
Thai Journal of Mathematics : 103-127
Special Issue: Annual Meeting in Mathematics 2018

http://thaijmath.in.cmu.ac.th
Online ISSN 1686-0209

On Solving the Equilibrium Problem and

Fixed Point Problem for Nonspreading

Mappings and Lipschitzian Mappings

in Hilbert Spaces

Sarawut Suwannaut†,1

†Department of Mathematics, Faculty of Science,
Lampang Rajabhat University

e-mail : sarawut-suwan@hotmail.co.th

Abstract : The purpose of this research is to introduce and study the S-mapping
generated by a finite family of nonspreading mappings and Lipschitzian mapping
in a Hilbert space. Then, we prove a strong convergence theorem for finding
a common element of the set of fixed points of a finite family of nonspreading
mappings and Lipschitzian mappings and a common solution of a finite family
of equilibrium problems. Futhermore, applying our main theorem, the additional
results for equilibrium problem are obtained.

Keywords : nonspreading mapping, Lipschitzian mapping, S-mapping, equilib-
rium problem.
2000 Mathematics Subject Classification : 47H09, 47H10, 90C33.

1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H with the
inner product ⟨·, ·⟩ and the norm ∥ · ∥. The fixed point problem for the mapping
T : C → H is to find x ∈ C such that

x = Tx. (1.1)
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We denote the set of solutions of (1.1) by Fix(T ). It is well known that Fix(T )
is closed and convex and PFix(T ) is well-defined.

In 2008, Kohsaka and Takahashi [6] introduced the nonspreading mapping T
in Hilbert space H as follows:

2∥Tx− Ty∥2 ≤ ∥Tx− y∥2 + ∥x− Ty∥2,∀x, y ∈ C. (1.2)

In 2009, it is shown by Iemoto and Takahashi [7] that (1.2) is equivalent to
the following equation.

∥Tx− Ty∥2 ≤ ∥x− y∥2 + 2⟨x− Tx, y − Ty⟩, for all x, y ∈ C.

Many researcher proved the strong convergence theorem for nonspreading mapping
and some related mappings in Hilbert space, see for example [8, 9, 10, 11].

We now recall some well-known concepts and results as follows:

Definition 1.1. Let T : C → C be a mapping. Then T is called

(i) µ-Lipschitz continuous if there exists a nonnegative real number µ ≥ 0 such
that

∥Tx− Ty∥ ≤ µ ∥x− y∥ ,∀x, y ∈ C.

(ii) quasi-nonexpansive if

∥Tx− p∥ ≤ ∥x− p∥ , for every x ∈ C and p ∈ Fix(T ).

Remark 1.2. [15] If T : C → C is nonspreading with Fix(T ) ̸= ∅, then T is
quasi-nonexpansive.

In 2009, Kangtunyakarn and Suantai [12] proposed an S-mapping for nonlinear
mappings as follows:

U0 = I

U1 = α1
1T1U0 + α1

2U0 + α1
3I

U2 = α2
1T2U1 + α2

2U1 + α2
3I

U3 = α3
1T3U2 + α3

2U2 + α3
3I

...

UN−1 = αN−1
1 TN−1UN−2 + αN−1

2 UN−2 + αN−1
3 I

S = UN = αN
1 TNUN−1 + αN

2 UN−1 + αN
3 I,

where αj = (αj
1, α

j
2, α

j
3) ∈ I × I × I where I = [0, 1] and αj

1 + αj
2 + αj

3 = 1. This
mapping is called S-mapping generated by T1, T2, . . . , TN and α1, α2, . . . , αN . They
proved that Fix(S) =

∩N
i=1 Fix(Ti).

Later, in 2012, Kangtunyakarn [13] studied the S-mapping for a finite family

of nonspreading mappings and obtained that Fix(S) =
∩N

i=1 Fix(Ti) and S is
quasi-nonexpansive mapping.
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Let F : C ×C → R be bifunction. The classical equilibrium problem is to find
x ∈ C such that

F (x, y) ≥ 0,∀y ∈ C, (1.3)

which was first considered and investigated by Blum and Oettli [1] in 1994. The
set of solutions of (1.3) is denoted by EP (F ).

The equilibrium problem provides a general framework to study a wide class of
problems arising in economics, finance, network analysis, transportation, elasticity
and optimization. The theory of equilibrium problems has become an explosive
growth in theoretical advances and applications across all disciplines of pure and
applied sciences, see [1, 5, 17].

In 2013, Suwannaut and Kangtunyakarn [14] introduced the combination of
equilibrium problem which is to find x ∈ C such that

N∑
i=1

aiFi (x, y) ≥ 0,∀y ∈ C, (1.4)

where Fi : C × C → R be bifunctions and ai ∈ (0, 1) with
∑N

i=1 ai = 1, for every
i = 1, 2, . . . , N . The set of solution (1.4) is denoted by

EP

(
N∑
i=1

aiFi

)
=

{
x ∈ C :

(
N∑
i=1

aiFi

)
(x, y) ≥ 0,∀y ∈ C

}
.

Remark 1.3. Very recently, in the work of Suwannaut and Kangtunyakarn [15],
Khuangsatung and Kangtunyakarn [16] and Bnouhachem [17], they give the nu-
merical examples for main theorems and show that their iteration for the combi-
nation of equilibrium problem converges faster than their iteration for the classical
equilibrium problem.

Inspired by the related research described above, we introduce and study the
S-mapping generated by a finite family of nonspreading mappings and Lipschitzian
mapping in a Hilbert space. Then, we prove a strong convergence theorem for find-
ing a common element of the set of fixed points of a finite family of nonspreading
mappings and Lipschitzian mappings and a common solution of a finite family
of equilibrium problems. Futhermore, applying our main theorem, the additional
results for equilibrium problem are obtained.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of
H. We denote weak convergence and strong convergence by notations ‵‵ ⇀′′ and
‵‵ →′′, respectively. For every x ∈ H, there is a unique nearest point PCx in C
such that

∥x− PCx∥ ≤ ∥x− y∥,∀y ∈ C.

Such an operator PC is called the metric projection of H onto C.
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Lemma 2.1 ([3]). For a given z ∈ H and u ∈ C,

u = PCz ⇔ ⟨u− z, v − u⟩ ≥ 0,∀v ∈ C.

Furthermore, PC is a firmly nonexpansive mapping of H onto C and satisfies

∥PCx− PCy∥2 ≤ ⟨PCx− PCy, x− y⟩ ,∀x, y ∈ H.

Lemma 2.2 ([4]). Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + δn,∀n ≥ 0,

where αn is a sequence in (0, 1) and {δn} is a sequence such that

(1)

∞∑
n=1

αn = ∞,

(2) lim sup
n→∞

δn
αn

≤ 0 or

∞∑
n=1

|δn| < ∞.

Then, lim
n→∞

sn = 0.

Definition 2.3 ([12]). Let C be a nonempty convex subset of a real Banach space.

Let {Ti}Ni=1 be a finite family of mappings of C into itself. For each j = 1, 2, ...,

let αj = (αj
1, α

j
2, α

j
3) ∈ I × I × I where I = [0, 1] and αj

1 +αj
2 +αj

3 = 1. Define the
mapping S : C → C as follows:

U0 = I

U1 = α1
1T1U0 + α1

2U0 + α1
3I

U2 = α2
1T2U1 + α2

2U1 + α2
3I

U3 = α3
1T3U2 + α3

2U2 + α3
3I

...

