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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F : C x C — R be bifunction. The equilibrium problem for F is to determine its
equilibrium point, i.e., the set

EP(F)={xeC:F(z,y) >0,Yy € C}. (1.1)

Equilibrium problems were introduced by [3] in 1994 where such problems
have had a significant impact and influence in the development of several branches
of pure and applied sciences. Various problems in physics, optimization, and
economics are related to seeking some elements of EP(F), see [3, 7). Many authors
have been investigated iterative algorithms for the equilibrium problems, see, for
example, [, I1].
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In 2013, Suwannaut and Kangtunyakarn [I1] introduced the combination of
equilibrium problem which is to find u € C such that

N
ZaiFi (z,y) >0,Vy € C, (1.2)
i=1

where F; : C x C' — R be bifunctions and a; € (0,1) with Zfil a; = 1, for every
1 =1,2,...,N. The set of solution (I2) is denoted by

N N
EP (Z aF) = (EP(F).
i=1 i=1

If F;, = F,Vi = 1,2,..., N, then the combination of equilibrium problem (I2)
reduces to the equilibrium problem (IT).

The fixed point problem for the mapping T : C — C is to find z € C such
that x = Tz. We denote the fixed point set of a mapping T by Fiz(T).

Definition 1.1. Let T : C — C' be a mapping. Then
(i) a mapping T is called contractive if there exists o € (0,1) such that

Tz — Tyl < alflz —y|,Ve,y € C;

(i) a mapping T is called nonexpansive if

[Te =Tyl < [l —yll,Vz,y € C;

(iii) T is said to be r-strictly pseudo-contractive if there exists a constant k €
[0,1) such that

1Tz = Ty||* < l|lz - y|* + & (I = )z — (I = T)y||* ,Ya,y € C.

Note that the class of k-strictly pseudo-contractions strictly includes the class
of nonexpansive mappings, that is, a nonexpansive mapping is a O-strictly pseudo-
contractive mapping.

For the last decades, many researcher have studied fixed point theorems asso-
ciated with various types of nonlinear mappings, see, for instance, [8, 9, @0].

Over the past decades, many others have constructed various types of iter-
ative methods to approximate fixed points. The first one is the Mann iteration
introduced by Mann [l in 1953 and is defined as follows:

{ xo € H arbitrary chosen, (1.3)

Tnt1 = (1 —ap) zp + @ Txy, V0 > 0,

where C is a nonempty closed convex subset of a normed space, T : C — C'is a
mapping and the sequence {a,,} is in the interval (0,1). But this algorithm has
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only weak convergence. Thus, many mathematicians have been trying to modify
Mann’s iteration (IZ3) and construct new iterative method to obtain the strong
convergence theorem.

By modification of Mann’s iteration (I=3), the next iteration process is referred
to as Ishikawa’s iteration process [2] which is defined recursively as follows:

xo € H arbitrary chosen,

Yn = BrnTn + (1 - Bn) Ty, (14)
P = nen + (1~ 0) Ty ¥ > 0,

where {a,,} and {3, } are real sequences in [0,1]. He also obtain the strong con-
vergence theorem for the iterative method () converging to a fixed point of
mapping T'. Observe that if 5, = 1, then the Ishikawa’s iteration () reduces to
the Mann’s iteration (I3).

In 2000, Moudafi [@] introduced the viscosity approximation method for non-
expansive mapping S as follows:
Let C be a closed convex subset of a real Hilbert space H and let S : C' — C be a
nonexpansive mapping such that Fiz(S) is nonempty. Let f : C — C be a contrac-
tion, that is, there exists o € (0,1) such that ||fz — fy|| < a|z —y|,Va,y € C,
and let {z,} be a sequence defined by

{ x1 € C arbitrary chosen, (1.5)

1 n
I’n+1 = Tensl'n + 1j_en (fl’n) ,Vn S N,

where {e,} C (0, 1) satisfies certain conditions. Then the sequence {z, } converges
strongly to z € Fiiz(S), where z = Ppiy(s)f(2) and Pp;(g) is the metric projection
of H onto Fiz(S).

Recently, in 2015, Yao et al. [I2] proposed the intermixed algorithm for two
strict pseudocontractions S and T as follows:

Algorithm 1.2. For arbitrarily given g € C,yg € C, let the sequences {x,} and
{yn} be generated iteratively by

Tp4+1 = (1 - ﬂn) Tn + ﬂnPC [anf (yn) + (1 —k— an) Tn + kT{En] , > 07
Yn+1 = (]- - Bn) Yn + 5nPC [Oan (wn) + (]- — k- an) UYn + ksyn] ,n >0, (16)

where T : C'— C' is a A-strictly pseudo-contraction, f : C — H is a p1-contraction
and g : C — H is a pa-contraction, k € (0,1 — \) is a constant and {an}, {Bn}
are two real number sequences in (0,1).

