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1 Introduction

In 1922, Banach contraction principle [3] opened up a new way in nonlinear
analysis, upon which, various applications in a variety of sciences were appeared.
After this interesting principle, several authors generalized this principle by intro-
ducing the various contractions on metric spaces. Fixed point theory is indispens-
able for solving various equations of the form Fx = x for self-mappings F' defined
on subsets of metric spaces or normed linear spaces. But, it is easy to observe that
if F' is a non-self mapping, then the equation F'xz = x does not necessarily possess
a solution, called a fixed point of the mapping F'.

Actually, being F' as a non-self mapping does not guarantee to have a solution
for the equation Fx = x. In these cases, one can find those points for which non-
self mapping F' from A to B has the approximate solution to the equation F'z = x.
Thus, one can obtain an optimal solution by which, d(z, Fz) = d(A, B) and z is
called best proximity point. The best proximity point theorem furnishes sufficient
conditions that ascertain the existence of an optimal solution to the problem of
globally minimizing the error d(x, Fa). We refer the many authors to studied the
best proximity point see [12, B, B, [, 2, 00, 9, 4, [4, 8], for more details.

Motivated by Omidvari et al. [I2], the main aims of current research are intro-
ducing Fj-contractions and Fj-proximal contractions as new concepts and some
related theorems. Taking into account these new results, we will discuss existence
of the p-best proximity points for given mappings in metric spaces. Finally, some
examples present to show the validity of our results.

2 Preliminaries

Definition 2.1. [1] Let X be a metric space, A and B two nonempty subsets of
X. Define

d(A,B) = inf{d(a,b):a€ A,be B},
Ay = {a € A:there exists some b € B such that d(a,b) = d(A, B)},
By = {be€ B:there exists some a € A such that d(a,b) = d(A, B)}.

Definition 2.2. [i] Let f : A — B, is a no -self mappings. Then an element x*
is called best proximity point, if the following condition holds:

d(z*, fz*) = d(A, B).
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Moreover, denote BPP(f) as the set of all best proximity points of f.

Definition 2.3. [11] Let (X, d) be a metric space. Then, a functionp: X x X —
[0,00) is called w-distance on X, if the following hold:

1. p(x, 2) < p(@,y) + py, 2), for any x,y, 2 € X;
2. for any x € X, p(z,.): X = [0,00) is lower semi continuous;

3. for any e > 0, there exists 6 > 0 such that p(z,x) < ¢ and p(z,y) < § implies
d(z,y) <e.

Definition 2.4. [2] A is said to be approzimatively compact with respect to B if
every sequence {x,} C A satisfies

d(y,z,) — d(y, A)

for some y € B, has a convergent subsequence.

It is evident that every set is approximatively compact with respect to itself. If
A intersects B, then AN DB is contained in both Ag and By. Further, it can be seen
that if A is compact and B is approzimatively compact with respect to A, then the
sets Ay and By are non-empty.

Definition 2.5. [2] Let T : A — B is a mapping and g : A — A is an isometry.
Then, the mapping T is said to preserve isometric distance with respect to g if

d(Tgx1,Tgxs) = d(Tx1, Txa),
for all x1,z5 € A.

Definition 2.6. [12] Let F : RT™ — R is a mapping satisfies the followings:

1. F is strictly increasing, i.e., for all a,b € R* such that a < § = F(a) <

F(B);

2. For each sequence {cau, }nen of positive numbers nh_}rgo an = 0 if and only if
HILH;O F(ay,) = —o0;

3. there ezists k € (0,1) such that lim o*F(a) = 0.

a—0t

A mapping T : A — B is said to be an F-contraction, if there exists a T > 0 such
that, for all x,y € A,

d(Tz,Ty) > 0= 7+ F(d(Tz,Ty)) < F(d(z,y)).

Definition 2.7. [12] A mapping T : A — B is said to be an F-prozimal contrac-
tion for a non-self mapping of first kind, if there exists T > 0 such that
1. d(ul,T:z:l) = d(A,B),

2. d(UQ,T.Z‘Q) = d(A,B),
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3. d(’LLl,UQ),d(l'l,{,CQ) > 0,

implies that
7+ F(d(uy,us) < F(d(xy,x2)

where uy, Uz, T1, Ty € A.