UN−1 = αN−1
1 TN−1UN−2 + αN−1

2 UN−2 + αN−1
3 I

S = UN = αN
1 TNUN−1 + αN

2 UN−1 + αN
3 I.

This mapping is called S-mapping generated by T1, T2, . . . , TN and α1, α2, . . . , αN .

Lemma 2.4 ([13]). Let C be a nonempty closed convex subset of a real Hilbert

space H. Let {Ti}Ni=1 be a finite family of nonspreading mappings of C into C

with
∩N

i=1 Fix(Ti) ̸= ∅, and let αj = (αj
1, α

j
2, α

j
3) ∈ I × I × I, j = 1, 2, . . . , N ,

where I = [0, 1], αj
1 + αj

2 + αj
3 = 1, αj

1, α
j
3 ∈ (0, 1) for all j = 1, 2, . . . , N − 1

and αN
1 ∈ (0, 1], αN

3 ∈ [0, 1), αj
2 ∈ [0, 1) for all j = 1, 2, . . . , N . Let S be the

S-mapping generated by T1, T2, . . . , TN and α1, α2, . . . , αN . Then, the following
properties hold:
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(i) Fix(S) =
∩N

i=1 Fix(Ti);

(ii) S is a quasi-nonexpansive mapping.

Now, the finite family of nonspreading mapping and Lipschitzian mappings is
considered and the following result is proved.

Lemma 2.5. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let {Ti}Ni=1 be a finite family of nonspreading mappings and Li-Lipschitzian

mapping of C into itself with
∩N

i=1 Fix (Ti) ̸= ∅. For each j = 1, 2, . . . , N and k =

1, 3, let α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) ∈ I×I×I, where I = [0, 1], αn,j
1 +αn,j

2 +αn,j
3 = 1,

αn,p
1 , αn,p

3 ∈ (0, 1) for all p = 1, 2, . . . , N − 1 and αn,N
1 ∈ (0, 1], αn,N

3 ∈ [0, 1),

αn,j
2 ∈ [0, 1) such that αn,j

k → αj
k as n → ∞ and

∑∞
n=1

∣∣∣αn+1,j
k − αn,j

k

∣∣∣ < ∞.

For every n ∈ N, let S and Sn be the S-mapping generated by T1, T1, . . . , TN and

α1, α2, . . . , αN and T1, T2, . . . , TN and α
(n)
1 , α

(n)
2 , . . . , α

(n)
N , respectively. Then, for

every bounded sequences {xn} in C, the following statement hold:

(i) lim
n→∞

∥Snxn − Sxn∥ = 0 ;

(ii)

∞∑
n=1

∥Snxn−1 − Sn−1xn−1∥ < ∞ .

Proof. Let {xn} be a bounded sequence in C and let Uk and Un,k be generated

by T1, T1, . . . , TN and α1, α2, . . . , αN and T1, T2, . . . , TN and α
(n)
1 , α

(n)
2 , . . . , α

(n)
N ,

respectively.
First, we shall prove that (i) holds. For each n ∈ N, we obtain

∥Un,1xn − U1xn∥ =
∥∥∥αn,1

1 T1xn +
(
1− αn,1

1

)
xn − α1

1T1xn −
(
1− α1

1

)
xn

∥∥∥
=
∥∥∥αn,1

1 T1xn − αn,1
1 xn − α1

1T1xn + α1
1xn

∥∥∥
=
∥∥∥(αn,1

1 − α1
1

)
T1xn −

(
αn,1
1 − α1

1

)
xn

∥∥∥
=
∣∣∣αn,1

1 − α1
1

∣∣∣ ∥T1xn − xn∥ . (2.1)

For k ∈ {2, 3, . . . , N}, we derive

∥Un,kxn − Ukxn∥ =
∥∥∥αn,k

1 TkUn,k−1xn + αn,k
2 Un,k−1xn + αn,k

3 xn − αk
1TkUk−1xn

− αk
2Uk−1xn − αk

3xn

∥∥∥
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=
∥∥∥αn,k

1 TkUn,k−1xn − αn,k
1 TkUk−1xn + αn,k

1 TkUk−1xn − αk
1TkUk−1xn

+ αn,k
2 Un,k−1xn − αn,k

2 Uk−1xn + αn,k
2 Uk−1xn − αk

2Uk−1xn

+
(
αn,k
3 − αk

3

)
xn

∥∥∥
=
∥∥∥αn,k

1 (TkUn,k−1xn − TkUk−1xn) +
(
αn,k
1 − αk

1

)
TkUk−1xn

+ αn,k
2 (Un,k−1xn − Uk−1xn) +

(
αn,k
2 − αk

2

)
Uk−1xn

+
(
αn,k
3 − αk

3

)
xn

∥∥∥
≤ αn,k

1 ∥TkUn,k−1xn − TkUk−1xn∥+
∣∣∣αn,k

1 − αk
1

∣∣∣ ∥TkUk−1xn∥

+ αn,k
2 ∥Un,k−1xn − Uk−1xn∥+

∣∣∣αn,k
2 − αk

2

∣∣∣ ∥Uk−1xn∥

+
∣∣∣αn,k

3 − αk
3

∣∣∣ ∥xn∥

≤ αn,k
1 Lk ∥Un,k−1xn − Uk−1xn∥+

∣∣∣αn,k
1 − αk

1

∣∣∣ ∥TkUk−1xn∥

+ αn,k
2 ∥Un,k−1xn − Uk−1xn∥

+
∣∣∣1− αn,k

1 − αn,k
3 − 1 + αk

1 + αk
3

∣∣∣ ∥Uk−1xn∥+
∣∣∣αn,k

3 − αk
3

∣∣∣ ∥xn∥

≤ (Lk + 1) ∥Un,k−1xn − Uk−1xn∥+
∣∣∣αn,k

1 − αk
1

∣∣∣ ∥TkUk−1xn∥

+
(∣∣∣αn,k

1 − αk
1

∣∣∣+ ∣∣∣αn,k
3 − αk

3

∣∣∣) ∥Uk−1xn∥+
∣∣∣αn,k

3 − αk
3

∣∣∣ ∥xn∥

= (Lk + 1) ∥Un,k−1xn − Uk−1xn∥

+
∣∣∣αn,k

1 − αk
1

∣∣∣ (∥TkUk−1xn∥+ ∥Uk−1xn∥)

+
∣∣∣αn,k

3 − αk
3

∣∣∣ (∥Uk−1xn∥+ ∥xn∥) . (2.2)

From (2.1) and (2.2), we get

∥Snxn − Sxn∥ = ∥Un,Nxn − UNxn∥
≤ (LN + 1) ∥Un,N−1xn − UN−1xn∥

+
∣∣∣αn,N

1 − αN
1

∣∣∣ (∥TNUN−1xn∥+ ∥UN−1xn∥)

+
∣∣∣αn,N

3 − αN
3

∣∣∣ (∥UN−1xn∥+ ∥xn∥)

≤ (LN + 1)
(
(LN−1 + 1) ∥Un,N−2xn − UN−2xn∥

+
∣∣∣αn,N−1

1 − αN−1
1

∣∣∣ (∥TN−1UN−2xn∥+ ∥UN−2xn∥)

+
∣∣∣αn,N−1

3 − αN−1
3

∣∣∣ (∥UN−2xn∥+ ∥xn∥)
)
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+
∣∣∣αn,N

1 − αN
1

∣∣∣ (∥TNUN−1xn∥+ ∥UN−1xn∥)

+
∣∣∣αn,N

3 − αN
3

∣∣∣ (∥UN−1xn∥+ ∥xn∥)

=

N∏
j=N−1

(Lj + 1) ∥Un,N−2xn − UN−2xn∥

+

N∑
j=N−1

(Lj + 1)
N−j

+
∣∣∣αn,j

1 − αj
1

∣∣∣ (∥TjUj−1xn∥+ ∥Uj−1xn∥)

+

N∑
j=N−1

(Lj + 1)
N−j

∣∣∣αn,j
3 − αj

3

∣∣∣ (∥Uj−1xn∥+ ∥xn∥)

...

