Thai Journal of Mathematics : 103-127
Special Issue: Annual Meeting in Mathematics 2018

http://thaijmath.in.cmu.ac.th
Online ISSN 1686-0209

On Solving the Equilibrium Problem and
Fixed Point Problem for Nonspreading
Mappings and Lipschitzian Mappings
in Hilbert Spaces

Sarawut SuwannautT,m

"Department of Mathematics, Faculty of Science,
Lampang Rajabhat University
e-mail : sarawut-suwan@hotmail.co.th

Abstract : The purpose of this research is to introduce and study the S-mapping

generated by a finite family of nonspreading mappings and Lipschitzian mapping
in a Hilbert space. Then, we prove a strong convergence theorem for finding
a common element of the set of fixed points of a finite family of nonspreading
mappings and Lipschitzian mappings and a common solution of a finite family
of equilibrium problems. Futhermore, applying our main theorem, the additional
results for equilibrium problem are obtained.
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1 Introduction

Let C' be a nonempty closed convex subset of a real Hilbert space H with the
inner product (-,-) and the norm || - ||. The fixed point problem for the mapping
T:C — H is to find x € C such that

x="Tz. (1.1)
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We denote the set of solutions of (W) by Fix(T). It is well known that Fiz(T')
is closed and convex and Pp, (7 is well-defined.

In 2008, Kohsaka and Takahashi [G] introduced the nonspreading mapping T
in Hilbert space H as follows:

2 Tw — Ty|]? < | T — y|* + |l — Ty|]?, Va,y € C. (1.2)

In 2009, it is shown by Iemoto and Takahashi [[@] that (IZ2) is equivalent to
the following equation.

Tz — Ty|*> < ||l — yl|* + 2(x — Ta,y — Ty), for all x,y € C.

Many researcher proved the strong convergence theorem for nonspreading mapping
and some related mappings in Hilbert space, see for example [R, @, [T, I1)].
We now recall some well-known concepts and results as follows:

Definition 1.1. Let T : C — C be a mapping. Then T is called

1) p-Lipschitz continuous if there exists a nonnegative real number p > 0 such
H M
that
[Tz =Tyl < pllz —yll, e,y € C.

1) quasi-nonexpansive g
1Tz —p|| < ||z —pl|l, for every x € C and p € Fix(T).

Remark 1.2. [14] If T : C — C is nonspreading with Fiz(T) # 0, then T is
quasi-noneTpansive.

In 2009, Kangtunyakarn and Suantai [[2] proposed an S-mapping for nonlinear
mappings as follows:

Up=1
Ur = aiThUy + a3Up + a3l
Us = a3 ToU; + a3Uy + a3l
Us = aiT3Us + ajUs + a1

Uv_1=aY Ty \Un_o+ad TUn o +ad '

S=Uyn= OéivTNUNfl + OéévUN,1 + OééVI7

where o = (o, ad, ) € I x I x I where I = [0,1] and of + o + a = 1. This
mapping is called S-mapping generated by Ty, T, ..., Ty and a1, as, ..., an. They
proved that Fiz(S) = ﬂf\il Fix(T;).

Later, in 2012, Kangtunyakarn [3] studied the S-mapping for a finite family
of nonspreading mappings and obtained that Fiz(S) = ﬂfil Fix(T;) and S is
quasi-nonexpansive mapping.
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Let F': C x C' — R be bifunction. The classical equilibrium problem is to find
x € C such that
Fla,y) > 0, € C, (1.3)

which was first considered and investigated by Blum and Oettli [0] in 1994. The
set of solutions of (I=3) is denoted by EP(F).

The equilibrium problem provides a general framework to study a wide class of
problems arising in economics, finance, network analysis, transportation, elasticity
and optimization. The theory of equilibrium problems has become an explosive
growth in theoretical advances and applications across all disciplines of pure and
applied sciences, see [, B, I7].

In 2013, Suwannaut and Kangtunyakarn [I4] introduced the combination of
equilibrium problem which is to find x € C such that

N
Zain‘ (z,y) > 0,Vy € C, (1.4)
i=1

where F; : C x C'— R be bifunctions and a; € (0,1) with Ef\il a; = 1, for every
1=1,2,...,N. The set of solution (IA) is denoted by

EP (Z%‘E‘) = {x cC: (ZaiE) (z,y) > 0,Vy € C’}.

Remark 1.3. Very recently, in the work of Suwannaut and Kangtunyakarn [I3],
Khuangsatung and Kangtunyakarn [T8] and Bnouhachem [I77], they give the nu-
merical ezamples for main theorems and show that their iteration for the combi-
nation of equilibrium problem converges faster than their iteration for the classical
equilibrium problem.

Inspired by the related research described above, we introduce and study the
S-mapping generated by a finite family of nonspreading mappings and Lipschitzian
mapping in a Hilbert space. Then, we prove a strong convergence theorem for find-
ing a common element of the set of fixed points of a finite family of nonspreading
mappings and Lipschitzian mappings and a common solution of a finite family
of equilibrium problems. Futhermore, applying our main theorem, the additional
results for equilibrium problem are obtained.

2 Preliminaries

Let H be a real Hilbert space and C' be a nonempty closed convex subset of
H. We denote weak convergence and strong convergence by notations * —” and
Y " respectively. For every x € H, there is a unique nearest point Pcz in C
such that
o~ Peal] < fla— yll. ¥y € C.