Definition 2.8. [12] A mapping T : A — B is said to be a F-prozimal contraction
of second kind, if there exists T > 0 such that

1. d(ul,Txl) :d<A,B),
2. d(UQ,TJ?Q) = d(A, B),
3. d(T’LLl,TUQ), d(Tl’l,TI’Q) > 07

implies that
T+ F(d(Tuy, Tuz) < F(d(Tx1, Tx2)

where uy, U2, T1, Ty € A.

3 The p-best proximity point for [),-contractive
mapping

Definition 3.1. Let X is a metric space, A and B are two nonempty subsets of
X. Define

p(A,B) = inf{p(a,b):a€ Abe B},
App = {a€ A:there exists some b € B such that p(a,b) = p(A, B)},
By, = {be€ B:there exists some a € A such that p(a,b) = p(A, B)}.

Definition 3.2. Let (X, d) is a metric space. Then, a functionp: X x X — [0,00)
is called wq-distance on X, if the following holds:

1. p(z,2) < p(,y) +p(y, 2), for any z,y,z € X;
2. p(z,y) >0, for any x,y € X;

3. if {xm} and {ym} are any sequences in X such that x, — x, y, — y as
n — 0o, then p(x,, yn) = p(x,y) as  — oo;

4. for any € > 0, there exists § > 0 such that p(z,x) < § and p(z,y) < §
d(z,y) <e

Definition 3.3. Let (A, B) are nonempty subsets of metric space (X,d) and
Aop # 0. Then, the pair (A, B) is said to have P,-property, if and only if, for any
z1, %2 € Ao p and y1,y2 € Boyp

{ p(z1,y1) =p(A, B)
=p )

p(x2,92) (A’B = p(x1,72) = p(y1,92)-
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Definition 3.4. For given non-self mapping f : A — B, an element x* is called
p-best proximity point, if the following holds

p(x*, fz*) = p(4, B).

Taking into account the self mapping f in Definition B4, one can get a p-fixed
point for f: A — A.

Definition 3.5. Let F': RT — R is a mapping satisfies in

1. F is strictly increasing, i.e., for all a,b € R* such that a < § = F(a) <
F(B);

2. For each sequence {au, }nen of positive numbers lim «,, = 0, if and only if,
n—oo

nhﬁn;o F(ay) = —o0;
3. there exists k € (0,1) such that lim o*F(a) =0.

a—0t

A mapping T : A — B is said to be an Fy,-contraction if there exists T > 0 such
that for all x,y € A,

p(Tz,Ty) >0 = 74 F(p(Tz,Ty)) < F(p(z,y)),
where p is ws-distance.

Theorem 3.6. Let A and B are non-empty, closed subsets of a complete metric
space (X, d) such that A, is nonempty. Let T : A — B is an Fy,-contraction such
that T(App) C By,p. Suppose that the pair (A, B) has the P,-property, where p
is the ws-distance. Then, there exists a unique point x in A such that p(xz,Tx) =
p(4, B).

Proof. Let us consider an element x¢ € Ay . Since Txg € T(Aop) € Bo,p, there
exists 1 € Ap, such that

p(x1,Txo) = p(A, B). (3.1)
Also, since Txq € T(App) € By p, we get x2 € Ag, such that
p(xa2,Tx1) = p(A, B). (3.2)
Inductively, we can find a sequence {z,} in Ay, such that
P(xni1, Tep) = p(A, B), (3:3)

for all n € N.
By the fact that, (A, B) satisfies the P,-property, we have

p(Tn, Tpy1) = p(Txp_1,Tx,), for alln € N.

We divide our proof into four cases:
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Case 1: The sequence {z,} converges in Ag .

To see this suppose that there exists ng € N such that p(zn,—1,T%Tn,) =
0, then by (B3), we have p(xn,, Tno+1) = 0 which implies z,,, = Tpng+1-
Therefore,

Txp, = TTny+1

implies
P(Txpny, TTpg+1) = 0. (3.4)

From (B833) and (B4) we have
p(xno-‘r?a xno-‘rl) = p(Tzno+17Txno) =0

which implies ;o412 = Zp,+1. Therefore, z,, = x,,, for all n > ng and {x,}
is convergent in Ag p.