≤
N∏
j=2

(Lj + 1) ∥Un,1xn − U1xn∥

+

N∑
j=2

(Lj + 1)
N−j

+
∣∣∣αn,j

1 − αj
1

∣∣∣ (∥TjUj−1xn∥+ ∥Uj−1xn∥)

+

N∑
j=2

(Lj + 1)
N−j

∣∣∣αn,j
3 − αj

3

∣∣∣ (∥Uj−1xn∥+ ∥xn∥)

=

N∏
j=2

(Lj + 1)
∣∣∣αn,1

1 − α1
1

∣∣∣ ∥T1xn − xn∥

+

N∑
j=2

(Lj + 1)
N−j

+
∣∣∣αn,j

1 − αj
1

∣∣∣ (∥TjUj−1xn∥+ ∥Uj−1xn∥)

+

N∑
j=2

(Lj + 1)
N−j

∣∣∣αn,j
3 − αj

3

∣∣∣ (∥Uj−1xn∥+ ∥xn∥) .

From the condition αn,j
k → αj

k as n → ∞, where k = 1, 3, j = 1, 2, . . . , N , we can
conclude that

lim
n→∞

∥Snxn − Sxn∥ = 0.

Next, we will claim that (i) holds. For any n ∈ N, we have

∥Un,1xn−1 − Un−1,1xn−1∥

=
∥∥∥αn,1

1 T1xn−1 +
(
1− αn,1

1

)
xn−1 − αn−1,1

1 T1xn−1 −
(
1− αn−1,1

1

)
xn−1

∥∥∥
=
∥∥∥αn,1

1 T1xn−1 − αn,1
1 xn−1 − αn−1,1

1 T1xn−1 + αn−1,1
1 xn−1

∥∥∥
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=
∥∥∥(αn,1

1 − αn−1,1
1

)
T1xn−1 −

(
αn,1
1 − αn−1,1

1

)
xn−1

∥∥∥
=
∣∣∣αn,1

1 − αn−1,1
1

∣∣∣ ∥T1xn−1 − xn−1∥ . (2.3)

For k ∈ {2, 3, . . . , N}, we obtain

∥Un,kxn−1 − Un−1,kxn−1∥

=
∥∥∥αn,k

1 TkUn,k−1xn−1 + αn,k
2 Un,k−1xn−1 + αn,k

3 xn−1 − αn−1,k
1 TkUn−1,k−1xn−1

− αn−1,k
2 Un−1,k−1xn−1 − αn−1,k

3 xn−1

∥∥∥
=
∥∥∥αn,k

1 TkUn,k−1xn−1 − αn,k
1 TkUn−1,k−1xn−1 + αn,k

1 TkUn−1,k−1xn−1

− αn−1,k
1 TkUn−1,k−1xn−1 + αn,k

2 Un,k−1xn−1 − αn,k
2 Un−1,k−1xn−1

+ αn,k
2 Un−1,k−1xn−1 − αn−1,k

2 Un−1,k−1xn−1 +
(
αn,k
3 − αn−1,k

3

)
xn−1

∥∥∥
=
∥∥∥αn,k

1 (TkUn,k−1xn−1 − TkUn−1,k−1xn−1) +
(
αn,k
1 − αk

n−1,1

)
TkUn−1,k−1xn−1

+ αn,k
2 (Un,k−1xn−1 − Un−1,k−1xn−1) +

(
αn,k
2 − αn−1,k

2

)
Un−1,k−1xn−1

+
(
αn,k
3 − αn−1,k

3

)
xn−1

∥∥∥
≤ αn,k

1 ∥TkUn,k−1xn−1 − TkUn−1,k−1xn−1∥+
∣∣∣αn,k

1 − αn−1,k
1

∣∣∣ ∥TkUn−1,k−1xn−1∥

+ αn,k
2 ∥Un,k−1xn−1 − Un−1,k−1xn−1∥+

∣∣∣αn,k
2 − αn−1,k

2

∣∣∣ ∥Un−1,k−1xn−1∥

+
∣∣∣αn,k

3 − αn−1,k
3

∣∣∣ ∥xn−1∥

≤ αn,k
1 Lk ∥Un,k−1xn−1 − Un−1,k−1xn−1∥+

∣∣∣αn,k
1 − αn−1,k

1

∣∣∣ ∥TkUn−1,k−1xn−1∥

+ αn,k
2 ∥Un,k−1xn−1 − Un−1,k−1xn−1∥

+
∣∣∣1− αn,k

1 − αn,k
3 − 1 + αn−1,k

1 + αn−1,k
3

∣∣∣ ∥Un−1,k−1xn−1∥

+
∣∣∣αn,k

3 − αn−1,k
3

∣∣∣ ∥xn−1∥

≤ (Lk + 1) ∥Un,k−1xn−1 − Un−1,k−1xn−1∥+
∣∣∣αn,k

1 − αn−1,k
1

∣∣∣ ∥TkUn−1,k−1xn−1∥

+
(∣∣∣αn,k

1 − αn−1,k
1

∣∣∣+ ∣∣∣αn,k
3 − αn−1,k

3

∣∣∣) ∥Un−1,k−1xn−1∥

+
∣∣∣αn,k

3 − αn−1,k
3

∣∣∣ ∥xn−1∥

= (Lk + 1) ∥Un,k−1xn−1 − Un−1,k−1xn−1∥

+
∣∣∣αn,k

1 − αn−1,k
1

∣∣∣ (∥TkUn−1,k−1xn−1∥+ ∥Un−1,k−1xn−1∥)

+
∣∣∣αn,k

3 − αn−1,k
3

∣∣∣ (∥Un−1,k−1xn−1∥+ ∥xn−1∥) . (2.4)
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From (2.3) and (2.4), we get

∥Snxn−1 − Sn−1xn−1∥
= ∥Un,Nxn−1 − Un−1,Nxn−1∥
≤ (LN + 1) ∥Un,N−1xn−1 − Un−1,N−1xn−1∥

+
∣∣∣αn,N

1 − αn−1,N
1

∣∣∣ (∥TNUn−1,N−1xn−1∥+ ∥Un−1,N−1xn−1∥)

+
∣∣∣αn,N

3 − αn−1,N
3

∣∣∣ (∥Un−1,N−1xn−1∥+ ∥xn−1∥)

≤ (LN + 1)
(
(LN−1 + 1) ∥Un,N−2xn−1 − Un−1,N−2xn−1∥

+
∣∣∣αn,N−1

1 − αn−1,N−1
1

∣∣∣ (∥TN−1Un−1,N−2xn−1∥+ ∥Un−1,N−2xn−1∥)