Such an operator P¢ is called the metric projection of H onto C.
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Lemma 2.1 ([8]). For a given z € H and u € C,
u=Poze (u—z,0v—u)y>0,VveC.
Furthermore, Po is a firmly nonexpansive mapping of H onto C' and satisfies
| Pex — Peyl|” < (Pox — Poy,x —y) Vr,y € H.
Lemma 2.2 ([d]). Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1 —ap)sp + 0,,Vn >0,

where ay, is a sequence in (0,1) and {0,} is a sequence such that
oo

(1) Z Oy = 00,
n=1

6 o0
2) limsup — <0 or On| < 0.
(2) timsp 2 <0 0r 3

Then, lim s, =0.
n—oo

Definition 2.3 ([i7]). Let C be a nonempty convex subset of a real Banach space.
Let {Ti}f-vzl be a finite family of mappings of C into itself. For each j = 1,2,...,
let oy = (o, ady, ) € I x I x I where I =1[0,1] and o + o + oy = 1. Define the
mapping S : C — C as follows:

Up=1
Uy = aiThUy + a3Uy + azl
Us = aiToUy + a3U; + a3l
Us = aiT3Us + ajUs + a1

Uv_1=aY Ty \Uny_o+ad TUn o+ ad '

S=Ux=0a}TnUn-1+ 05 Uy_1+aj I
This mapping is called S-mapping generated by T1,Ts, ..., Tn and a1, a9, ..., aN.

Lemma 2.4 ([13]). Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let {ﬂ}f\;l be a finite family of nonspreading mappings of C into C
with ﬂfilFm(Tz) 40, and let a; = (o, 0, ) e IxIxI,j=1,2,...,N,
where T = [0,1], o] + o, —|—a§ =1,al,a} € (0,1) forall j =1,2,...,N — 1
and o € (0,1], o € [0,1), ag € 10,1) for all 5 = 1,2,...,N. Let S be the
S-mapping generated by T1,Ts, ..., Ty and ai,s,...,an. Then, the following
properties hold:
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(i) Fia(S) = Y, Fia(Ty);
(i) S is a quasi-nonexpansive mapping.

Now, the finite family of nonspreading mapping and Lipschitzian mappings is
considered and the following result is proved.

Lemma 2.5. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let {Tl}iil be a finite family of nonspreading mappings and L;-Lipschitzian
mapping of C into itself with ﬂf\il Fiz (T;) #0. Foreachj=1,2,...,N and k =
1,3, let oz§n) = (a7, a7 a7y € IXIXT, where I =[0,1], &7 4057 +a57 =1,
af? ay? € (0,1) for allp = 1,2,...,N — 1 and a’f’N € (0,1], ag’N € [0,1),
ay? € [0,1) such that o}’ — ol as n — oo and S0 |ap ™ — o | < 0.
For everyn € N, let S and S,, be the S-mapping generated by T1,T1,...,Tn and
ay,Qo,...,ay and Ty, Ty, ..., TN and agn), ag"), ceey ag\?), respectively. Then, for
every bounded sequences {x,} in C, the following statement hold:

(i) nl;rr;o |Shxyn — Szp|| =0 ;

0o
(”) Z ||Snxn—l - Sn—lxn—l‘l <0 .
n=1

Proof. Let {z,} be a bounded sequence in C' and let Uy and U, j be generated
by T1,T1,...,Tx and ay,qs,...,ay and T1,75,..., TN and agn),ozgn), .. ,ag\?),
respectively.

First, we shall prove that () holds. For each n € N, we obtain

||Un,1xn - lenH

a?’lTlxn + (1 — a?’l) Ty —a;Tha, — (1 — a%) T

1 1
P N, — ot e, — alTiz, + aja,
1 1
= ’(0/11’ — oz%) Tix, — (a? — o&) T

= |a?" = o] 7120 = @l (2.1)

For k € {2,3,..., N}, we derive

n,k n,k n,k k
Un kxn — Uyl :Ha1 ThUn k—12n + 0" Up p—1@n + a3 n — a7 TpUk 125

k k
—ayUp_1Ty — 3Ty,




108 Thai J. Math. (Special Issue, 2019)/ S. Suwannaut

n,k n,k n,k k
:Ha1 TkUn’kfl.’En e TwUp_12, + Qg T Up_1x,, — alTkUk,lxn
n,k n,k n,k k
+ oy Up —1Tn — g " Up_1%n + a0y U120 — a U1y
k
+ (ag’ — a§> T,

O/f’k (TkUn,k—lxn — TkUk_lxn) + (Oz?’k — Oé]f> T Up_12xyp,

n,k n,k k
+ ay (Un,krflxn - kalxn) + (042 - aQ) Uk—17n
+ (ag’k - a’gf) Tp

< & | TeUn 10 — TiUk—10 || +

o * — k| | TV

+ a* Un k—12n — Up—12,| +

o5* — af| U1

n,k

k
+ |ag* = af| el

< P U k12n — Up 12| +

o * = b T U1
+ Oég’k ||Un,k711'n - kalxn”

oo o e

o * — af|
S (Lk + 1) ||Un7k—1xn - Uk:—lan +

i

= (Lk + 1) ||Un,k—1xn - Uk—lxn”

of* — af | | ThUk-12al

n,k k
Q= 0‘1‘ +

o * — o) U1zl +

o* — ol

+ |at* = k| (T U1 + Ukl
n,k
+ |ag* = ab| (1012l + llznl) (2:2)

From (E70) and (E72), we get

||Sn-rn - an” = ||Un,an - UanH
<(Ln+1)||UpN=12n — Un—120]|

+ |at = o | (ITwUn 120l + |UN-122])
+|as ™ = aff| (1UN-12a]l + llzal)

<(Lny+1) ((LN71 + 1) | Un, =22y, — Un_2zy||

+ |al V7 = a7 (1T -2 Un—s2all + | Un—22a])
_ ‘(

4ot gy ||UN_2an+||33n||))
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n,N

+ |at™ = | (1w Un-12all + | Un-122])
+ g™ = o' | (10N -1zl + 2 )

N
H (Lj + 1) |Un,N—22n — Un—22n]|

109

j=N-—
+ Z L +1) Cle (“TjUjflxn‘l + ||UJ*1mnH)
j=N-1
+ Y @+ 0N ey — | (10l + )
j=N-1
N
H HUn 1Tn — len”
Jj=2
N . .
+ 3 (L + DV + ol = of | (I 12l + 10 120])
j=2
N
. |
+ 3L+ D)V a3 — | (1T 1zal + )
j=2
N
=TI &+ D)y - aﬂ Ty — 0|
j=2
N .
+> (Lj+1) — | (ITU; 12| + U 12])
j=2
N
N—j| n;j j
+ 30+ DV [0 — o | (101l + ll@all)
j=2

