notion of I'-(f, g) derivations and I'-(f, g) general-
ized derivations on I'-generalized Boolean semirings, and investigated some related
properties. Furthermore, they also investigated some commutativity results for I'-
generalized Boolean semiring involving I'-(f, g) derivation and I'-(f, g) generalized
derivation (see [B] ).

In this paper, we investigate some properties of commutative I'-ideals in I'-
generalized Boolean semiring. Moreover, we study the commutativity of prime
I'-generalized Boolean semiring containing commutative I'-ideal. Addtionally, we
investigate the commutativity of prime I'-generalized Boolean semiring R possess-
ing a non-identity commuting automorphism and satisfying the right distribution:
(b + c)aa = baa + caa for all a,b,cin R and a € T.

2 Preliminaries

We first recall some definitions, examples and lemmas (from T. Makkala and

U. Leerawat [@], [5]) use in proving our main results.

Definition 2.1. A I'-generalized Boolean semiring (or simply I'-GB-semiring) is
a triple (R, +,1"), where

(1) (R,+) is an abelian group.

(2) T is a nonempty finite set of binary operations satisfying the following
properties:

(i) acb € R for all a,b € R and a € T,

(ii) aa(b+ ¢) = aab + aac for all a,b,c € R and a € T,

(#ii) aa(bBc) = (aab)Be = (baa)Be for all a,b,c € R and a, 8 € T,

(iv) aa(bBc) = af(bac) for all a,b,c € R and o, B € T.
A nonempty subset I of R is said to be a I'-ideal of R if

(1) (I,+) is a subgroup of (R,+),

(2)raa el forallr e R,a€l, and €T, (i.e. RT'I C1I),

(3) (r+a)as—rasel forallr,se€ R, a€l, and a €T.

Example 2.2. Let R = {0,a,b,c} and let the addition + and the multiplication -
be defined as follows:
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Then (R,+,T") is a I'-GB-semiring where T' contains only the multiplication (-).
If T is a singleton, then we denote (R,+,T) by (R, +,-).

0 a b
Example 2.3. Let M5(Z) = 0 0 O0fla,beZ ). Let + be a usual matric
0 0 b

addition and T' = {®,®} where @ is a Hadamard product (elementwise product)
and ® is a usual matric multiplication. Then (M3(Z),+,T') is a T'-GB-semiring.

0 a O

Let I = 0 0 Of|lacZ It is not hard to verify that I is a I'-ideal of
0 0 0

M;5(Z).

Definition 2.4. A I'-GB-semiring R is said to be zero-symmetric if Oaca = 0 for
alla eI and a € R.

Notice that if R is a zero-symmetric ['-GB-semiring and [ is a I'-ideal of R,
then we obtain that

RT'ICI and ITRCI.

0 a
b

and T' = {®,®,*,-} a set of binary operations which are defined as follows: for
any {2 a} , [0 x} € My(R),

Example 2.5. Let (R, +,-) be a zero-symmetric I'-GB-semiring, Ms(R) =

c|’ly =z
0 a ®_0 z] [0 a-x
b ¢ vy oz by c-z|’
0 a [0 ] 0 a-x
[b c]®_y z] [0 O}’
0 a *_0 z| [0 0
b cl |y =z |b-y 0
0 al [0 z] [0 0
b oc| vy z| |0 c-z|

Then (Mz(R),+,T') is a zero-symmetric I'-GB-semiring.

Definition 2.6. Let R be a I'-GB-semiring. Then
1. R is prime if xT’RT'y = {0} for x,y € R, then x =0 ory =0,
2. R is commutative if aab = baa for all a,b € R and for all « € T'.

For examples, (R,+,-) as mentioned in Example 2.2. is prime but it is not
commutative, and (M3(Z),+,I') as mentioned in Example 2.3. is commutative
but it is not prime since

01 0 0 0 1 0 0 0
0 0 0o|’'Ms(Z)'|0 0 0| = 0 0 0
0 0 0 0 0 1 0 0 0

} a,bER},
c
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Here, we will indicate some basic properties on I'-GB-semiring appearing in
[@]. For any a,b,c € R and a € T', we have

For any z,y € R and « € T', the symbol [z, y], will represent the commutator
xay — yax and the symbol (z o y), stands for the skew-commutator zay + yor.

Next, the following are some basic properties of commutator and skew-commutator.
The proofs of these properties are straightforward and hence omitted.