+
∣∣∣αn,N−1

3 − αn−1,N−1
3

∣∣∣ (∥Un−1,N−2xn−1∥+ ∥xn−1∥)
)

+
∣∣∣αn,N

1 − αn−1,N
1

∣∣∣ (∥TNUn−1,N−1xn−1∥+ ∥Un−1,N−1xn−1∥)

+
∣∣∣αn,N

3 − αn−1,N
3

∣∣∣ (∥Un−1,N−1xn−1∥+ ∥xn−1∥)

=

N∏
j=N−1

(Lj + 1) ∥Un,N−2xn−1 − Un−1,N−2xn−1∥

+

N∑
j=N−1

(Lj + 1)
N−j

∣∣∣αn,j
1 − αn−1,j

1

∣∣∣ (∥TjUn−1,j−1xn−1∥+ ∥Un−1,j−1xn−1∥)

+

N∑
j=N−1

(Lj + 1)
N−j

∣∣∣αn,j
3 − αn−1,j

3

∣∣∣ (∥Un−1,j−1xn−1∥+ ∥xn−1∥)

...

≤
N∏
j=2

(Lj + 1) ∥Un,1xn−1 − Un−1,1xn−1∥

+

N∑
j=2

(Lj + 1)
N−j

∣∣∣αn,j
1 − αn−1,j

1

∣∣∣ (∥TjUn−1,j−1xn−1∥+ ∥Un−1,j−1xn−1∥)

+

N∑
j=2

(Lj + 1)
N−j

∣∣∣αn,j
3 − αn−1,j

3

∣∣∣ (∥Un−1,j−1xn−1∥+ ∥xn−1∥)

=

N∏
j=2

(Lj + 1)
∣∣∣αn,1

1 − αn−1,1
1

∣∣∣ ∥T1xn−1 − xn−1∥

+

N∑
j=2

(Lj + 1)
N−j

∣∣∣αn,j
1 − αn−1,j

1

∣∣∣ (∥TjUn−1,j−1xn−1∥+ ∥Un−1,j−1xn−1∥)

+

N∑
j=2

(Lj + 1)
N−j

∣∣∣αn,j
3 − αn−1,j

3

∣∣∣ (∥Un−1,j−1xn−1∥+ ∥xn−1∥) .
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From the condition
∑∞

n=1

∣∣∣αn+1,j
k − αn,j

k

∣∣∣ < ∞, where k = 1, 3, j = 1, 2, . . . , N ,

hence we get

∞∑
n=1

∥Snxn−1 − Sn−1xn−1∥ < ∞.

For solving the equilibrium problem for a bifunction F : C × C → R, let us
assume that F and C satisfy the following conditions:
(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;
(A3) For each x, y, z ∈ C,

lim
t→0+

F (tz + (1− t)x, y) ≤ F (x, y);

(A4) For each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous.

Lemma 2.6 ([14]). Let C be a nonempty closed convex subset of a real Hilbert
space H. For i = 1, 2, . . . , N , let Fi : C × C → R be bifunctions satisfying
(A1)− (A4) with

∩N
i=1 EP (Fi) ̸= ∅. Then,

EP

(
N∑
i=1

aiFi

)
=

N∩
i=1

EP (Fi) ,

where ai ∈ (0, 1) for every i = 1, 2, . . . , N and

N∑
i=1

ai = 1.

Lemma 2.7 ([1]). Let C be a nonempty closed convex subset of H and let F be
a bifunction of C × C into R satisfying (A1)-(A4). Let r > 0 and x ∈ H. Then,
there exists z ∈ C such that

F (z, y) +
1

r
⟨y − z, z − x⟩ ≥ 0,∀y ∈ C.

Lemma 2.8 ([5]). Assume that F : C ×C → R satisfies (A1)− (A4). For r > 0,
define a mapping Tr : H → C as follows:

Tr(x) =
{
z ∈ C : F (z, y) +

1

r
⟨y − z, z − x⟩ ≥ 0,∀y ∈ C

}
for all x ∈ H. Then, the following hold:

(i) Tr is single-valued;

(ii) Tr is firmly nonexpansive, i.e., for any x, y ∈ H,

∥Tr(x)− Tr(y)∥2 ≤ ⟨Tr(x)− Tr(y), x− y⟩ ;
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(iii) Fix (Tr) = EP (F );

(iv) EP (F ) is closed and convex.

Remark 2.9 ([14]). Since
∑N

i=1 aiFi satisfies (A1)-(A4), by Lemma 2.6 and
Lemma 2.8, we obtain

Fix(Tr) = EP

(
N∑
i=1

aiFi

)
=

N∩
i=1

EP (Fi) ,

where ai ∈ (0, 1), for each i = 1, 2, . . . , N , and
∑N

i=1 ai = 1.

3 Strong convergence theorem

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. For i = 1, 2, . . . , N , let Fi : C ×C → R be a bifunction satisfying (A1)− (A4).

For every j = 1, 2, . . . , N , let {Tj}Nj=1 be a finite family of nonspreading mappings

and Li-Lipschitzian mappings of C into itself with
∩N

j=1 Fix(Tj) ̸= ∅. Suppose that
Ω :=

∩N
j=1 Fix(Tj) ∩

∩N
i=1 EP (Fi) ̸= ∅. For each j = 1, 2, . . . , N and k = 1, 3,

let α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) ∈ I × I × I, where I = [0, 1], αn,j
1 + αn,j

2 + αn,j
3 = 1,

αn,p
1 , αn,p

3 ∈ (0, 1) for all p = 1, 2, . . . , N − 1 and αn,N
1 ∈ (0, 1], αn,N

3 ∈ [0, 1),

αn,j
2 ∈ [0, 1). For each n ∈ N, let Sn be the S-mapping generated by T1, T2, . . . , TN

and α
(n)
1 , α

(n)
2 , . . . , α

(n)
N . Let {xn} be the sequence generated by x1 ∈ C and

N∑
i=1

aiFi (un, y) +
1

rn
⟨y − un, un − xn⟩ ≥ 0,∀y ∈ C,

xn+1 = αnf (xn) + βnun + δnSnxn,∀n ≥ 1,

(3.1)

where f : C → C be a contraction mapping with a constant ξ and {αn}, {βn},
{δn} ⊆ (0, 1) with αn + βn + δn = 1, ∀n ≥ 1. Suppose the following statement are
true:

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn = ∞;

(ii) 0 < τ ≤ βn, δn ≤ υ < 1 for some τ, υ > 0;

(iii)

N∑
i=1

ai = 1;

(iv) 0 < ϵ ≤ rn ≤ ρ < 1, for some ϵ, ρ > 0;
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(v)

∞∑
n=1

|αn+1 − αn| < ∞,

∞∑
n=1

|βn+1 − βn| < ∞,

∞∑
n=1

|δn+1 − δn| < ∞,

∞∑
n=1

|rn+1 − rn| < ∞,

∞∑
n=1

∣∣αn+1
k − αn

k

∣∣ < ∞, for all k = 1, 3;

Then {xn} and {un} converge strongly to q = PΩf(q).

Proof. The proof shall be divided into seven steps.
Step 1. We will prove that {xn} is bounded.