From the condition a;” — a7, as n — oo, where k =1,3,j =1,2,...,

conclude that

lim ||S,z, — Sz,| = 0.
n—oo

Next, we will claim that (§) holds. For any n € N, we have

||Un,1xn71 - Unfl,lxnfl H

n,1 n,l n—1,1
= Hal’ Tvxp—1— a7 Tp_1 —ozl L Tlxn 1+ao; 7 a:n_1H

N, we can

n,l n,l n—1,1 n—1,1
oy’ Tlxn,l—i—(l—al )mn,l—al Tix,— 1—(1—a1 ’)xn,lu
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For k € {2,3,...,

||Un,kxn71 -

o et e o
= [ol" =t T — @l

Up—1kZn—1|
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N}, we obtain

(2.3)

n,k n,k n,k n—1,k
:Hoél ThUp k—1%n—1 + 0y Up p—1Tn—1 + 05" xpn_1 — oy " TpUp_1 k—1Tn—1

—

n,k n,k n,k
:Hal TwUnk—1%n—1 — oy ThUp—1 p—1Zn—1 + 0o TpUpn—1 k—1%n—1

—Oé

n,k n—1,k n,
+ 0y Up—1 h—1Tn—1 — Oy n—1,k—1Tn—1 + (ag

n,k n,
+ oy (Unpk—1Tn—1 — Up—1 k—1Tn—1) + (042

Jen|

< N TUp k12n—1 — TilUn 1 go1n 1 || + |

+(

n,k
+ ay

+

<af” kLk”Unk 1Zn—1 — Up—15—1%n—1|| + |&

+af®

n—1,k

2

1, n,k n,k
1 MU he1Tp—1 + ay Up fp—1Tp—1 — v

n,k

ag’

Un_

n,k
Oé3 —

n—1,k
— a3

n lk‘

n,k
‘1—04 —a3

_|_

< (L + 1) |Up k—1%n—1 — Up—1 k-

e ) a1 g1

n,k
013 -

nk_

nlk

[[2n—1

[zl

ITkUn—1 k—1Zn-1ll + | Un=1,k—1%n-1l)

+ ( af L k‘ + |a

g = g™ [l |
= (L + 1) ||Up k—1%n-1 —

+ a?k—o/f*l’k

+ |apk —ap=bk

Un—1 k—12n—1] + lzn-1]) -

n—1,k

1,k—1Tn—1 — Q3 xn—1H

04711’1€ (ThUn k—12n-1 — TUp—1 5—1%n—1) + (

Unk—1%n—1 — Un—1 p—12n—1] + |

|Unk—1Zn—1 — Un—1 k—1Zn—1]]

+ ag

Un—1k—1%n—1]|

Up—1,k-1%Tn—1

‘ 1Un-1,k—1Zn-1]

n—1,k n—1,k

~1+aj 101 k1201

k
- Oén—1,1> ThUn—1k-1Tn—1
o )Un—1,k—1a?n—1

= o/f””“) 14Ut g1 |

oG ITUn -1 120 |

1TeUn—1k—1Zn-1]|
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From (23) and (24), we get
||Snxn—1 - Sn—ll'n—l”
= ||Un,an71 - Unfl,N{L’nfln
<Ly + 1) || UpN-1Zp—1 — Up_1,N—1Tn—1]|

+ | - O/f_l’N’ (ITwUn—1.v-12n-1ll + [Un—1,v-12n-1])
R i (AR T [ N )

< (Ln +1) (L1 + 1) [Unn-220-1 = Uno1n-27n-1 |

+ oVt - 0/11_1’]\[_1’ (1 TN -1Un—1,N—2Zn-1|| + [|Un—1,N—22n—1]|)
T Rt e [([UARY B )

t [af ™ — N (T Un oty <1 Znct | 4 [Unor v )
o — a3 | (U v sl + )

N
= H (Lj + 1) |Up,N—2%pn—1 — Upn_1 N—2Tpn_1]|
=N

N—j| nyj n—1,j
+ > L+ )Y o = o T (1T Un -1 g 1@nall 4+ 1Un—1j-12n1])
—N—

1

N
N—j| n,; —1,j
D DI E R St (AR [ PN )
=N—

7 1

N
<[] @+ DUnizns = Un—r12nall

=2
N .
+> (L + )Y | - a?fl’j‘ NT3Un—1j-12n-1] + [IUn-1,j-12Zn-1l])
j=2
+ 30+ )N s = 3| (V1121 + Jwn-al)
=2
N
=[]+ | - 04?_1’1‘ [Thzp—1— Zn—1]|
=2
N .
+ > (L + )Y | = o (IT5Un -1 joazmall 4+ 1 Un-1j-12n 1)
j=2

N .
+y (L + )N

a7 = a7 (Wn-15-10-1ll + -l
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From the condition Y,

hence we get

OéZH’j —aZ’j < oo, where k = 1,3, = 1,2,...,N,

oo
Z 1Snzn—1— Sn—1Zn_1]| < 0.
n=1

O

For solving the equilibrium problem for a bifunction F' : C' x C' — R, let us
assume that F' and C satisfy the following conditions:
(Al) F(z,z) =0 for all x € C;
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all 2,y € C;
(A3) For each z,y,z € C,

lim F (tz+ (1—t)z,y) < F(z,y);

t—0+

(A4) For each z € C,y — F(x,y) is convex and lower semicontinuous.