Case 2: The sequence {p(zn+1,%n)} tends to zero.

Let p(Txp—1,Txy) = 0, for alln € N. From the fact that 7" is a Fj,—contraction
and (B3), for any positive integer n we have

T+ F(p(Tan, Ten1)) < F(p(n, tn-1)),
which yields
F(p(znt1,20) < F(p(@n, 2n-1)) — 7... < F(p(21,70)) — 07 (3.5)
Taking limit on both side of (B3H), one can conclude that

lim F(p(zp41,2n)) = —00
n—oo

and applying (2) of Definition B, we conclude

lim p(@ny1,2,) =0. (3.6)

n—oo

Case 3: The sequence {z,} is a p—Cauchy sequence.

To reach this goal, applying (3) of Definition B3, one get that there exists
k € (0,1) such that

1 (p(r 20) F (plag1,2)) = 0. (3.7)
Since (BH) holds, we have

F(p(zni1,2n)) — F(p(1,20)) < —n7,
for all n € N. Therefore,

(P(@ns1,20)FF (1, 0)) = (P i1, 20))F F(pla1, 30)) < —n(p(:cn+}é9§3))k7 =
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Taking limit on both side of (B®) and applying (B@) and (821), one can
conclude that

lim n(p(zni1,2,))" = 0.

n—roo

Hence, there exists n; € N such that n(p(z,41,2,))" < 1, for all n > n.
Hence, for any n > nq,

p(-rn-i-lvxn) S ) (39)

3
|

o0
which implies that the series > p(x;41,;) is convergent.
i=1

Now let m > n > ny. Then, by the triangular inequality and (B), we have

m

P(Tm,Tn) < Z p(Tiv1, i)
i=n—+1

m o0
Note that the term > p(z;+1, ;) is the tale of convergent series > p(zi+1, z;)
i=n+1 i=1
and so tends to zero when m,n approach to infinity. Therefore,

lim {sup{p(xn,zm):m >n}} =0,
n— 00

Henceforth, {x,} is a p—Cauchy sequence in A. Since (X,d) is complete

and A is a closed subset of X, there exist * € A such that lim x,, = x*.
n—oo

Case 4: {z*} is the unique p—best proximity point of T
Since T is continuous, we have lim Tz, = Tx*. Hence, p(xpi1,TT,) —
o0

n—

p(z*, Txz*). From , p(z*,Tx*) = p(A,B). So z* is a p-best proximity
of T. The uniqueness of the p-best proximity points can be proved be-
cause, 1" is Fp-contraction. Suppose that z1,2s € A such that x; # z2 and
p(z1,Tz1) = p(xe, Txa) = p(A, B). Then by the P,-property of (4, B), we
have p(z1,z2) = p(Tx1,Tx2). Also, 1 # xo = p(x1,2z2) # 0 Thus

F(p(x1,22)) = F(p(Tz1,Tr2))) < F(p(w1,72)) — 7. < (p(21,72)),
which is a contraction. Hence the p-best proximity point is unique.
O

By setting A = B we obtained following result which is a special case of
Theorem 3.1.

Corollary 3.7. Let (X, d) be a complete metric space and A be a nonempty closed
subset of X, p be a ws-distance. Let T : A — A be an Fj,-contractive self-map.
Then T has a unique p-fixed point in A.
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4 The p-best proximity point for non-self F,-proximal
contractions

In this section, we will present p-best proximity point for non-self F,-proximal
contraction of the first and second kinds.

Definition 4.1. Let F is the function fulfills in Definition Bd. A mapping T :
A — B is said to be an Fy,-proximal contraction of the first kind if there exists a
wg-distance p and T > 0 such that

1. p(uy,Tx,) = p(A, B),
2. p(ug, Tx2) = p(A, B),
3. p(’u1,U2),p($1,$2) > 07

implies that 7 + F(p(uy,us) < F(p(x1,x2), where uy, us, 1,29 € A.

If T: A— Bisa F,-proximal contraction of the first kind and (A, B) has the
P,-property then T' is a Fj-contractive non-self mapping, where p is w,-distance.