Since
∑N

i=1 aiFi satisfies (A1)-(A4) and

N∑
i=1

aiFi (un, y) +
1

rn
⟨y − un, un − xn⟩ ≥ 0,∀y ∈ C,

by Lemma 2.8 and Remark 2.9, we have un = Trnxn and Fix(Trn) =
∩N

i=1 EP (Fi) .
Let z ∈ Ω. By Lemma 2.4, we have

∥xn+1 − z∥
≤αn ∥f (xn)− z∥+ βn ∥un − z∥+ δn ∥Snxn − z∥
≤αn ∥f (xn)− f(z) + f(z)− z∥+ βn ∥Trnxn − z∥+ δn ∥xn − z∥
≤αn (∥f (xn)− f(z)∥+ ∥f(z)− z∥) + (1− αn) ∥xn − z∥
≤αn (ξ ∥xn − z∥+ ∥f(z)− z∥) + (1− αn) ∥xn − z∥
=(1− αn (1− ξ)) ∥xn − z∥+ αn ∥f(z)− z∥

≤max

{
∥x1 − z∥ , ∥f(z)− z∥

1− ξ

}
.

By induction, we have ∥xn − z∥ ≤ max
{
∥x1 − z∥ , ∥f(z)−z∥

1−ξ

}
,∀n ∈ N. It follows

that {xn} is bounded so is {un}.
Step 2. We will show that limn→∞ ∥xn+1 − xn∥ = 0.
By the definition of xn, we obtain

∥xn+1 − xn∥

=
∥∥∥αnf (xn) + βnun + δnSnxn − (αn−1f (xn−1) + βn−1un−1 + δn−1Sn−1xn−1)

∥∥∥
≤αn ∥f (xn)− f (xn−1)∥+ |αn − αn−1| ∥f (xn−1)∥+ βn ∥un − un−1∥
+ |βn − βn−1| ∥un−1∥+ δn ∥Snxn − Snxn−1∥+ δn ∥Snxn−1 − Sn−1xn−1∥
+ |δn − δn−1| ∥Sn−1xn−1∥

≤αnξ ∥xn − xn−1∥+ |αn − αn−1| ∥f (xn−1)∥+ βn ∥un − un−1∥
+ |βn − βn−1| ∥un−1∥+ δn ∥xn − xn−1∥
+ δn ∥Snxn−1 − Sn−1xn−1∥+ |δn − δn−1| ∥Sn−1xn−1∥ . (3.2)
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Since un = Trnxn, by utilizing the definition of Trn , we obtain

N∑
i=1

aiFi (Trnxn, y) +
1

rn
⟨y − Trnxn, Trnxn − xn⟩ ≥ 0,∀y ∈ C, (3.3)

and

N∑
i=1

aiFi

(
Trn+1xn+1, y

)
+

1

rn+1

⟨
y − Trn+1xn+1, Trn+1xn+1 − xn+1

⟩
≥ 0,∀y ∈ C.

(3.4)
From (3.3) and (3.4), it follows that

N∑
i=1

aiFi

(
Trnxn, Trn+1

xn+1

)
+

1

rn

⟨
Trn+1

xn+1 − Trnxn, Trnxn − xn

⟩
≥ 0, (3.5)

and

N∑
i=1

aiFi

(
Trn+1

xn+1, Trnxn

)
+

1

rn+1

⟨
Trnxn − Trn+1

xn+1, Trn+1
xn+1 − xn+1

⟩
≥ 0.

(3.6)

From (3.5) and (3.6) and the fact that

N∑
i=1

aiFi satisfies (A2), we have

1

rn

⟨
Trn+1

xn+1 − Trnxn, Trnxn − xn

⟩
+

1

rn+1

⟨
Trnxn − Trn+1xn+1, Trn+1xn+1 − xn+1

⟩
≥ 0,

which implies that

⟨
Trnxn − Trn+1

xn+1,
Trn+1

xn+1 − xn+1

rn+1
− Trnxn − xn

rn

⟩
≥ 0.

It follows that⟨
Trn+1

xn+1 − Trnxn, Trnxn − Trn+1
xn+1 + Trn+1

xn+1 − xn

− rn
rn+1

(
Trn+1

xn+1 − xn+1

) ⟩
≥ 0. (3.7)



116 Thai J. Math. (Special Issue, 2019)/ S. Suwannaut

From (3.7), we obtain∥∥Trn+1
xn+1 − Trnxn

∥∥2
≤
⟨
Trn+1

xn+1 − Trnxn, Trn+1
xn+1 − xn − rn

rn+1

(
Trn+1

xn+1 − xn+1

)⟩
=

⟨
Trn+1xn+1 − Trnxn, xn+1 − xn +

(
1− rn

rn+1

)(
Trn+1xn+1 − xn+1

)⟩
≤
∥∥Trn+1

xn+1 − Trnxn

∥∥ ∥∥∥∥xn+1 − xn +

(
1− rn

rn+1

)(
Trn+1

xn+1 − xn+1

)∥∥∥∥
≤
∥∥Trn+1

xn+1 − Trnxn

∥∥ [∥xn+1 − xn∥+
∣∣∣∣1− rn

rn+1

∣∣∣∣ ∥∥Trn+1
xn+1 − xn+1

∥∥]
=
∥∥Trn+1xn+1 − Trnxn

∥∥ [∥xn+1 − xn∥+
1

rn+1
|rn+1 − rn|

∥∥Trn+1xn+1 − xn+1

∥∥]
≤
∥∥Trn+1

xn+1 − Trnxn

∥∥ [∥xn+1 − xn∥+
1

ρ
|rn+1 − rn|

∥∥Trn+1
xn+1 − xn+1

∥∥] ,
which follows that

∥un+1 − un∥ ≤ ∥xn+1 − xn∥+
1

ρ
|rn+1 − rn| ∥un+1 − xn+1∥ . (3.8)

From (3.8), we have

∥un − un−1∥ ≤ ∥xn − xn−1∥+
1

ρ
|rn − rn−1| ∥un − xn∥ . (3.9)

Substituting (3.9) into (3.2), we derive

∥xn+1 − xn∥

≤αnξ ∥xn − xn−1∥+ |αn − αn−1| ∥f (xn−1)∥+ βn

(
∥xn − xn−1∥

+
1

ρ
|rn − rn−1| ∥un − xn∥

)
+ |βn − βn−1| ∥un−1∥+ δn ∥xn − xn−1∥

+ δn ∥Snxn−1 − Sn−1xn−1∥+ |δn − δn−1| ∥Sn−1xn−1∥
≤ (1− αn(1− ξ)) ∥xn − xn−1∥+ |αn − αn−1| ∥f (xn−1)∥

+
1

ρ
|rn − rn−1| ∥un − xn∥+ |βn − βn−1| ∥un−1∥+ δn ∥Snxn−1 − Sn−1xn−1∥

+ |δn − δn−1| ∥Sn−1xn−1∥ .