(i) [zay, z]s = zaly, z]p = yalr, 2] + zaly, z]s,

(ii) [z, yoz]p = yalz, 2]g = zalz,y]g + zaly, 2],

(ili) (z oyaz)s = ya(zoz)g = za(x 0 y)s + zaly, 2]s,

(iv) (zay o 2)g = za(y o 2)s = ya(z 0 2) 5 + zalx, y]s.

The center of R, written Z(R), is defined to be the set

Z(R)={a € R| aab=baa forallbec R, and o € T'}.

Lemma 2.7. Let R be a I'-GB-semiring. If x € Z(R) then yaxr € Z(R) and
zay € Z(R) for ally € R and a € T

3 Main Results

Theorem 3.1. Let R be a prime I'-GB-semiring. Suppose that Z(R) is a nonempty
subset of R and Z(R) # {0}. Then R is commutative.

Proof Let z,y,t € R and «, 8,7 € T'. Since Z(R) # 0 and Z(R) # {0}, there
exists an element z in Z(R) such that z # 0. By Lemma 270, z8(tyz) € Z(R).
Hence

2fty|x, yla = [2Btyx, yla = 0.

This implies zyRT'[z, y]o = {0}. But z # 0. Thus, [z, y], must be zero. Therefore,
R is commutative. g
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Lemma 3.2. Let R be a prime and zero-symmetric I'-GB-semiring. If I is a
commutative T'-ideal of R, then I C Z(R).

Proof Let a € I. We caim that [a,b], =0 forallb e R, and a € . If a = 0,
then [a,b], =0 for all @ € I'. Assume that a # 0. Let b € R, and o € I". Then

aab = (04 a)ab — 0ab € 1.

Since I is commutative, [a,aablg =0 for all 5 e€T.
That is,
aafa, b3 = [a,aabls = 0,

for all o, g € T.

Now, we will show that al'RI'[a,b], = {0} for all @ € T'. Clearly, {0} C
aTl'RT'[a, b],. Conversely, let ¢ € R and 3,y € I'. Then

aBcyla, blo = afla, cyblq = 0.

Hence, al'RI'[a, b], = {0}. Since R is prime, and a # 0, we have [a,b], = 0. It
follows that a € Z(R). Therefore, I C Z(R). O

Lemma 3.3. Let R be a prime I'-GB-semiring. If I # {0} is a T'-ideal of R such
that I C Z(R), then R is commutative.

Proof Suppose that I # {0} is a I'-ideal of R with I C Z(R). Let x,y € R and
a € I. Since I # {0}, there exists an element a in I such that a # 0. We will show
that aI'RI'[z,y], = {0}. Let » € R and ~, 3 € T'. Then
aprylz,yla = rfay(z,yla
= Tﬂ[a’yxay]a = rﬂ[l”ya,y]a =0.
That is, al'RT'[z,y] C {0}. Hence, aI'RT'[z,y]o = {0}. Since R is prime and

a # 0, we have [x,y], = 0. Therefore, R is commutative. O

The proof of the following theorem follows from Lemma 3.2. and Lemma 3.3.
Theorem 3.4. Let R be a prime and zero-symmetric I'-GB-semiring. If there
exists a nonzero commutative I'-ideal of R, then R is also commutative.

Lemma 3.5. Let R be a prime and zero-symmetric I'-GB-semiring. Let I # {0}
be a T-ideal of R. If (xoy)o =0 for allxz,y € I, and o € T, then I is commutative.

Proof Letz,ye€l,t€ R, and «, B, € I'. There exists an element z # 0 in I.
Then
zatyz,yls = yy((zat) ox)s + zaty[z,y]s
— ((2at) o (z7))s = 0.

It follows that zI'RI'[z,y]g = {0} for all 8 € T'. Since R is prime and z # 0, we
obtain [x,y]s = 0. This yields that I is commutative. O
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Corollary 3.6. Let R be a prime and zero-symmetric T -GB-semiring. Let I # {0}
be aT-ideal of R. If (xoy)q =0 for allz,y € I, and « € T, then R is commutative.

Theorem 3.7. Let R be a prime and zero-symmetric I'-GB-semiring. Let I # {0}
be a T-ideal of R. If, for all x,y € I and « € T, either [z,ylo € Z(R) or
(xoy)a € Z(R), then I is commutative.

Proof  First, suppose that [z,y]s € Z(R) for all x,y € I, and a € T". Let
z,y € I,t € R, and o, 8,7 € I'. Then

[, YlaBlz; Yla
zay) — [z, ylafyaz)
zay) — (yax)Blz, yla
ay) — (zay)Bz,yla = 0.

