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1 Introduction

Let U: X - X and V : X — X be any two mappings. U and V are said to
have a coincidence point at x € X if Ux = V& and then Vz is called a point of
coincidence. Further, a point x € X is called a fixed point of U if Uz = .
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In 1922, S. Banach [3] formulated the concept of contraction mapping theo-
rem known as the Banach contraction principle. This principle is one of the most
important results in fixed theory and is the most powerful and useful tools in non-
linear analysis in general. Overtime, this principle was extended and improved in
many ways and various fixed point theorems were obtained. A number of famous
mathematicians have established contractive type mappings which are the stan-
dard generalizations of the well-known Banach contraction on a complete metric
space (X,d). One of the more notable generalizations of this basic principle was
given by Kirk et al.[[3] in 2003. Following the work of Kirk et al.[T3], several
authors stated many fixed point results for cyclic mappings satisfying various con-
tractive conditions. For more details, the readers may refer to [I, B, 02, I7] and
references therein.

We collect the following notion of cyclic representation.

Definition 1.1 (see [[3]). Let A and B be non-empty subsets of a metric space
(X,d) and U : AUB — AU B be a mapping. Then U is called a cyclic mapping
ifU(A) C B and U(B) C A.

Throughout this paper, we assume that R* = [0,00), N= the set of positive
intergers.
Let U and V be self mappings on a complete metric space (X, d), then

1. U,V are said to be weakly compatible if and only if
Uz = Vz implies UVz = VUz, (see [R]).
2. U is said to be a ¢-weak contraction if and only if

d<U$7 Uy) < d(.%‘, y) - ¢(d($€, y))’
where ¢ : [0, +00) — [0, +00) with ¢(0) = 0, (see [IY]).
3. U is a Meir-Keeler contraction(abbreviated as Mj-contraction) if and only
if e <d(z,y) <e+d(e) = dUx,Uy) < ¢, for all € > 0, and §(¢) > 0, (see
15]).
Let A and B be non-empty closed subsets of a metric space (X,d), and let
UV :AUB — AU B be cyclic maps, then

1. U is called a cyclic orbital contraction if and only if
AUz, Uy) < ~d(U* 'z, y),
forallz € A,y € B, v € (0,1), (see [g]).

2. U is called a cyclic orbital stronger M}, -contraction if and only if
d(U*"z, Uy) < (dU" 2, y))d(U*" "z, y),

where 1 : RT — [0,1) is a strong M}, type mapping, n € N, y € A,y € B

(see[d]).
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3. U,V are called cyclic compatible contractions if and only if
Ao (U2, Uy) < ydo (U 2, Vy),

foralln e Nand z € A,y € B,y € (0,1), (see [TH]).

The background concept of above topics are very deep and strong. Some
interesting results in this direction can be found in [, 9, 04, IH, 06, [9]. A number
of authors also obtained more other interesting related results in this area, see
[2, @, 8§, @, [0, [0, IR, 20, 21], for examples. We now present the following essential
definition.

Definition 1.2 (see [14]). Let X be a non-empty set and d, : X x X — RT be
a family of mappings. Then (X, d,) is predominantly known as generating space
of b-quasi-metric family(abbreviated as Gug-family), if it satisfies the following
conditions, for any x,y,z € X and s > 1:

do(z,y) =0 if and only if x = y;
o(®,y) = da(y, ©);

do(z, 2) < sldg(z,y) + dg(y, 2)], for any « € (0,1] and some S € (0,q];
o(Z,y) is left continuous in o and non-increasing.

The topological concepts of Gy4-convergence, Gyg-limit point, Gyq-Cauchy se-
quence and Gpg-completeness can be found in [I4].

In this paper, motivated and inspired by the works of Kumari and Panti in
[T5], we establish coincidence point and fixed point theorems for generalized weak
cyclic compatible contractions via ¢-weak contractions and Mj-contractions.

2 Main Results

We introduce the concept of generalized weak cyclic compatible contractions
as follows.

Definition 2.1. Let A and B be non-empty subsets of a Gpq-family (X, dy). Sup-
pose U,V : AUB — AU B are cyclic maps such that U(X) C V(X). We say that
U,V are weak cyclic compatible contractions, if for some x € A,

do (U2, Uy) < do(U?" L2, Vy) — ¢(do (U Lz, Vy)); (2.1)

where ¢ : [0,400) — [0,+00) is an increasing function with ¢(0) = 0,¢(¢t) > 0,
forall t € (0,00) and x € A, y € B.