Definition 4.2. A mapping T : A = B is said to be a Fy,-proximal contraction of
the second kind, if there exists a ws-distance p and T > 0 such that

1. p(uy, Tz1 = p(A, B),
2. p(ug, Txs) = p(A, B),
3. p(Tuy, Tug),p(Txy,Tas) > 0,

implies that 7 + F(p(Tu1, Tug) < F(p(Tx1,Txs), where ui, ug, x1,xo € A.

Definition 4.3. A is said to be p-approrimatively compact with respect to B if
every sequence {x,} C A satisfies in p(y,x,) — p(y, A), for some y in B, has a
convergent subsequence where p is a ws-distance.

Definition 4.4. Let T : A — B is a mapping and let g : A — A is an isometry.
The mapping T is said to preserve isometric distance with respect to g, if

p(Tgx1,Tgxs) = p(Tx1, Txa),
where p is a wg-distance and x1, T € A.

Theorem 4.5. Let A and B are non-empty, closed subsets of a complete metric
space X such that Ao, is non-empty. Let T : A — B is continuous, Fy,-prozimal
contraction of the first kind and T(Aop) C Boyp and g : A — A is an isometry
such that Aoy, C g(Aop). Then, there exists a unique element x € A such that
p(gz,Tz) = p(A, B).
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Proof. Let us take an element zg € Ag,. Since Txg € T(Aop) € By, and
App C g(Ap p), there exists z1 € Ag, such that p(gz1, Txo) = p(4, B). If zp = 21,
then put z,, = 1, for all n > 2. Also, we know that T'(x1) € T(Ap,,) C By, and
App € g(Ao,p). Thus, there exists zo € g(Ao,p) such that p(gze, Tx1) = p(A4, B).
If 1 = x5 then put z,, = x5 for all n > 3. Continuing this process, we can find a
sequence {z,} in Ag p, such that

p(92nt1, Txy) = p(A, B), (4.1)

for all n € N.

Now we are ready to prove the convergence of the sequence {z,} in A. If there
exists ng € N such that p(gzn,,9Tne+1) = 0, then it is clear that the sequence
{z,} is convergent. Hence, let p(gx,, grny1) # 0, for all n € N. Since T is a
F,-proximal contraction of the first kind and (E=0) holds, for any positive integer
n, we have

T+ F(p(gxmganrl)) < F(p(zn-1,70)),

which implies that

F(p(zn, Tny1)) < F(p(zn_1,7)) — 7... < F(p(x0,21)) — nT.

Similar to the argument presented in Theorem 3.1, {z,} is a Cauchy sequence in
A.
Since X is complete metric space and A is closed subset of X, there exists
x € A such that lim x,, = z. Therefore, taking limit on both side of (EI), we
n—

oo
obtain p(gz, Tz) = p(A, B). Now, x* is in A such that p(gz*, Ta*) = p(A, B). We
show that = z*. On the contrary, suppose that x # x*. Hence, p(z,z*) # 0.
Since T is a Fj-proximal contraction of the first kind and g is an isometry,

F(p(z,2")) = F(p(gz, 927)) < F(p(z,2")) — 7 < F(p(z, 27)),
which is a contraction. Therefore, z = x* and this completes the proof. O

If g is the identity mapping in the Theorem (4.1), then we obtain the following
corollary as a special case.

Corollary 4.6. Let A and B are non-empty, closed subsets of a complete metric
space X such that A is p-approximatively compact with respect to B. Further,
suppose that Agp is non-empty. Let T : A — B is a continuous Fj,-proximal
contraction of the first kind and T(Aop) € Bop. Then T has a unique p-best
proximity point in A.

In the following, the p-best proximity point result for non-self Fj,-proximal
contraction of the second kind is presented.

Theorem 4.7. Let A and B are non-empty, closed subsets of a complete metric
space X such that A is p-approzimatively compact with respect to B. Also, assume
that Ao p is non-empty. Let T : A — B is a continuous F,-prozimal contraction
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of the second kind with T'(Aop) € Bop and g : A — A is an isometry satisfies in
Aop C g(Aop). If T preserves isometric distance with respect to g. Then, there
exists an element x € A such that

p(gx, Tx) = p(A, B).

Moreover, if x* is another element of A such that p(gz*,Tx*) = p(A, B) then
Tx =Tx*.