Lemma 2.6 ([14]). Let C' be a nonempty closed convex subset of a real Hilbert
space H. Fori = 1,2,...,N, let F; : C x C — R be bifunctions satisfying
(A1) — (A4) with NX, EP (F;) # 0. Then,

N N
EP (; aF> = QEP (F),

N
where a; € (0,1) for everyi=1,2,...,N and Zai =1.
i=1

Lemma 2.7 ([Ml]). Let C be a nonempty closed convex subset of H and let F' be
a bifunction of C x C into R satisfying (A1)-(A4). Let r > 0 and x € H. Then,
there exists z € C' such that

1
F(z,y)—&—;(y—z,z—x}ZO,VyGC’.

Lemma 2.8 ([5]). Assume that F: C x C — R satisfies (A1) — (A4). Forr >0,
define a mapping T, : H — C as follows:

1
T-(z)= {zGC:F(z,y)Jr;(yfz,z—x) 20,VyEC}

for all x € H. Then, the following hold:
(i) T, is single-valued;

(i) T, is firmly nonexpansive, i.e., for any x,y € H,

I (2) = T ()II* < (T(2) = To(y), @ — y) ;
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(iii) Fix(T,.) = EP(F);
(iv) EP(F) is closed and conver.

Remark 2.9 ([I]). Since Zf\[:l a;F; satisfies (A1)-(A4), by Lemma 20 and
Lemma 228, we obtain

N
Fiz(T,) = EP (Z ai l) = ﬂ EP(F)

where a; € (0,1), for eachi=1,2,...,N, and 22111 a; = 1.
3 Strong convergence theorem

Theorem 3.1. Let C be a nonempty closed convexr subset of a real Hilbert space
H. Fori=1,2,...,N, let F; : C x C — R be a bifunction satisfying (A1) — (A4).
For every j =1,2,..., N, let {T]};\[:1 be a finite family of nonspreading mappings
and L;-Lipschitzian mappings of C' into itself with ﬂN Fiz(T;) # 0. Suppose that
Q—ﬂ | Fiz(T;) N ﬂzlEP( ;) # 0. For each j = 1,2,. ,Nandk:13

let a(n) = (a7, b7 87y e I x I x I, where T = [0, 1] P+ ab? —|— az? =1,
al’é,a?)’p € (0,1) forallp =1,2,....N — 1 and al € (0,1], a 3 € [0,1),
ag? €10,1). For eachn € N, let S, be the S-mapping generated by Ty, T, ..., Tn
and oy ") aén), .. (n). Let {x,} be the sequence generated by x1 € C and
Zaz 7 U'ru < _un7un_$n> ZOaVyea (3 1)

-'I;n+1 - anf (an) + Bnun + ansnx'ruvn Z 17
where f : C — C be a contraction mapping with a constant & and {a,}, {Bn},

{6n} C(0,1) with ay, + B + 6 = 1, ¥n > 1. Suppose the following statement are
true:

) Jimg 0n =0 and 3 o, = e

n=1

(i) 0 <7< Bn,0p <v<1 for somer,v>0;

N
(iii) Y a; =1;
i=1

(iv) 0<e<r,<p<l, forsomeep>0;
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oo oo
(’U) Z ‘anJrl - Oén| < 09, Z |Bn+1 - Bn| < 00,

Z\5n+1f§ | < oo, Z|rn+1f7'n|<oo

n=1

[ee]
Z ’a"“ — ozZ| < oo, forall k=1,3;
n=1

Then {x,} and {u,} converge strongly to ¢ = Paf(q).

Proof. The proof shall be divided into seven steps.
Step 1. We will prove that {z,} is bounded.

Since Zf\il a; F; satisfies (A1)-(A4) and
1
Zaz un,y <y*unaun*xn> >0,y € C,

by Lemma 28 and Remark 279, we have u,, = T, z,, and Fiz(T;, ) = ﬂfvzl EP(F;).
Let z € . By Lemma P4, we have

[#n41 — 2]
<an ||f (xn) = 2|l + B llun — 2| + 0n | Snan — 2|l
Som ||f () = f(2) + f(2) = 2| + B 1T, @ — 2| + bn [|2n — 2]
<an (I1f (@n) = FE+ /() = 2l]) + (1 = an) 2 — 2]
<o (€ len — 2]l + [If(2) = 2[)) + (L = o) lzn — 2]
=1 —an(1=8) llzn — zll + on [|f(z) — 2]

SmaX{Hxl — 2, ||f(1)_£z||}.

By induction, we have ||z, — z|| < max{Hxl -z, “f( Z”} Vn € N. It follows

that {z,} is bounded so is {u,}.
Step 2. We will show that lim,,_ ||Zn+1 — x| = 0.
By the definition of z,, we obtain

|
<an [|f (@n) = f (@)l + lan — an—1| | f (a1l + Bn [[un — tn—1]|

+ 1Bn = Br-1l llun—1ll + 6n [Snzn — SnTp—1ll + n [[Sn@n-1 — Sp—1Zn-1]|

+ |6n - 6n71| ||Snflxnle
<anél|Tn — a1l + o — ana [ | f (@n—1)[| + Ba lun — up—1]|

+ 1Bn = Br-1l lun—1ll + n [2n — Tn_1|

+ 00 [|[Sn®n—1 — Sn—1Zn_1ll + [6n — On-1]||Sn-1Zn-1] - (3.2)

[Znt1 — onl|

anf (xn) + ﬂnun + 6nsnajn - (anflf (-/L’nfl) + anlunfl + 6n715n71xn71) H
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Since uy, = T}, xn, by utilizing the definition of T, _, we obtain
1
Zaz (T, zn,y) + — <y Ty Tny T Tp — x5) > 0,y € C, (3.3)

and

1

n+1

Zaz i rn+1xn+17y) + . <y - Trn+1mn+1aTrn+1xn+1 - xn+1> >0,vyeC.