I
TEE R
= e e s
Q
==

8]

This implies

[, ylatBl2, Ylo = t7[2, y]a Bl2; Yla = 170 = 0.
That is, [z, y]o'RI[z,y]o = {0}. Since R is prime, we obtain [x,y], = 0 for all
a € I'. This yields that I is commutative.

Now, we suppose that (zoy), € Z(R) for all z,y € I, and o € T. Let
z,y € I,t € R, and o, 3,y € I'. Then

(oyablr,yla = [z,ylaB(zay —yax)
= (zoy)aBzay) — (z oy)aB(yaz)
(zoy)p(ray) — (yar)B(r o y)a
= (z0oy)aB(zay) — (ray)B(zoy)a =0.

By the same argument as above, we can show that (x o y),I'RI'[z,y]o. = {0}. But
R is prime. That means either (z o y), = 0 or [z,ylo = 0. If (z 0y), = 0 for all
a € T, by Lemma 3.5., we have I is commutative. If [z oy], =0 for all « € T, as
above [z o Y], € Z(R), we obtain the result. O

Corollary 3.8. Let R be a prime and zero-symmetric I'-GB-semiring. Let I # {0}
be a T'-ideal of R. If either [x,ylo € Z(R) or (xoy)s € Z(R) for all x,y € I, and
a €T, then R is commutative.

Definition 3.9. Let R and R’ be I'-GB semirings. A homomorphism of R into
R’ is a function from f: R — R if

1. fla+b)= f(a)+ f(b), and
2. f(aab) = f(a)af(b),
foralla,be R and v €T

A homomorphism from R on itself is called an endomorphism of R, and if it
is bijective then it is called an automorphism.

An automorphism f of R is called a commuting automorphism if [f(z),z], =0
forallz € R and a € T.
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Theorem 3.10. Let R be a prime and zero-symmetric I'-GB-semiring. Let I #
{0} be a T-ideal of R. If f is an automorphism on R satisfying either IT fz,y]o =
{0} or ITf(x 0oy)o = {0} for allx,y € I, and o € T, then R is commutative.

Proof Letr e R,z,y €I, and « € I such that

ITflz,yla = {0} or ITf(zxoy), ={0}.

Case I: Suppose IT f[x,y], = {0}. Since I # {0}, there exists a nonzero element
z in I. Hence,
ZFRFf[Q?,y]a c IFf[-’L',y}a = {0}7

and then,
TR flz, 4] = {0},
Since R is prime and z # 0, we obtain f|x,y], = 0. Since f is injective, [z, yl, = 0.

It follows that I is commutative and by Theorem 3.4., R is also commutative.

Case II: Suppose IT'f(z oy), = {0}. By the same argument in the proof of the
case I, we have (zoy), = 0 for all z,y € I and a € T'. By Corollary 3.6., R is
commutative. (]

Theorem 3.11. Let R be a prime I'-GB-semiring satisfying (b+c)aa = baa+caa
foralla,b,c € R and o € T'. If f is a non-identity commuting automorphism, then
R is commutative.

Proof Since f is a non-identity automorphism on R, there exists an element a
in R such that f(a) # a. Since [f(z),z]o =0 for all z € R and a € T', we have

[f(@)yla = [z, f(¥)]a
forall z,y € Rand a € I'. Let z,y,t € R and «, 5,7 € I'. Since

[tﬁxv f(a’yz)]a = [f(tﬁ.’ﬂ), a’yz]&
flan[tBz, f(2)]a ay[f(tBz), z]a = ar[tBz, f(2)]a;

and so,
(f(a) — a)v[tBz,yla
(fla) —a)ytBlz,yla =
It follows that
(f(a) — a)TRT[z,y|o = {0}.

for all z,y € R and « € T'. Since R is prime and f(a) —a # 0, [z,yl, = 0 for all
z,y € R and a € I". Therefore, R is commutative. ([l
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Theorem 3.12. Let R be a prime I'-GB-semiring. Let f be an endomorphism
of R. If f(R) C Z(R), then R is commutative or [ vanishes.

Proof Suppose that f does not vanish and f(R) C Z(R). There exists an
element z in R such that 0 # f(z) C Z(R). Let 2,y € R, and o, 8 € T'. Then

fBlxyla = [f(2)B2,yla = [2Bf(2), Yla
zB[f(2)-yla = 0.

Hence, f(2)8[z,y]a =0 forall z,y € R, and «a, § € I'. This gives

f(z)ﬁtv[%y}a =0
for all z,y,t € R and «,8,v € I'. Since R is prime and f(z) # 0, we have
[2,9]o =0 for all z,y € R, and « € T'. Therefore, R is commutative. O
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