Proof. Let us take an element zg € Ag,. Since Txg € T(Ap,) C By, and
App € g(Ao,p), there exists 1 € Agp such that p(gz1,Txo) = p(A, B). If Txy =
Tz, then put z, = z1, for all n > 2. Otherwise, since Tx; € T(Aop) C Boyp
and Ao, C g(Ap,p), there exists xo € A, such that p(gze,Tx1) = p(A, B). If
Txy = Txo then put z,, = z9, for all n > 3. Continuing this process, we can find
a sequence {z,} in Ag, such that p(gz,41,Tx,) = p(4, B), for all n € N. We
are ready to prove the convergence of the sequence {Tz,} in B. If there exists
ng € N such that p(T'gzy,, TgTn,+1) = 0 then it is transparent that the sequence
{Txz,} is convergent. Hence, let p(T'gx,, Tgrni1) # 0, for all n € N. Since T
is a Fp-proximal contraction of the second kind and preserves isometric distance
with respect to g and (E) holds. Hence, for any positive integer n we have

T+ F(p(Tgfn,Tgl'nJrl)) S F(p(TxnflaTxn))y
which implies that
Fp(Txpn, Txps1)) < F(p(Txpn-1,Txzy)) — 7... < F(p(Txo,Tx1)) — N7

Analogous the proof of Theorem 3.1, {T'z, } is a Cauchy sequence in B.
Since X is complete metric space and B is closed subset of X, there exists
y € B such that lim Tz, =y. Applying triangular inequality, we have
n—o0

p(y, A) p(y, 97n)
p(y, Trp1) +p(Tp—1, 920 (4.2)
p§y7Txn_1) +p(A, B) '

p y7Txn—l) +p(y7A)

IAN I IAIA

Taking limit on both side of (E2), we obtain lim p(y, gx,) = p(y, A). Since A is
n—oo

p-approximatively compact with respect to B, there exists a subsequence {gz,, }
of {gz,} which converges to some z € A. Therefore,

p(zay) = kli)Igop(gxnkaTxnkfl) :p(AaB)

This implies that z € Ag . Since A, C g(Ao,p), there exists x € Ay, such that
z = gx. Since lim g(z,,) = g(x) and g is an isometry, we have
n—oo

lim z,, =2
n—oo
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Also, T is continuous so {1z, } is convergent to y. Therefore, lim Tz, =Tz =y.
n—oo
Thus, it yields
p(gz,Tx) = nli_}rgop(gxnk,Txnk) = p(4, B).

Now, z* is in A such that p(gz*,Tz*) = p(A,B) and so Tx = Tz*. On the
contrary, suppose that Tz # Tz*. Hence p(Tx,Tx*) # 0. Since T is a F,-proximal
contraction of the second kind and preserves isometric distance with respect to g
where g is an isometry,

F(p(Tx, Ta")) = F(p(Tge, Tga")) < F(p(T, Ta")) — 7 < F(p(Tx, Ta"),
which is a contraction. Therefore, Tx = Tx* and this completes the proof. O

The next corollary is obtained by taking g as identity mapping in Theorem
4.2.

Corollary 4.8. Let A and B are non-empty, closed subsets of a complete metric
space X such that A is p-approrimatively compact with respect to B. Further,
suppose that Aoy is non-empty. Let T : A — B is a continuous Fy-prozimal
contraction of the second kind and T'(Aop) C Bop. Then T has a p-best proximity
point in A. Moreover, if x* is another p-best proximity point of T then Tx = Tx*.

Example 4.9. Let F : R™ — R is defined by F(a) = Ina. One can easily check
that F satisfies axioms 1-3 of Definition [3.5]. So, each mapping T : A — B
satisfying Definition [3.5] is an Fj,-contraction such that p(Tz,Ty) < e~ "p(z,y)
forall z,y € X,Tx # Ty. As by Definition of F,—contraction:

1: If oy < ag implies that In(ay) < In(az);

2: For each sequence {ay, } of positive numbers lim, oo = 0 4ff limy, o0 In(av,,) =
—o0;

lim o*Ina = lim
a—0+ a—0t

Open Problem

There is an open problem that whether we can obtain same results for existence
of best proximity point theorems by changing or omitting the third axiom of the
definition of F,,—contraction.
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