(3.4)
From (B3) and (B3A), it follows that

1
E a/z Trnxna rn+1$n+1) +7

n

(Trpir@ns1 — Tr@n, T — ) 20, (3.5)
and

1
§ az 7 rn+1xn+1;Trnxn) + — <Trnxn - Trn+1xn+1aTrn+1xn+1 - xn+1> Z 0

Tn41
(3.6)
N
From (B3) and (BM) and the fact that Z a; F; satisfies (A2), we have
i=1
1
E <Trn+1xn+1 - Trnxna Trnxn - xn>
+ <Tr"$n - Trn+1xn+1a TT7L+1£E71+1 - $n+l> Z Oa
Tn41
which implies that
<T7-nxn - T7-n+1xn+1) T’"n+1x”+1 — xn"’_l - T'f'n'rn — :En> 2 0
'rnJrl Tn
It follows that
<Trn+1xn+1 - Trnxna Trnxn - Trn+1mn+1 + Trn+1xn+1 — Tn
Tn
- (Trn+1xn+1 - xn+1) > Z 0 (37)

Tn+1
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From (B77), we obtain

HTTn+1x"+1 -

S <Trn+1 Tp41 —

T,

Tn
Tr" Tn, Tr,,LJrl Tn+1 — Tn — (Tr,,LJrl Tn+1 — xn+1)>
Tn+1

= <Trn+1$n+1 - T’r‘nxnu Tp4+1 — Tn + (1 - In ) (Trn+1xn+1 - xn+1)>
Tn+1
§ ||Trn+1xn+l - TrnmnH Tn+l — Tn + (1 - In ) (Trn+1xn+1 - mn—&-l) ‘
Tn+1

< ||Trn+1zn+1 - Trnl‘nH lTni1 — nll + ‘1 - ||Trn,+1zn+1 - $n+1||:|

L Tn+1

[ 1
= HTrn+1xn+1 - TrnmnH [Zn+1 = ol + —— [rns1 — 7l HTmen-H - xn-i-lH]

L Tn+1

S HTrn+1 Tn41 —

[ 1
Trnan ||='En+1 - xn” + ; "rnJrl - Tn‘ |‘Trn+1xn+1 - -Tn+1|‘:| )

which follows that

Hun-i-l

1
= Up || < || Tng1 — zn| + ; ITn+1 = Tl [Uunt1 — Tnga |- (3.8)

From (BXR), we have

l|n —

1
Un—1]| < [[@n — Tn-a| + P rn = -1 [Jun — n - (3.9)

Substituting (B) into (B2), we derive

[Znt1 — znll

<ané |z — 1| + o — anal || f (xn—l)H + Bn< ||xn |

1
2 b=l ot = all) 4180 = Bt ol 4+ 0 e =

+ 677, ”Snxnfl - Snflxnle + |§n - 6n71| ||Sn71xn71||
< —an(l=9) |zn — 21l + lan — an—1l | f (zn-1)||

1
+ ; ‘Tn - Tn—1| ||un - xn” + |Bn - Bn—1| ||un—1H + 671 ||Sn$n—1 - Sn—lxn—lll

+ |5n - 5n—1| ||Sn—1xn—1|| .

From the conditions (i), (m), Lemma P2 and Lemma PZZ3(H), we obtain

nh_{rgo |zn+1 — znll = 0. (3.10)

Step 3. We will show that lim,,_, o [|un — || = 0 and lim,, o0 ||Sn2n — x| = 0.
To show this, let z € Q. Since w,, = T}, z,, and 7T, is firmly nonexpansive mapping,
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then we obtain

2 — Trn$n||2 =T,z — Trnxnllz
S <Trnz - Trn‘rna Z = xn>
1

= 5 (I, 20 = 21 + llan = 2I° = I1T5, 20 = 2all)

which follows that
ltn = 207 < Nl = 2I* = lun = 2all®. (3.11)
From (B1) and (B), we get
ns1 = 2I1
<an [If (@a) = 2|* + Bn
<an If (@n) = 2 + B (llzn = 2 = llun = @all® ) + 80w - 211

| — 2||° + 6 || Sz — 2|

<ay ||f (zn) — ZH2 + l|lzn — sz — B un — xn”zv
which implies that

B ||wn — $n||2 <|lzn — Z||2 — |71 — Z”2 +an || f (25) — Z||2

2
S(zn = 2l + [zng1 = 2[) |Tns1 — 2ol + an | f (20) — 2]

(3.12)

From (BTM) and the conditions (i), (d), it implies by (812) that

nlbrr;o [ter, — zp]| = 0. (3.13)
By the definition of z,,, we obtain

Tpt1 — Tn = O f () + Bptin + 0nSnTn — Ty
=an (f (X)) —xn) + Bn (Un — Tn) + 0p (Snn — xn) -
This follows that
On [[Snn — @l < an [|f (2n) = znll + Bn llun — 2ol + 201 — 2l

From (BTM), (B13) and the conditions (f) and (&), we obtain

lim ||Spzn — x| = 0. (3.14)

n—oo

Next, we will derive that

lim ||T7,Ul_112n - i—lan = O,VZ = 1, 2, ey N.
n—00
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From (B), we obtain

|41 — 2]

<an [If (@n) = 2> + Bn llun — 21 + 0 [|Snzn — 2II°

<o |1f (zn) = 217 + B ll2n — 2I° + 6nllaf (TNUn 120 — 2)
+ o (Uy_12y — 2) + b (2, — 2 ||

<an [|If (@n) = 2> + Bu ll2n — 21 + 0n (ol |TNUn— 120 — 2||°
+ o |Un—12n = 2l° + 0f |lzn — 21> — a0 |TNUn—120 — Un—12n]*)

<aun ||f (@) = 2|* + B len — 2" + 8 ((1 = @) 1Un 12 — 2|
+ad e — 2l* — o o | TNUn-120 — Un—12a]%)

=an |f (@n) = 2l° + Ba o — 217 + 60 ((1 = o) [Jad ™" (Tn-1Un 220 — 2)
+ay TV (Un oty — 2) + a7 (2, — 2) ||2
+ab |z, — 2)* — o o | TNUn—12n — Un—12n]|” )