Theorem 2.2. Let A and B be non-emply subsets of a complete Gyq-family
(X,dy). Suppose U,V : AUB — AU B are cyclic maps. If U,V are weak cyclic
compatible contractions, then U and V' have a point of coincidence and a unique
common fixed point in AN B.
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Proof. Let zy € A be fixed. Since U(X) C V(X), we may choose z; € X such
that
U.Z‘O = Vl‘l.

So we can construct a sequence {z,} in X by Uz, = Vz,4; for n € NU{0}. Now
consider,

da(U2n.’E, U2n+1$) da(UQ"_lx, V2n+1$) _ (Z)(da(U2n_11'7 V2n+1x))
do (UL, V2 Hy) (2.2)
da

((]27L—1$7 U2n.'1/')

IN A

Similarly,
da (l]27'l,+1l,7 U2n+2:c) S da (1]2711;,7 U2n+11').

In general, we have
do U™z, U™t e) < do (U 2, Umz), Vn € N.

Thus the sequence {d,(U"z,U"*1z)} is decreasing, so it is convergent. This
implies that there exists x > 0 such that

lim do(U™2z, U™ '2) = k.

n—oo

From (22), we have,
do (U2, UM y) < d (U 1o, U x) — ¢(do (U Lo, U )). (2.3)
Taking the limit as n — oo, we get,

k< k— lim ¢(de (U o, U?"x)) < k.

n—oo
Therefore
lim A(do (U e, U?M2)) = 0. (2.4)

Suppose k > 0, since k = inf{d,(Umz,U"12) : n € N}, thus 0 < s < do(U"z, UnH2)
for n € N. Since ¢ is increasing, we have

0 < ¢(k) < @(da(U"z, U™ a)),
which is a contradiction to (E4). Hence x = 0. This implies

lim do(U"z, U™ 2) = 0.

n—o0

Now, for n,m € N, m > n, and by Definition [2(3), we have

do(U"z,U™z) < s[dg(U™z, U™ '2) + dg(U"a, U™2)]
< sdg(Umz, U™ a) + s2dg (U™ o, U 2r) (2.5)
+ 8%dg (U™ 22, U 32) + ..
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Letting n, m — oo, we get

lim do(U"z,UMx) = 0.
n,Mm—00
Thus {U"x} is a cauchy sequence. Since (X,d,) is a complete Gypq-family, there

exists two sequences {U?"z} in A and {U?"~ !z} in B such that lim U?"x — u
n—oo

and lim U?"~'z — u, which yields lim V?"*lz — 4 and lim V?"z — u. Since

A and B are closed in X, we have u € AN B. Now we shall prove that Uz = u.
Since V(X)) is closed in X, there exists z in X such that Vz = u. From

do(U*2,Uz) < dq 26)
< do (U0, V) '

By taking the limit as n — oo, do(u,Uz) = 0 = Uz = u. Therefore Vz = Uz = u.
Hence u is a coincidence point of U and V. From weak compatibility, we get

Uu = Vu. (2.7)
Now we prove Vu = u = Uu. Let us assume u # Vu, then

do(u, Vu) < lim do (U 12, Vu) — ¢(de (U2, Vu))

n— o0
< lim do (U 2, Vu) (2.8)
n— oo
= dqo(u, Vu),
which is a contradiction. Therefore

u="Vu (2.9)

From (272) and (E9), we get Uu = Vu = u. Therefore u is a common fixed point
of U and V. To prove uniqueness, suppose v is another fixed point of U and V.
Thus

do(u,v) < lim da(UZ"z,UU)
n—oo
< lim do (U e, Vu) — ¢(do (U La, V)

oo (2.10)
< lim do (U 'z, V)
n—oo
= da (’U,, U)a
which is a contradiction. Thus u = v. This completes our proof. O

Remark 2.3. We can obtain special cases of Theorem B3, if we

1. replace a Gpg-family (X,da) by a Gg-family, according to Definition 2.1 in
[2], by putting s = 1;

2. replace a Gypg-family (X, dy) by a b-metric space, and taking d instead of dy;
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3. replace a Gyg-family (X, da) by a complete metric space, by taking d instead
of do, and letting s = 1.