From the conditions (i), (v), Lemma 2.2 and Lemma 2.5(ii), we obtain

lim
n→∞

∥xn+1 − xn∥ = 0. (3.10)

Step 3. We will show that limn→∞ ∥un − xn∥ = 0 and limn→∞ ∥Snxn − xn∥ = 0.
To show this, let z ∈ Ω. Since un = Trnxn and Trn is firmly nonexpansive mapping,
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then we obtain

∥z − Trnxn∥2 = ∥Trnz − Trnxn∥2

≤ ⟨Trnz − Trnxn, z − xn⟩

=
1

2

(
∥Trnxn − z∥2 + ∥xn − z∥2 − ∥Trnxn − xn∥2

)
,

which follows that

∥un − z∥2 ≤ ∥xn − z∥2 − ∥un − xn∥2 . (3.11)

From (3.1) and (3.11), we get

∥xn+1 − z∥2

≤αn ∥f (xn)− z∥2 + βn ∥un − z∥2 + δn ∥Sxn − z∥2

≤αn ∥f (xn)− z∥2 + βn

(
∥xn − z∥2 − ∥un − xn∥2

)
+ δn ∥xn − z∥2

≤αn ∥f (xn)− z∥2 + ∥xn − z∥2 − βn ∥un − xn∥2 ,

which implies that

βn ∥un − xn∥2 ≤∥xn − z∥2 − ∥xn+1 − z∥2 + αn ∥f (xn)− z∥2

≤ (∥xn − z∥+ ∥xn+1 − z∥) ∥xn+1 − xn∥+ αn ∥f (xn)− z∥2 .
(3.12)

From (3.10) and the conditions (i), (ii), it implies by (3.12) that

lim
n→∞

∥un − xn∥ = 0. (3.13)

By the definition of xn, we obtain

xn+1 − xn = αnf (xn) + βnun + δnSnxn − xn

= αn (f (xn)− xn) + βn (un − xn) + δn (Snxn − xn) .

This follows that

δn ∥Snxn − xn∥ ≤ αn ∥f (xn)− xn∥+ βn ∥un − xn∥+ ∥xn+1 − xn∥ .

From (3.10), (3.13) and the conditions (i) and (ii), we obtain

lim
n→∞

∥Snxn − xn∥ = 0. (3.14)

Next, we will derive that

lim
n→∞

∥TiUi−1xn − Ui−1xn∥ = 0,∀i = 1, 2, . . . , N.
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From (3.1), we obtain

∥xn+1 − z∥2

≤αn ∥f (xn)− z∥2 + βn ∥un − z∥2 + δn ∥Snxn − z∥2

≤αn ∥f (xn)− z∥2 + βn ∥xn − z∥2 + δn
∥∥αN

1 (TNUN−1xn − z)

+ αN
2 (UN−1xn − z) + αN

3 (xn − z)
∥∥2

≤αn ∥f (xn)− z∥2 + βn ∥xn − z∥2 + δn
(
αN
1 ∥TNUN−1xn − z∥2

+ αN
2 ∥UN−1xn − z∥2 + αN

3 ∥xn − z∥2 − αN
1 αN

2 ∥TNUN−1xn − UN−1xn∥2
)

≤αn ∥f (xn)− z∥2 + βn ∥xn − z∥2 + δn
( (

1− αN
3

)
∥UN−1xn − z∥2

+ αN
3 ∥xn − z∥2 − αN

1 αN
2 ∥TNUN−1xn − UN−1xn∥2

)
=αn ∥f (xn)− z∥2 + βn ∥xn − z∥2 + δn

( (
1− αN

3

) ∥∥αN−1
1 (TN−1UN−2xn − z)

+ αN−1
2 (UN−2xn − z) + αN−1

3 (xn − z)
∥∥2

+ αN
3 ∥xn − z∥2 − αN

1 αN
2 ∥TNUN−1xn − UN−1xn∥2

)
≤αn ∥f (xn)− z∥2 + βn ∥xn − z∥2 + δn

( (
1− αN

3

) (
αN−1
1 ∥TN−1UN−2xn − z∥2

+ αN−1
2 ∥UN−2xn − z∥2 + αN−1

3 ∥xn − z∥2

− αN−1
1 αN−1

2 ∥TN−1UN−2xn − UN−2xn∥2
)

+ αN
3 ∥xn − z∥2 − αN

1 αN
2 ∥TNUN−1xn − UN−1xn∥2

)
≤αn ∥f (xn)− z∥2 + βn ∥xn − z∥2 + δn

( (
1− αN

3

) ( (
1− αN−1

3

)
∥UN−2xn − z∥2

+ αN−1
3 ∥xn − z∥2 − αN−1

1 αN−1
2 ∥TN−1UN−2xn − UN−2xn∥2

)
+ αN

3 ∥xn − z∥2 − αN
1 αN

2 ∥TNUN−1xn − UN−1xn∥2
)

=αn ∥f (xn)− z∥2 + βn ∥xn − z∥2 + δn
( (

1− αN
3

) (
1− αN−1

3

)
∥UN−2xn − z∥2

+
(
1− αN

3

)
αN−1
3 ∥xn − z∥2 − αN−1

1 αN−1
2

(
1− αN

3

)
∥TN−1UN−2xn − UN−2xn∥2

+ αN
3 ∥xn − z∥2 − αN

1 αN
2 ∥TNUN−1xn − UN−1xn∥2

)
=αn ∥f (xn)− z∥2 + βn ∥xn − z∥2 + δn

(
N∏

j=N−1

(
1− αj

3

)
∥UN−2xn − z∥2

+

1−
N∏

j=N−1

(
1− αj

3

) ∥xn − z∥2

− αN−1
1 αN−1

2

(
1− αN

3

)
∥TN−1UN−2xn − UN−2xn∥2

− αN
1 αN

2 ∥TNUN−1xn − UN−1xn∥2
)

≤αn ∥f (xn)− z∥2 + βn ∥xn − z∥2
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+ δn

(
N∏

j=N−2

(
1− αj

3

)
∥UN−3xn − z∥2 +

1−
N∏

j=N−2

(
1− αj

3

) ∥xn − z∥2

− αN−2
1 αN−2

2

N∏
j=N−1

(
1− αj

3

)
∥TN−2UN−3xn − UN−3xn∥2

− αN−1
1 αN−1

2

(
1− αN

3

)
∥TN−1UN−2xn − UN−2xn∥2

− αN
1 αN

2 ∥TNUN−1xn − UN−1xn∥2
)

...

≤αn ∥f (xn)− z∥2 + βn ∥xn − z∥2

+ δn

(
N∏
j=1

(
1− αj

3

)
∥xn − z∥2 +

1−
N∏
j=1

(
1− αj

3

) ∥xn − z∥2

− α1
1α

1
2

N∏
j=2

(
1− αj

3

)
∥T1xn − xn∥2

...

− αN−2
1 αN−2

2

N∏
j=N−1

(
1− αj

3

)
∥TN−2UN−3xn − UN−3xn∥2

− αN−1
1 αN−1

2

(
1− αN

3

)
∥TN−1UN−2xn − UN−2xn∥2

− αN
1 αN

2 ∥TNUN−1xn − UN−1xn∥2
)

≤αn ∥f (xn)− z∥2 + ∥xn − z∥2

− δnα
1
1α

1
2

N∏
j=2

(
1− αj

3

)
∥T1xn − xn∥2

...

− δnα
N−2
1 αN−2

2

N∏
j=N−1

(
1− αj

3

)
∥TN−2UN−3xn − UN−3xn∥2

− δnα
N−1
1 αN−1

2

(
1− αN

3

)
∥TN−1UN−2xn − UN−2xn∥2

− δnα
N
1 αN

2 ∥TNUN−1xn − UN−1xn∥2
)
. (3.15)
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From (3.15), we get

δnα
1
1α

1
2

N∏
j=2

(
1− αj

3

)
∥T1xn − xn∥2

≤ αn ∥f (xn)− z∥2 + ∥xn − z∥2 − ∥xn+1 − z∥2

≤ αn ∥f (xn)− z∥2 + (∥xn − z∥ − ∥xn+1 − z∥) ∥xn+1 − xn∥ .