< |f (@a) = 2lI* + B lon — 2|1* + 62 ( (1 = ad) () " I Tv-1Un—22n — 2|°
+ b THUN 2mn — 2)* + 0 T [l — 2
— o o) T Ty Un—220 — Un—224?)
+ady 2y — 2||> — &N o |1 TNUn 120 — Un 13, )

<o [1f (zn) = 217 + B llzn — 2II° + 60 (1= 03") (1 = 3 ") [Un—220 — 2|

0l —2l* — o ad [Ty Un s — Unoaal )

+ay |z, — 2|

=an [If (@a) = 2I* + Bu len — 27 + 6, ( (1 = ad') (1 = a3 ") [Un—a2n — 2|

— oY o) TN Un 120 — Un—124%)

+(1_0‘:§V)0‘3 ||xn—z|| _aiv laév 1(1_%)||TN 1Un 2w, —Un— 25Cn||2
+a§VHwn—2H _al 042 I TNUN-12n — Un— 1$nH )
N
= |1f (wn) = 2I° + B ||mn—z||2+5n< [T (1-ab) vn-sz, -2
j=N-1
N .
(1= I (1-ad) | w2
j=N-1

—af ol T (1= o) ITN-1Un—22n — Un—aal|®

— a7 oy [|[TnUn—12s — UN_lxn||2>

2 2
<oy ”f (xn) - Z” + Bn ||$n - Z”
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N N
+5n< I1 (1—a§) Un—san — 2P+ (1= ] (1—a§) zn — 2||?
j=N-— =N

2 J=N=2
N .
—al 20 T (1= od) ITy-2Un-s2n — Un-sal”
j=N-1

— o ') 7 (1= of) I Tv-1Un—22n — Un—2z4?

— Yol | TnUn—12y — Un—12,|| )

2 2
<an |[f (@n) = 2[I” + Bn [[2n — 2|

N N
*5“<H (1= ed) tom =20+ | 1= TT (1= d) | llom = 21

j=1 =1

N
~alad [T (1 of) ITawn — @al?
j=2

N

— al H (1 - aé) ||TN,2UN,3£L'n - UN73.’EH||2
j=N-1
Oé{v 1059] 1 1-— Oég ) HTN,lUN,Ql‘n — UN72xn||2

— a{vaé\’ ||TNUN71xn — UN1.Tn2>
2 2
o |[f (zn) = 21" + [lzn — 2|l

N
—dualad [T (1= o) ITawn - 2al®
j=2

N

— (5 OéN 20&9[ 2 H (1 — aé) ||TN72UN,3.’EH — UN,3$n||2
j=N-1

— 0 aN ! N 1(1—043)||TN 1Un_oxy —Un_ gan

— b o | TNUn_ 12, —UN_1xn|2>. (3.15)
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From (BT3), we get

N
Spajag H (1 - oz%) | Tyan — 20

j=2
2 2 2
< an ||f (zn) = 27 + llon = 217 = [l2n41 — ]|

2
<an |[f (n) =217 + (Jon = 2l = 201 = 2[) 2nta — 2l -
It implies by (BT0) and the conditions (1) and (@), that

lim ||Th2, — x| = 0. (3.16)
n—r oo
Applying the same method as (BIH), we also obtain

lim HTzszlwn - Ul',lfﬂn” = O,VZ = ]., 2, ceey N. (317)

n—oo

Step 4. We will claim that limsup,,_, . (f(q) — ¢, zn — ¢) <0, where ¢ = Pof(q).
To show this, choose a subsequence {z,, } of {z,} such that

limsup (f(q) — ¢, 7n — q) = lim (f(q) — ¢, %n, —q)-

n—o00 k—o0

Without loss of generality, we can assume that x,, — w as k — oo. From (B13),
we obtain u,, — w as k — oco.

Since aén) = (a7, 057 a7y € (I x I x I), where I =[0,1], for j = 1,2,..., N,
without loss of generality, we may assume that

aE-nk) = (a7 a7 al*T) = aj = (od,ad,af) € (I x I x I) as k — oo,

for every j =1,2,..., N. Let S be the S-mapping generated by 71,73, ..., Ty and

aj,ad, ..., a’. By Lemma P4, we have S is quasi-nonexpansive and Fiz(S) =

NN, Fiz (T).
From Lemma EZ3(), we obtain

lim || Sp,@n, — Sxn, | =0. (3.18)
k—o0

Since

Hxnk - ank” < ||xnk - SﬂkxnkH + ||Snkmnk - Sl’nkH )

by (B14) and (BIR), we have

lim ||z, — Sxy,,| = 0. (3.19)
k—o00

Next, we will claim that w € Fiz(S). Suppose that w # Sw. From the Opial’s



On Solving the Equilibrium Problem and Fixed Point Problem 121

condition (BT7) and (B19), we derive
liminf ||z, — w]?
k—o0 )
<liminf ||z,, — Sw|?
k—o0

zlikm inf (me — Sz, ||2 + ||Szn, — So.)||2 +2{(xp, — Sp,, STy, — Sw))
—0o0
=liminf ||Sz,, — Sw]|?
k—o0
= hklgg.}f HOZ{V (TNUN—lxnk — TNUN_lw) + Oéév (UN—lxnk — UN_lw)
N 2
+ a3 (zn, —w) |
o N 2 N 2
< hkrglor.}f (al ||TNUN71xnk — TNUNfle + (0% ||UN71xnk, — UN,1w||
2
+ a3 an, —w|”)
S lim inf (CM{V ||UN—1xnk — UN_1(,«)||2
k—o0
+2(Un-1@n, — TNUNn_1Zn,, Un—1w — TNUn_1w)
+ b |Un-12n, — Unawl® + a3 |2, —w|?)
=liminf ((1 - ad) |[Un—120, — Unaw|® + o [[2n, —w|?)
k—o0

= hkrglorgf ( (1 — Ozfo)v) (aivil ||TN71UN72xnk - TNflUN72wH2

+ ) | UN—2n, — Un—ow|® + o |z, — wl®) + @ |z, —w|*)
< likn_1>i£f ( (1 — ozév) (aiv_l UN—22p, — UN_2W||2