Example 2.4. Let A = B = X = [0,1]. Let d : X x X — R* defined by
d(z,y) = (x —y)%. This is a b-metric with s = 2 (d is not a usual metric). Define

and
Clearly U(X) C V(X). Define ¢(t) =t — L.
For any = € [0,1], we get

1
Ur=U?z= ..Uz = R Vn.

For any y € [0, 1], we get

Case(i): 0 <y < 3, we have

and

d(UQ"_lx, Vy) — ¢(d(U2n_1x, Vy)) =d(:,0) — ¢(d(}’ 0))
1

o] =

5
1

=5 ~9(52)

>0=d{U*z,Uy).

Case(ii):% <y <1, we have

Vy= %7
AUz, Uy) = d(%, %) =0,
and
AU 2, Vy) — p(dU 'z, Vy)) = d(%, é) - ¢(d(é, %))
=0=d(U*z,Uy).
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Therefore
AU, Uy) < d(U" " a, Vy) — ¢(d(U" " 2, Vy)).

Thus U, V are weak cyclic compatible contractions. All the conditions of Theorem
23 hold true and U, V' have a unique common fized point u = %

Example 2.5. Let A=B =X =10,1]. Let d: X x X — R defined by d(z,y) =
|z —y|. So (X,d) is a complete metric space. Define

Ve = L, whenever x € [0,1]
1+

and
Uz =0, whenever z € [0,1].

We can see that U(X) C V(X). Define ¢(t) =t — H—Ll For any z € [0, 1], we have

Uz =U?c=..=U"2=0,Vn.
For y € [0,1], we have
Y
Vy=—"—
YT 14y
and
d(U*"z,Uy) = d(0,0) = 0.
Consider,
AUz, Vy) — $(d(U 1z, Vy)) = d(0, —2—) — ¢(d(0, —I—
(U, Vy) = AU, Vi) = d(0. =) = (0, 72=)
- Y _u Y
- e )
>0 =d(Uz,Uy)
Therefore

AUz, Uy) < dU" "2, Vy) = 6(d(U" "2, Vy)).

Thus U, V are weak cyclic compatible contractions. All the conditions of Theorem
23 hold true and U, V' has a unique common fized point. Here u = 0 is the unique
common fixed point of U and V.

If we take S = T = U in the definition of Kumari and Panthi in [{5], and
take U = V and V = I in the Definition ET0 above, we can obtain the pertinent
definition.

Definition 2.6. Let U : AUB — AU B be a cyclic mapping, then
1. U is called a cyclic idle contraction if and only if

do (U2, Uy) < vdo (U2, Uy), v € (0,1).
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2. U is called a weak cyclic idle contraction if and only if

do(U?"2,Uy) < do (U2, Uy) — ¢(da (U2, Uy))

3. U is called weak cyclic orbital contraction if and only if

do(U?"2,Uy) < do (U 2, y) — ¢(da (U 2, 1))

where ¢ : [0,00) — [0, 00) with ¢(0) = 0.
We now obtain the following results.

Theorem 2.7. Let A and B be non-emptly subsets of a complete Gyg-family
(X,dn). Suppose U : AUB — AU B is a cyclic map. If U is a weak cyclic
idle contraction, then U has a unique fixed point in AN B.

Theorem 2.8. Let A and B be non-emply subsets of a complete Gug-family
(X,dy). Suppose U : AUB — AU B is a cyclic map. If U is a weak cyclic
orbital contraction, then U has a unique fized point in AN B.

Next, we introduce another definition involving cyclic compatible contractions
and cyclic orbital stronger My, -contractions.

Definition 2.9. Let Aand B be non-empty subsets of a Gpg-family (X, dy). Sup-
pose U,V : AUB — AUB are cyclic maps. Then U,V are called cyclic compatible
Mj.-contractions, if there exists a My, type mapping v : RT™ — [0,1) such that

do (U2, Uy) < 9(do (U1, Vy))do (U, y) (2.11)
forze Ajy € B.