It implies by (3.10) and the conditions (i) and (ii), that

lim
n→∞

∥T1xn − xn∥ = 0. (3.16)

Applying the same method as (3.16), we also obtain

lim
n→∞

∥TiUi−1xn − Ui−1xn∥ = 0,∀i = 1, 2, . . . , N. (3.17)

Step 4. We will claim that lim supn→∞ ⟨f(q)− q, xn − q⟩ ≤ 0, where q = PΩf(q).
To show this, choose a subsequence {xnk

} of {xn} such that

lim sup
n→∞

⟨f(q)− q, xn − q⟩ = lim
k→∞

⟨f(q)− q, xnk
− q⟩ .

Without loss of generality, we can assume that xnk
⇀ ω as k → ∞. From (3.13),

we obtain unk
⇀ ω as k → ∞.

Since α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) ∈ (I × I × I), where I = [0, 1], for j = 1, 2, . . . , N ,
without loss of generality, we may assume that

α
(nk)
j = (αnk,j

1 , αnk,j
2 , αnk,j

3 ) → αj = (αj
1, α

j
2, α

j
3) ∈ (I × I × I) as k → ∞,

for every j = 1, 2, . . . , N . Let S be the S-mapping generated by T1, T2, . . . , TN and
αj
1, α

j
2, . . . , α

j
N . By Lemma 2.4, we have S is quasi-nonexpansive and Fix(S) =∩N

i=1 Fix (Ti).
From Lemma 2.5(i), we obtain

lim
k→∞

∥Snk
xnk

− Sxnk
∥ = 0. (3.18)

Since

∥xnk
− Sxnk

∥ ≤ ∥xnk
− Snk

xnk
∥+ ∥Snk

xnk
− Sxnk

∥ ,

by (3.14) and (3.18), we have

lim
k→∞

∥xnk
− Sxnk

∥ = 0. (3.19)

Next, we will claim that ω ∈ Fix(S). Suppose that ω ̸= Sω. From the Opial’s
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condition (3.17) and (3.19), we derive

lim inf
k→∞

∥xnk
− ω∥2

< lim inf
k→∞

∥xnk
− Sω∥2

= lim inf
k→∞

(
∥xnk

− Sxnk
∥2 + ∥Sxnk

− Sω∥2 + 2 ⟨xnk
− Sxnk

, Sxnk
− Sω⟩

)
= lim inf

k→∞
∥Sxnk

− Sω∥2

= lim inf
k→∞

∥∥αN
1 (TNUN−1xnk

− TNUN−1ω) + αN
2 (UN−1xnk

− UN−1ω)

+ αN
3 (xnk

− ω)
∥∥2

≤ lim inf
k→∞

(
αN
1 ∥TNUN−1xnk

− TNUN−1ω∥2 + αN
2 ∥UN−1xnk

− UN−1ω∥2

+ αN
3 ∥xnk

− ω∥2
)

≤ lim inf
k→∞

(
αN
1 ∥UN−1xnk

− UN−1ω∥2

+ 2 ⟨UN−1xnk
− TNUN−1xnk

, UN−1ω − TNUN−1ω⟩

+ αN
2 ∥UN−1xnk

− UN−1ω∥2 + αN
3 ∥xnk

− ω∥2
)

= lim inf
k→∞

( (
1− αN

3

)
∥UN−1xnk

− UN−1ω∥2 + αN
3 ∥xnk

− ω∥2
)

= lim inf
k→∞

( (
1− αN

3

) (
αN−1
1 ∥TN−1UN−2xnk

− TN−1UN−2ω∥2

+ αN−1
2 ∥UN−2xnk

− UN−2ω∥2 + αN−1
3 ∥xnk

− ω∥2
)
+ αN

3 ∥xnk
− ω∥2

)
≤ lim inf

k→∞

( (
1− αN

3

) (
αN−1
1 ∥UN−2xnk

− UN−2ω∥2

+ 2 ⟨UN−2xnk
− TN−1UN−2xnk

, UN−2ω − TN−1UN−2ω⟩

+ αN−1
2 ∥UN−2xnk

− UN−2ω∥2 + αN−1
3 ∥xnk

− ω∥2
)
+ αN

3 ∥xnk
− ω∥2

)
= lim inf

k→∞

( (
1− αN

3

) ( (
1− αN−1

3

)
∥UN−2xnk

− UN−2ω∥2

+ αN−1
3 ∥xnk

− ω∥2
)
+ αN

3 ∥xnk
− ω∥2

)
= lim inf

k→∞

(
N∏

j=N−1

(
1− αj

3

)
∥UN−2xnk

− UN−2ω∥2

+

1−
N∏

j=N−1

(
1− αj

3

) ∥xnk
− ω∥2

)
...

≤ lim inf
k→∞

(
N∏
j=1

(
1− αj

3

)
∥U0xnk

− U0ω∥2

+

1−
N∏
j=1

(
1− αj

3

) ∥xnk
− ω∥2

)
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≤ lim inf
k→∞

(
N∏
j=1

(
1− αj

3

)
∥xnk

− ω∥2

+

1−
N∏
j=1

(
1− αj

3

) ∥xnk
− ω∥2

)
= lim inf

k→∞
∥xnk

− ω∥2 .

This is a contradiction. Thus, we obtain q ∈ Fix(S). From Lemma 2.4, hence we
get

ω ∈
N∩
i=1

Fix(Ti). (3.20)

Next, we will show that ω ∈
∩N

i=1 EP (Fi).

Since

N∑
i=1

aiFi (un, y) +
1

rn
⟨y − un, un − xn⟩ ≥ 0,∀y ∈ C,

and
∑N

i=1 aiFi satisfies the conditions (A1)-(A4), we obtain

1

rn
⟨y − un, un − xn⟩ ≥

N∑
i=1

aiFi (y, un) ,∀y ∈ C.

In particular, it follows that

⟨
y − unk

,
unk

− xnk

rnk

⟩
≥

N∑
i=1

aiFi (y, unk
) ,∀y ∈ C. (3.21)

From (3.13), (3.21) and (A4), we have

N∑
i=1

aiFi (y, ω) ≤ 0, ∀y ∈ C. (3.22)

Put yt := ty+(1− t)ω, t ∈ (0, 1], we have yt ∈ C. By using (A1), (A4) and (3.22),
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we have

0 =

N∑
i=1

aiFi (yt, yt)

=

N∑
i=1

aiFi (yt, ty + (1− t)ω)

≤ t

N∑
i=1

aiFi (yt, y) + (1− t)

N∑
i=1

aiFi (yt, ω)

≤ t

N∑
i=1

aiFi (yt, y) .

It implies that

N∑
i=1

aiFi (ty + (1− t)ω, y) ≥ 0,∀t ∈ (0, 1] and ∀y ∈ C. (3.23)

From (3.23), taking t → 0+ and using (A3), we can conclude that

0 ≤
N∑
i=1

aiFi (ω, y) , ∀y ∈ C.