Furthermore, under some control conditions, they proved that the iterative
sequences {z, } and {y, } defined by (ICH) converges independently to Pg;, (1 f ()
and P, (5)g (z*), respectively, where z* € Fiz(T) and y* € Fiz(S).

Motivated by Yao et al. [I2], we introduce the new iterative method called
the S-intermized iteration for two finite families of nonlinear mappings as in the
following algorithm:
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Algorithm 1.3. Starting with x1,y1,21 € C, let the sequences {x,}, {yn} and
{zn} be defined by

Tn+l = (]- - 677,) Ty + 6% (anfl (yﬂ) + (1 - Oén) Sﬁﬂn) ’
Yn+1 = (1 - /Bn) Yn + Bn (anf2 (-rn) + (1 - an) Tyn) ,n=>1,

where S, T : C — C, is a nonlinear mapping with Fiz(S)N Fiz (T) #0, f; : C —
C' is a contractive mapping with coefficients a;;i = 1,2 and {Bn},{an} are real
sequences in (0,1), Vn > 1.

Inspired by the previous research, we introduce the S-intermixed iteration
for equilibrium problems without considering the constant k. Under appropriate
conditions, we prove a strong convergence theorem for finding a common solution
of two finite families of equilibrium problems. Finally, we give a numerical example
for the main theorem in a space of real numbers.

2 Preliminaries

In this section, some well-known definitions and Lemmas are recalled. Let H

be a real Hilbert space and C be a nonempty closed convex subset of H. We

denote weak convergence and strong convergence by notations  —" and “ —”,

respectively. For every « € H, there is a unique nearest point Pox in C such that
o — Poa|l < Jlz — yll, vy € C.
Such an operator P is called the metric projection of H onto C.
Lemma 2.1 ([5]). For a given z € H and u € C,
u=Poz e (u—z,v—u)>0,YveC.
Furthermore, Pc is a firmly nonexpansive mapping of H onto C and satisfies
|Pea — Pey|? < (Pox — Poy,x —y) ,Va,y € H.
Lemma 2.2 ([6]). Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1= an)sn + 6n,¥n >0,

where oy, s a sequence in (0,1) and {0, } is a sequence such that

(1) Z Qp = 00,
n=1

n—oo

5 o0
2) li — <0 On :
(2) 1msupan_ OTZ\ | < o0

n=1

Then, lim s, =0.
n—oo
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For solving the equilibrium problem for a bifunction F' : C' x C' — R, let us
assume that F' and C satisfy the following conditions:
(A1) F(z,z) =0 for all z € C;
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all z,y € C;
(A3) For each z,y,z € C,

lim F(tz+ (1 —t)z,y) < F(z,y);
t—0+

(A4) For each z € C,y — F(x,y) is convex and lower semicontinuous.

Lemma 2.3 ([I0]). Let C' be a nonempty closed convex subset of a real Hilbert
space H. Fori = 1,2,...,N, let F; : C x C — R be bifunctions satisfying
(A1) — (A4) with N, EP (F;) # 0. Then,

N N
EP (Z aF> = ﬂ EP (F,),
i=1 =1

N
where a; € (0,1) for everyi=1,2,...,N and Zai =1.
i=1

Lemma 2.4 ([3]). Let C be a nonempty closed conver subset of H and let F' be
a bifunction of C' x C into R satisfying (A1)-(A4). Let r > 0 and © € H. Then,
there exists z € C' such that

1
F(Z,y)+;<y727271’>20,vy60

Lemma 2.5 ([d]). Assume that F : C x C — R satisfies (A1) — (A4). Forr >0,
define a mapping T, : H — C as follows:

1
T, (z)={z€C: F(z,y) + ;(y—z,z—x) >0,Vy € C}
for all x € H. Then, the following hold:
(i) T, is single-valued;
(i) T, is firmly nonexpansive, i.e., for any x,y € H,
2
1T (z) = Tr () |I” < (Tr(z) = Tr(y), x = y);
(iii) Fiz (T,) = EP(F);
(iv) EP(F) is closed and convex.