Theorem 2.10. Let A and B be non-empty closed subsets of a Gpq-family (X, dq).
Let U,V : AUB — AU B be cyclic maps. Suppose U,V are cyclic compatible My, -
contractions, then U and V have a coincidence point and a unique common fized
point in AN B.

Proof. Let zy € A be fixed. Since U(X) C V(X), we may choose 1 € X such
that
U.’EO = V(El.

Thus we can define a sequence {z,} in X by Uz, = Vz,411, n € NU{0}. Now

consider

da(UQn.Z‘, U2n+1x) ’(ﬂ(da(U2n71.T, V2n+1x))da(U2n71x’ V2n+1x)
U2n_1{177 V2n+1(E)

al
Q(U2n711'7 U2n$)

IA A

d
d
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Similarly, we have

do (U2 o, U2 22) < (do (U, V2 212))do (U2, VAT 2g)

In general, we have
Ao (U2, U™ g) < do (U™ 2, U™z),n € N.
Therefore, the sequence {d,(U™z,U™"'z)} is non-increasing and hence it is con-

vergent. Let lim d,(U"x,U""1x) = 1. There exists ko € N and § > 0 such that
n— oo

for all n > ko, n < do(U™z, U™ z) < n+6. By hypothesis, there exists v, € [0,1)
such that
(o (UFH 2, URHFHlg)) < .

Thus, by definition of cyclic compatible My, contraction, we have

da((]ko+nx7 Uk0+n+1l‘) S w(da(Uko+n_1$, Vk0+n+ll‘))da(Uko+n_lx, Vk0+n+1.’13)

< ’Yndoe(Uko+nilxa Uk0+n$)
and it follows that, for each n € N,

da(UkOJrn{E, UkoJrnJrlx) S ’}/nda(Uko+n71$, Ulc0+nl,)

< ’y,?da(Ukox, Uhrotng).

Hence
lim d, (U, Ukotntly) =0,

n—oo
since 7, € [0,1).
Now Consider, for n,m € N, m > n,
do (UFF g TR0ty < s[dg(UFoe T e, UkotnHlg) 4 dg(Ukotntly ghotmy))
= sdg(Uk°+”x, Uk°+”+1x) + sdﬁ(Uk°+”+1:c, Uk°+mx)
< sdg(Urotng, Urotntly) 4 s2dg(Ukotntly Uhotnt2y)
+ s3dg(Uhotnt2y ghotntsyy
< sypda(UMn, UM ) + S yp T do (U, U )
+ t93’)/g+26lo¢(Uk°x7 Skotly) 4 ..
= syP[L+ sy, + (57)° + . Jdo(Uom, U )
Yy

da ko ko+1
sy, (U, U™ 1)

<
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By taking the limits as n,m — oo, and since 0 < v, < % < 1, we get

lim  dg (UM, URrmy) = 0.
n,m—oo
Thus {U"z} is a Cauchy sequence. Since (X,d,) is a Gpg-family, there ex-

ists sequences {U?"z} in A and {U?"~!z} in B such that lim U?"z — u and
n—oo

lim U2 !z - u. Thus lim V2*tly 5 ¢y and lim V?2"z — w. Since A and
n,m— oo n—o0 n,m— oo

B are closed in X, v € AN B. Now we will prove that Uz = u. Since V(X) is
closed in X, there exists z in X such that Vz = .
Consider,

do (U2, Uz) < Y(do (U, V2))do (U 12, V2)
<dn (U '2,V2)
By taking the limit as n — o0, do(u,Uz) = 0. This implies Uz = u. Thus
Vz = Uz = u. Hence u is a coincidence point of U and V. From weak compatibility,

we get
Uu = Vu. (2.12)

Now we will prove that Vu = u = Uu. Assume u # Vu, then
do(u, Vu) = lim do(U* 2, Uu)
n—roo
< lim (do (U Lo, Vu))do (U Lo, V)
n—oo
< lim do (U 'z, Vu)
n—oo

=du(u, Vu),

which is a contradiction. Hence
u=Vu. (2.13)

From (E12) and (213), we get Uu = Vu = u. Thus u is a common fixed point of
U and V. To prove uniqueness, suppose v be another fixed point of U and V.
Then,

do(u,v) = lim do(U?"z,Uv)
—

< lim P(do (U Lz, Vo)) do (U Lz, Vo)
< lim do (U 2, Vo)
n—oo
= da (U, U)v
which is a contradiction. Hence u = v. This completes our proof. O

Remark 2.11. We can obtain special cases of Theorem 2D, if we

1. replace a Gpg-family (X,dy) by a Gy-family, according to Definition 2.1 in
[2], by putting s = 1;
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2. replace a Gpg-family (X, do) by a b-metric space, and taking d instead of dn;
3. replace a Gpg-family (X,da) by a complete metric space, by taking d instead
of do, and letting s = 1.