Therefore, ω ∈ EP
(∑N

i=1 aiFi

)
. By Lemma 2.6, we obtain EP

(∑N
i=1 aiFi

)
=∩N

i=1 EP (Fi). It follows that

ω ∈
N∩
i=1

EP (Fi) . (3.24)

By (3.20) and (3.24), we obtain

ω ∈ Ω. (3.25)

Since xnk
⇀ ω as k → ∞, (3.25) and Lemma 2.1, it yields that

lim sup
n→∞

⟨f(q)− q, xn − q⟩ = lim
k→∞

⟨f(q)− q, xnk
− q⟩ = ⟨f(q)− q, ω − q⟩ ≤ 0.

(3.26)

Step 7. Finally, we will prove that {xn} and {un} converges strongly to q =
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PΩf(q), for every i = 1, 2, . . . , N . From (3.1), we have

∥xn+1 − q∥2

= ∥αn (f (xn)− q) + βn (un − q) + δn (Snxn − q)∥2

≤∥βn (un − q) + δn (Snxn − q)∥2 + 2αn ⟨f (xn)− q, xn+1 − q⟩

≤ (βn ∥un − q)∥+ δn ∥Snxn − q∥)2

+ 2αn ⟨f (xn)− f(q), xn+1 − q⟩+ 2αn ⟨f(q)− q, xn+1 − q⟩

≤ ((1− αn) ∥xn − q∥)2 + 2αn ∥f (xn)− f(q)∥ ∥xn+1 − q∥
+ 2αn ⟨f(q)− q, xn+1 − q⟩

≤ (1− αn)
2 ∥xn − q∥2 + 2αnξ ∥xn − q∥ ∥xn+1 − q∥

+ 2αn ⟨f(q)− q, xn+1 − q⟩

≤ (1− αn)
2 ∥xn − q∥2 + αnξ

(
∥xn − q∥2 + ∥xn+1 − q∥2

)
+ 2αn ⟨f(q)− q, xn+1 − q⟩ ,

which implies that

∥xn+1 − q∥2

≤ (1− αn)
2
+ αnξ

1− αnξ
∥xn − q∥2 + 2αn

1− αnξ
⟨f(q)− q, xn+1 − q⟩

=
1− αnξ − 2αn(1− ξ)

1− αnξ
∥xn − q∥2 + α2

n

1− αnξ
∥xn − q∥2

+
2αn

1− αnξ
⟨f(q)− q, xn+1 − q⟩

=

(
1− 2αn(1− ξ)

1− αnξ

)
∥xn − q∥2 + α2

n

1− αnξ
∥xn − q∥2

+
2αn

1− αnξ
⟨f(q)− q, xn+1 − q⟩

=

(
1− 2αn(1− ξ)

1− αnξ

)
∥xn − q∥2 + 2αn(1− ξ)

1− αnξ

(
αn

2(1− ξ)
∥xn − q∥2

+
1

1− ξ
⟨f(q)− q, xn+1 − q⟩

)
.

Applying the condition (i), (3.26) and Lemma 2.2, we have the sequence {xn}
converges strongly to q = PΩf(q). From (3.13), we also obtain {un} converges
strongly to q = PFf(q). This completes the proof.

The following results are direct consequences of Theorem 3.1.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. For i = 1, 2, . . . , N , let F : C ×C → R be a bifunction satisfying (A1)− (A4).
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For every j = 1, 2, . . . , N , let {Tj}Nj=1 be a finite family of nonspreading mappings

and Li-Lipschitzian mappings of C into itself with
∩N

j=1 Fix(Tj) ̸= ∅. Suppose

that Ω :=
∩N

j=1 Fix(Tj) ∩ EP (F ) ̸= ∅. For each j = 1, 2, . . . , N and k = 1, 3,

let α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) ∈ I × I × I, where I = [0, 1], αn,j
1 + αn,j

2 + αn,j
3 = 1,

αn,p
1 , αn,p

3 ∈ (0, 1) for all p = 1, 2, . . . , N − 1 and αn,N
1 ∈ (0, 1], αn,N

3 ∈ [0, 1),

αn,j
2 ∈ [0, 1). For each n ∈ N, let Sn be the S-mapping generated by T1, T2, . . . , TN

and α
(n)
1 , α

(n)
2 , . . . , α

(n)
N . Let {xn} be the sequence generated by x1 ∈ C and F (un, y) +

1

rn
⟨y − un, un − xn⟩ ≥ 0,∀y ∈ C,

xn+1 = αnf (xn) + βnun + δnSnxn,∀n ≥ 1,
(3.27)

where f : C → C be a contraction mapping with a constant ξ and {αn}, {βn},
{δn} ⊆ (0, 1) with αn + βn + δn = 1, ∀n ≥ 1. Suppose the following statement are
true:

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn = ∞;

(ii) 0 < τ ≤ βn, δn ≤ υ < 1 for some τ, υ > 0;

(iii) 0 < ϵ ≤ rn ≤ ρ < 1, for some ϵ, ρ > 0;

(iv)

∞∑
n=1

|αn+1 − αn| < ∞,

∞∑
n=1

|βn+1 − βn| < ∞,

∞∑
n=1

|δn+1 − δn| < ∞,

∞∑
n=1

|rn+1 − rn| < ∞,

∞∑
n=1

∣∣αn+1
k − αn

k

∣∣ < ∞, for all k = 1, 3;

Then {xn} and {un} converge strongly to q = PΩf(q).

Proof. Put Fi = F, ∀i = 1, 2, . . . , N , we obtain the desired result.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. For every j = 1, 2, . . . , N , let {Tj}Nj=1 be a finite family of nonspreading

mappings and Li-Lipschitzian mappings of C into itself with
∩N

j=1 Fix(Tj) ̸= ∅.
For each j = 1, 2, . . . , N and k = 1, 3, let α

(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) ∈ I×I×I, where

I = [0, 1], αn,j
1 + αn,j

2 + αn,j
3 = 1, αn,p

1 , αn,p
3 ∈ (0, 1) for all p = 1, 2, . . . , N − 1

and αn,N
1 ∈ (0, 1], αn,N

3 ∈ [0, 1), αn,j
2 ∈ [0, 1). For each n ∈ N, let Sn be the

S-mapping generated by T1, T2, . . . , TN and α
(n)
1 , α

(n)
2 , . . . , α

(n)
N . Let {xn} be the

sequence generated by x1 ∈ C and

xn+1 = αnf (xn) + βnxn + δnSnxn,∀n ≥ 1, (3.28)
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where f : C → C be a contraction mapping with a constant ξ and {αn}, {βn},
{δn} ⊆ (0, 1) with αn + βn + δn = 1, ∀n ≥ 1. Suppose the following statement are
true:

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn = ∞;

(ii) 0 < τ ≤ βn, δn ≤ υ < 1 for some τ, υ > 0;

(iii)

∞∑
n=1

|αn+1 − αn| < ∞,

∞∑
n=1

|βn+1 − βn| < ∞,

∞∑
n=1

|δn+1 − δn| < ∞,

∞∑
n=1

∣∣αn+1
k − αn

k

∣∣ < ∞, for all k = 1, 3;

Then {xn} converges strongly to q = P∩N
j=1 Fix(Tj)

f(q).

Proof. Put Fi = 0,∀i = 1, 2, . . . , N . Thus, we have un = PCxn = xn. Hence,
using Theorem 3.1, the desired result can be proved.
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