Remark 2.6 ([I1]). Since Zfil a; F; satisfies (A1)-(A4), by Lemma 223 and
Lemma 23, we obtain

N N
Fixz(T,) = EP (Z aiFi> = ﬂ EP(F;),

where a; € (0,1), for eachi=1,2,...,N, and Zfil a; = 1.
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3 Strong convergence theorem

Theorem 3.1. Let C be a nonempty closed convexr subset of a real Hilbert space
H. Fori = 1,2,....N, let F;,G; : C x C — R be a bifunction satisfying
(A1) — (A4). Let f,g: C — C be a contractive mapping with coefficients oy and
g, respectively, with o = max;e(1,9) ;. Assume that Qy = ﬂivzl EP(F;) # 0

and Qg = ﬂfil EP(G;) # 0. Let the sequences {xn}, {yn}, {un} and {v,} be
generated by x1,y1 € C and

N

1
§ a; F; (Umy) + 7 <y — Unp, Un — xn> > O,Vy eC,
i=1 n

N

1
E bth (U7lay)+;<y_vn7vn_yn> ZQVy S Ca
i=1 "

Tpt1 = (1= Bn) Tn + B (@n f(yn) + (1 — an)un),
yn+1 = (]— - ﬂn) Yn + Bn (ang(zn) + (]- - an)vn) ,Vn Z 15

where {an}, {Bn}  {rn},{sn} C(0,1) and 0 < a;,b; <1 for everyi=1,2,..., N,
satisfying the following conditions:

(i) im0 0y = 0 and D7 | ay, = 00;
(ii) 0 <7< B, <v<l1, for some T,v > 0;
(iii) 0 < e <r, <n< oo, for some e,n > 0;
(iv) 0 <6 <s, <p<oo, for some d,u > 0;
(v) Zi\il a; =1 and Zil bi = 1;

(vi) Zzzl |tng1 — am| < 00, ZZO:l |Bnt1 — Bnl < 0, chzl |Tn41 — 1| < 00,
D omey |Sn41 — sn| < 0.

Then the sequences {x,} and {yn} converge strongly to & = Pq,f(§) and § =
Po,g (&), respectively.

Proof. Since va:l a; F; and Zfil b;G; satisfy (A1)-(A4) and (Bd), by Lemma P73
and Remark 28, we have u,, = T} x,, vp = T2 yn, Fiz(T} ) = ﬂf\il EP (F;) and
Fiz(T2) =L, EP (G)).

Step 1 We show that {z,} and {y,} are bounded.
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Let z* € Q1 and y* € Q5. Then we derive

Jnss =@ =101 = Ba) (@0 = 2*) + Bu (@ (Flyn) = 2*) + (1 = @) (1 — )]
< (1= Ba) llan = 2| + Bu an | £ ) = 2| + (1= o) lu — 2| ]
< (1= ) llow = @11+ B [an 1) = S| + @ IS (") = °

}

S =Bn) lwn — 27 + Bn [Oénal [y ="l + an [l f(y7) — 27|

+(1—ap) HTrlnxn —z*

+ (1= an) e — "] |

=1 = anbn) lzn — ¥ + Broma lyn — || + Buown [ f(y") — 2™ .
(3.1)

Using the same argument as (B), we also obtain

[Yns1 =yl < (1= anbBn) lyn = 4"l + Branelzn — 27| + Buan l9(z") =yl

(3.2)
Combining (BT and (BX), we have
[Zn1 = 2"+ Y41 = y7
<A = anfn(l =) (on — 2™ + llyn — ")
+ anfn (I (") — 27| + llg(z") —y7[])
. o W) ==l + [lg(=*) =y
<om s — o + o =y, L= IOCD) Z 07
-«
By induction, we get
2 = 2" + [lyn = y7
* o W) =2 + llg(™) — o]l
< max o =l + n = "] 1 |
—a
This implies that {x,} and {y,} are bounded. So are {u,} and {v,}.
Step 2. Derive that [|xn 11 — sl = 0 and ||ynr1 — yull = 0 as n — oo.
Using the same method as in [IT], we get
1
un = tn-1l] < len = Tp-1ll + = [rn = rn-1| lun — @al|. (3.3)

€

Take p, = anf(yn) + (1 — ap)u, and g, = ang(x,) + (1 — ay)v,. Then, by (B33),
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we obtain

IPn = Pr—1ll

<an[|f(yn) = fUn-0)ll + lan — an—1| | f(yn-1)[| + (1 — an)llun — wn—1]|
+ |O‘n - O‘n—1| ”Un—l”

Sanllyn = yn-1ll + lom = anal 1 (yn-0)l + (1 = an)llzn — 201 ||
+ . |Tn = Tn—1| ||un — xn” + |an — O‘n71| ||un71|| (3.4)
From (B3), we have
[Zn+1 = @all (1= Ba) [#n — Tn—1ll + [Bn = Bu—1| -1l + Bn [Pn — Pr—1ll