Example 2.12. Let A= B = X = [0,1]. Letd: X x X — R" defined by
d(z,y) = (x — y)?. This is a b-metric with s = 2 (# a usual metric, since
d(0,1) £ d(0,3) +d(3,1)). Define U,V : AUB — AU B as follows:

0, ifx=0
Ve=qxz+2, if0<x§%
x—3,if%<m§1
and
Ur=0,if0<z<1.
Clearly U(X) C V(X), and define (t) = H% if0<t<1.
For y =0, we get

Vy=0.
Ify € (0, %], we get
Vy=y+2.
Ify e (%,1]7 we get
Vy=y-3.

Case(i): If y = 0, we have

(AU e, Vy))d(U ™ e, Viy) = 4(d(0,0))d(0,0)
=0=d(U*"z,Uy)

Case(ii):y € (0, 1], we have
YU e, Vy)d(U™ i, Vy) = $(d(0,y + 2))d(0,y +2)

=¥((y +2)*)(y +2)°
_ (y+2)7 _ i

Case(iii):y € (3,1], we have
(AU e, Vy)).d(U e, V) = 4(d(0,y — 3)).d(0,y — 3)

_ (B-y)? N2 _ 2n
Therefore
AUz, Uy) < p(d(U?" 1, Vy))d(U ta, Vy).

Thus U, V are are cyclic compatible My-contractions. All the conditions of The-
orem 210 hold true and U, V have a unique common fized point. Here v = 0 is
the unique common fized point of U and V.
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Example 2.13. Let A= B = X = [0,1]. Define d(z,y) = |z —y|, so (X,d) is a
complete metric space, where d is a mapping X x X to RT.
Define

and

Clearly U(X) C V(X). Define (t) = 7, 0 < t < 1. For any = € [0,1], we have
Ur=U?x=U32=..Ulz = %,Vn.
Fory € [0, 3), we have

Vy=20
For y € [3,1], we have
1
Vy=—-.
Y73

Case(i):y € [0,1), we have

11
AUz, Uy) = d(5,5) =0

and
YU, V(U Vy) = (d(5,0)).d(5,0)
1.1
= ¢(§)~§
1
=5
Case(ii) : y € [L,1], we have
AUz, Uy) = d(%, %) =0
and
2n—1 2n—1 11 11

=0.
From both cases, we conclude that
AUz, Uy) < (d(U*" 12, Vy)d(U> Lz, Vy).

Thus U, V are are cyclic compatible My-contractions. All the conditions of The-
orem 210 hold true and U, V' have a unique common fized point. Here u = % 1
the unique common fized point of U and V.
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Now we introduce the following definition.

Definition 2.14. Let A and B be non empty subsets of a Gyg-family (X, dq).
Suppose that V : AUB — AU B is a cyclic mapping then,

(1) V is called cyclic idle My-contraction if and only if

do(V2"2, Vy) < (de(V" Lo, Vy))do (Ve V).

(2) U is called cyclic orbital My-contraction if and only if
do (U2, Uy) < §(da(U*" 2, y))da (U 2, y).

where ¥ : RT — [0,1) is a My, type mapping, forn € N and z € A, y € B.
We obtain the following new results.

Theorem 2.15. Let A and B be non-empty closed subsets of a Gpq-family (X, ds).
LetV : AUB — AUB be a cyclic map. Suppose V are cyclic idle My, -contraction,
then V' has a unique fixed point in AN B.

Proof. Take U =V in Theorem PI0. O

Theorem 2.16. Let Aand B be non-empty closed subsets of a Gyq-family (X, dy).
Let U : AUB — AU B be a cyclic map. Suppose U,V are cyclic orbital My-
contraction, then U has a unique fixed point in AN B.

Proof. Take V = I in Theorem 210. O
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