+2(Un—2xn, — TN-1UN—2Zn,, Un—ow — Tn_1Un_ow)

+ ) | UN—2@n, — Un—aw|® + o |z, — wl®) + @ |z, —w|*)
=liminf (1~ of) ((1-03"™") [Un—22n, — Un—2w]®

N— 2 2
+ag o, —wl”) + af |z, — )

N

. . j 2

= limin ( |N| 1 (1= ad) 1UN—22n, — Un 0|
J=N=

N
1= IT (1-od) n@%—ww>

j=N-1

—

(1= ad) 1o, — Vol

j 2
(1-ad) IL%—wH>

< lim inf (
k—o0

<
Il
—

+{1-

—

j=1
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=

j 2
(1-od) llzn, —wl

j 2
(1-ad) H%%—wH>

2
[

< lim inf <
k—o0 1

.
Il

+(1-

—

j=1

=liminf |z, —w
k—o0

This is a contradiction. Thus, we obtain ¢ € Fiz(S). From Lemma P4, hence we
get

N
w e () Fia(T)). (3.20)

i=1

Next, we will show that w € N, EP (F).

Since

Zaz i uru <y—umun—$n>20,Vy€Q

Tn

and vazl a; F; satisfies the conditions (A1)-(A4), we obtain

1
7<y_unvun_ >Zaz yvun VyEC
n

In particular, it follows that

<y — Uy, — tn > Z a; F; (y,un,),Vy € C. (3.21)

From (B13), (B221) and (A4), we have
N
ZaiFi (y,w) <0, Vy € C. (3.22)

=1

Put y; :=ty+ (1 —t)w, t € (0, 1], we have y; € C. By using (A1), (A4) and (B22),
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we have

a; F; (ytayf)

T
17

s
Il
—

I
Mz

a;iF; (ye, ty + (1 — t)w)

~.

IN
‘PZZL'

N
ail; (ye,y) + (1 —t) Z%‘Fi (ye,w)

=1
N
< tz iFi (Y. y) -
=1
It implies that
Zaz (ty + (1 — t)w,y) > 0,Vt € (0,1] and Wy € C. (3.23)

From (B223), taking ¢t — 0% and using (A3), we can conclude that

N
Z , Yy e C.

Therefore, w € EP (Zz 1 aze>. By Lemma 8, we obtain EP (Zl 1 aze> =
ﬂl | EP (F;). Tt follows that

N
we [EP(F). (3.24)
i=1

By (B20) and (B=24), we obtain
w e Q. (3.25)

Since x,, — w as k — oo, (B23) and Lemma P, it yields that

limsup (f(q) — ¢, xn —q) = lim (f(q) — ¢, 7n, —q) = (f(q) —q,w —q) <0.

n— 00 k—o0
(3.26)

Step 7. Finally, we will prove that {z,} and {u,} converges strongly to q =
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Poy(q), for every i =1,2,..., N. From (Bl), we have

(e
= o (f (@n) = @) + B (tn — @) + 65 (S — @I
<|1Bn (tn = q) + 00 (Snzn — DI + 200 (f (Tn) = ¢ Tnt1 — q)
< (Bn llun — @)l + 65 |Snzn — qll)?

+ 20 (f (zn) = f(@); Tnt1 — @) + 200 (f(Q) — ¢, Tns1 — )
<((1 = an) zn — al)® + 200 | f () = F@ [2n11 — ql

+ 200, (f(q) — ¢, Tns1 — Q)
< (1= an)? |z = gll* + 200 |2n — qll [|2ns1 — gl

+ 20, (f(q) = ¢, Tns1 — Q)
< (1= )’ on = al* + ané (llon — all” + lznss — all*)

+ 200, (f(q) — ¢, Tng1 — @)

which implies that

[N
Uzl oy a2 g
S - Tn = dlt e V@) = @t —a
1 —apé —2a,(1-¢) 9 a? 9
S len = all* + =2 lan —
2aip,
g @)~ ani —a)
o 20471(1—5) 2 OZ?L 2
= (1= 2 g
2aip,
g @)~ g —a)
B 20,(1 =€) 2 2a,(1-9) an 9
_(1_16%) zn —all” + T—ané (2(15) l|#n — qll
1

_|_

1_§<f(Q)—q,$m1—Q>>~

Applying the condition (i), (3228) and Lemma P2, we have the sequence {z,}
converges strongly to ¢ = Pqof(q). From (BT3), we also obtain {u,} converges
strongly to ¢ = Pr f(q). This completes the proof. O

The following results are direct consequences of Theorem BTl

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Fori=1,2,...,N, let F: C x C — R be a bifunction satisfying (A1) — (A4).



On Solving the Equilibrium Problem and Fixed Point Problem 125

For every j =1,2,..., N, let {T]}j\;l be a finite family of nonspreading mappings
and L;-Lipschitzian mappings of C into itself with ﬂ;vzl Fix(Tj) # 0. Suppose
that Q = ﬂ;\[:lFix(Tj) NEP(F) # 0. For each j = 1,2,...,N and k = 1,3,
let agn) = (a7, a7 a8y e I x I x I, where I =[0,1], &/ + a7 + a7 =1,
ol € (0,1) for all p = 1,2,...,N — 1 and o™ € (0,1, o5 € [0,1),
ay? €10,1). For eachn € N, let S, be the S-mapping generated by Ty, Ts, ..., Tn

gn)’ aén)

and « ,...,aS\Y,L). Let {x,} be the sequence generated by x4 € C and

1
F n; - = Un, Un T Ln Z O,V € Ca
(un,y) + - (Y = tun,un — o) y (3.27)

Tn+1 = anf (xn) + ﬁnun + 6nSn-Tn7vn 2 17

where f : C — C be a contraction mapping with a constant & and {ay}, {Bn},
{0n} C€(0,1) with cp, + B + 6, = 1, ¥n > 1. Suppose the following statement are
true:

(i) nlingoan =0 and Zan = 00;
n=1
(i) 0 <7< B, 0p <v<1l forsomer,v>0;

(iii) 0 <e<r, <p<l, forsomee,p>0;
o0 o0

(Z"U) Z |an+1 - an| < 00, Z |ﬂn+1 - 5n| < 00,
n=1 n=1
o0 (o)
Z |5n+1 - 571| < o0, Z |Tn+1 - Tn| < 00,
n=1 n=1
o0
Z |0¢Z+1 — 042’ < oo, forall k=1,3;
n=1

Then {x,} and {u,} converge strongly to q = Paof(q).
Proof. Put F; = F,¥i=1,2,..., N, we obtain the desired result. O

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. For every j = 1,2,...,N, let {Tj}év:l be a finite family of nonspreading
mappings and L;-Lipschitzian mappings of C into itself with ﬂjvzl Fix(Ty) # 0.
Foreachj=1,2,...,N andk = 1,3, letOz;") = (a7, a7 a?) € IxIxI, where
I=10,1], & +ab7 +a5? =1, a}P,ay? € (0,1) for allp =1,2,...,N — 1
and o € (0,1], o8N € [0,1), o3’ € [0,1). For each n € N, let S, be the
S-mapping generated by Ty, Ts, ..., Tn and agn),ag"), ce, ag\?). Let {x,} be the
sequence generated by x1 € C' and

Tn+1 = O‘nf (xn) + Bnn + 00 SnTn, VN > 1, (328)
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where f : C — C be a contraction mapping with a constant & and {a,}, {Bn},

{0n}

true:
(i)
(ii)
(iii)

C (0,1) with a, + Bn + 0, =1, Vn > 1. Suppose the following statement are

oo
lim «, =0 and E Q, = 00;
n—o0

n=1

0<7<Bn,0n <v<1l for someT,v>0;
[oe] [ee]

Z ‘an-‘rl - an| < o, Z Iﬁn-{-l - ﬁn| < oo,
n=1 n=1

Z |0n+1 — 0| < 00, Z {aZ“ — a};’ < oo, forall k=1,3;
n=1 n=1

Then {x,} converges strongly to ¢ = Py, Fia(r;) (@)

Proof. Put F; = 0,Vi = 1,2,..., N. Thus, we have u,, = Pcx, = x,. Hence,
using Theorem B, the desired result can be proved. O

Acknowledgement(s) : This research is supported by Lampang Rajabhat Uni-
versity.

References

[1]

2]

3]

E. Blum, W. Oettli, From optimization and variational inequilities to equi-
librium problems. Math Student 63 (1994) 123-145.

A. Moudafi, Viscosity approximation methods for fixed-points problems,
Journal of mathematical analysis and applications 241 (2000) 46-55.

W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yoko-
hama, 2000.

H.K. Xu, An iterative approach to quadric optimization. J. Optim. Theory
Appl. 116 (2003) 659-678.

P.L. Combettes, S.A. Hirstoaga, Equilibrium programming in Hilbert spaces,
J. Nonlinear Convex Anal. 6 (2005) 117-136.

F. Kohsaka, W. Takahashi, Fixed point theorems for a class of nonlinear
mappings related to maximal monotone operators in Banach spaces, Arch.
Math. 91 (2008) 166-177.

S. Iemoto, W.Takahashi, Approximating common fixed points of nonexpan-
sive mappings and nonspreading mappings in a Hilbert space, Nonlinear Anal.
71 (2009) 2082-2089.



On Solving the Equilibrium Problem and Fixed Point Problem 127

8]

(9]

[10]

[11]

[15]

[16]

[17]

Y. Kurokawa, W. Takahashi, Weak and strong convergence theorems for non-
spreading mappings in Hilbert spaces, Nonlinear Analysis. 73 (2010) 1562-
1568.

M.O. Osilike, F.O. Isiogugu, Weak and strong convergence theorems for
nonspreading-type mappings in Hilbert spaces, Nonlinear analysis 74 (2011)
1814-1822.

H. Liu, J. Wang, Q. Feng, Strong convergence theorems for maximal mono-
tone operators with nonspreading mappings in a Hilbert space, Abstract and
Applied Analysis 2012.

B.C. Deng, T. Chen, F.L. Li, Viscosity iteration algorithm for a p-strictly
pseudononspreading mapping in a Hilbert space, Journal of Inequalities of
Applications 80 (2013).

A. Kangtunyakarn, S. Suantai, Hybrid iterative scheme for generalized equi-
librium problems and fixed point problems of finite family of nonexpansive
mappings, Nonlinear Anal. Hybrid Syst. 3 (2009) 296-309.

A. Kangtunyakarn, Strong Convergence of the hybrid method for a finite
family of nonspreading mappings and variational inequality problems, Fixed
point Theory and Applications 188 (2012).

S. Suwannaut, A. Kangtunyakarn, The combination of the set of solutions
of equilibrium problem for convergence theorem of the set of fixed points
of strictly pseudo-contractive mappings and variational inequalities problem,
Fixed point Theory and Applications 291 (2013).

S. Suwannaut, A. Kangtunyakarn, Convergence analysis for the equilibrium
problems with numerical results, Fixed point Theory and Applications 167
(2014).

W. Khuangsatung, A.Kangtunyakarn, Algorithm of a new variational in-
clusion problem and strictly pseudononspreading mapping with application,
Fixed point Theory and Applications 209 (2014).

A. Bnouhachem, A hybrid iterative method for a combination of equilibria
problem, a combination of variational inequality problems and a hierarchical
fixed point problem, Fixed point Theory and Applications 163 (2014).

(Received 31 August 2018)
(Accepted 4 November 2018)

THAI J. MATH. Online @ http://thaiimath.in.cmu.ac.th


http://thaijmath.in.cmu.ac.th

	Introduction
	Preliminaries
	Strong convergence theorem