+ ‘Bn - ﬁnfl‘ Hpnfln
S(l - anﬂn) ||xn - mnfln + anﬂna ||yn - yn71||

1
+ lon — an—1| (Ilf (-0 + [[wn—1l) + . [P — Tt |un — 24|
+1Bn = Br—1l (lzn—1ll + llprn-1ll) - (3.5)
Applying the same proof as (BH), we get
||yn+1 - ynH S(l - anﬁn) Hyn - ynle + o Bra ||xn - l’nle
1
+ |on — an—1| (lg(zn—1)l + [[vn-1])) + 3 Isn = Sn—1][[vn — yal|
+ 16 = Ba—1l (lyn-1ll + llgn-11)) - (3.6)
By (BH) and (8H), we derive
[Zn+1 = Znll + 1Ynt1 — ynll
1
< (1 a1~ ) (2~ Tt |+ 90— Ynr )+ - I = 7 s — 2]
1
+ 5 lsn = sn-al [vn = ynll + lan = anl (1 W) + 9 (@n-1)ll + lun-1ll
F lon=1ll) + 180 = Ba—1l (lzn—1ll + [1yn-1ll + [Pa-1ll + llgn-1]) -

By Lemma P2 and the conditions (), (@), (i), we obtain

|€nt1 —znl| = 0asn — oo (3.7
and
[Yn+1 — ynll = 0 as — 0 as n — oo. (3.8)
Step 3. Prove that lim,, o ||ty — 2, || = 0 and lim,, o ||vn — yn|| = 0.

Observe that

Tp4l — T = Bn [an (f(yn) - xn) + (1 - an) (un - xn)] (3'9)
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and
Ynt1 = Yn = Bn [an (9(zn) —yn) + (1 = an) (0n — ya)] . (3.10)
It follows by (B) that
B (1= am) [[un = znll < anfn [f(yn) = zull + 2041 — 2]l
From the condition (i), (H) and (B=2), we have
ltn — x| = 0 as n — oc. (3.11)
Shortly, from (B0), we also obtain
[[vn — yn|l — 0 as n — oo. (3.12)

Step 4 Claim that limsup,,_, . (f(§) — Z,2, — &) < 0, where & = Pq, f(§) and
limsup,, . (9(Z) — ¥, yn — §) < 0, where § = Pqo,g(Z).

Without of generality, we can assume that z,, — w; as k — oco. From (B, it
follows that u,, — w; as k — oo. Continuiing the same method as in Step 4 of
[1], we get

wy € Q4. (313)
By (B13) and z,, — w; as k — oo, we derive that
hmsup <f(g) - i‘,In - 'i> = lim <f(g) - i‘,l‘nk - i‘> = <f(:g) - jvwl - ‘i> < 0.
n—00 k— o0
(3.14)

Similarly, we can assume that y,, — w2 as k — oo and we have that v,, — ws as
k — oo. This implies that we € Q5. Thus, we also obtain

linlsup (9(Z) = Gyn — ) = kli_yolo (9(%) = T, Yn, — ) = (9(T) = J,w2 —7) <0.
(3.15)

Step 5 Show that {z,} and {y,} converge strongly to & = Pqo, f(§) and § =
P, g(%), respectively.
Hence, we derive

[E——
= (1= Bn) (@0 — &) + B (o (f(yn) — &) + (1 — ) (u — 7))
<1 = Bn) (0 — 3) + Ball = o) (un — B)[|* + 20m B0 (f(yn) — &), Tni1 — F)
<[ = Bn) l#n = Zl| + Bu(1 = an) lun — ZI[]* + 20080 [ £(yn) = F@)I| [ 2ns1 — Z]
+ 200 B (f(§) = &), Tps1 — )
< (1= anfBn)’ 2n — 2|° + 200 B lyn — 7]l |Znt1 — 7|
+ 20,8 <f<?j) - j)v Tn+1 — 55>
< (1= anfn)? llzn — Z[|* + anfBna [||yn — 1% + lensr — 2|

+ 20‘n6n <f(g) - i‘),$n+1 - i> .
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This yields that

~112 (1*O‘n6n)2 ~2 anBpa -2
_ < _
e Bl [t
205nﬂn ~ ~ -
+ 200 (5) — @), — ). (3.16)

Applying the similar argument as (BI8), we also get

1- nH~n 2 ~ nH~n ~
o — 1 <20l gy I e
2 nH~n ~ ~ ~
b B (g(&) = D)t~ ) (317)
Combining (BTH) and (BT7), we obtain
~112 ~12
@nsr =7 + lyns1 — 71
1- nHn 2 nHn ~ ~
<Ll E O (5, — 3 + g — 31)
2 nH~n ~ ~ ~ ~ ~ ~
B (5) = D) onss = )+ (o(@) D)t — )
2 nMn 1- ~ ~
— (1= 2= (o — a1+ I 1)
2an18n(1 —Ot) anfn ~ 112 ~112
e (2(1 22 (e =21+ Dl = 91°)
1
1 a (f@) — @), zng1 — @) +(9(T) — §), Yn+1 — ?3>)>-

By Lemma B2 and the conditions (f),(d), we can conclude that {z,} and {y,}
converge strongly to & = Pq, f(§) and § = Pq,g(Z), respectively. Furthermore,
from (BID) and (BTZ), hence we get {u,} and {v,} converge strongly to =
Pq, f(9) and § = Pq,g(%), respectively.. This completes the proof.

O

The following Corollary is a direct consequence of Theorem Bl.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F,G : C x C — R be a bifunction satisfying (A1) — (A4). Let f,g
C — C be a contractive mapping with coefficients ay and aq, respectively, with
o = maX;eq 0} . Assume that EP(F), EP(G) # (. Let the sequences {xy},
{yn}, {un} and {v,} be generated by x1,y1 € C and

F (uy, )—i—i( — U, Uy, — Tp) > 0,Vy € C,

G (vn,y) + ( — Uny Up — Yn) > 0,Vy € C,
Tpp1 = (1 - ﬁn) Ty + B (o f(yn) + (1 — an)un),
Ynt1 = (L= Bn) yn + Bn (ang(wn) + (1 — an)vyn) ,Vn > 1,
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where {an}, {Bn} {rn},{sn} C (0,1) satisfying the following conditions:
(i) lim, oo o, =0 and Y07 | cp = 00;

(i) 0 <7< B, <v<1, for some T,v > 0;

(i) 0 < e <r, <n<oo, for some e,n > 0;

(iv) 0< 6 <s, <p<oo, for some 6§, > 0;

(U) ZZO:I ‘O‘n-‘rl - an' < o9, ZZO:I |ﬁn+1 - Bnl < o0, ZZO:I |7nn+1 - Tn' < o9,
S [Snt1 — Sn| < o00.
Then the sequences {x,} and {yn} converge strongly to & = Pgpr)f (§) and
U = Pep(c)g (Z), respectively.

Proof. Put F = F; and G = Gj, for every i = 1,2,..., N. Then, from Theorem
B, the result of this corollary can be obtained. O

4 A Numerical Example

In this section, we give a numerical example to support our main theorem.

Example 4.1. Let R be the set of real numbers. For every i = 1,2,..., N, let
F;,G; : R xR — R be defined by

Gi(z,y) =i(y —x)(y + bx — 6), for all z,y € R.

Moreover, let f,g: R — R be defined by

x
T ==
/ 2
x
gz =%, for all x € R.
Puta; = 3 + ix and by = 2 + «ix, [ i =1,2,...,N. Let a,, = o5
ut a; = 2 + wEw and by = 55 + zow, for every i =1,2,...,N. Let an = 1555
B = 52’%, Ty = Zzig and s, = 97713211 for every n € N. Then, the sequences {x,}

and {yn} converge strongly to —1 and 1, respectively.

Solution. Since a; = % + N—éN, we obtain

N N
= &(y — z)(y + 5z +6), (4.1)

where & = Zil (5i + ﬁ) 1. It is clear to check that vazl a; F; satisfies all
conditions (A1)-(A4) and —1 € EP(Z?L1 a; Fy) = ﬂfil EP (F;). Using (1), we
also obtain that

N

Z b;Gi(z,y) =e(y — x)(y + 5z — 6),

=1
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where € = va:l 2+ xowi. Thus we also get 1 € EP(E:?L1 b,G;) = ﬂfvzl EP(G;).
Observe that

N
1
0< Zaz‘Fi (un,y) + E <y—un,un _l'n>
i=1
1
=&y = un)(y + 5un +6) + — (y — un) (un — 2n)
n
<~

0< Tqu(y - un)(y + Sy + 6) + (y - Un) (un - mn)
= anyz + 65%2/ + uny + 4§Tnuny — Ty — 6§Tnun - ui - 557“71’114% + UnTp-
(4.2)

Let G(y) = grny2 + 6£Tny +upy + 4£7nnuny —TnY — 6£rnun - 'LL% - 557}{&% + Up Xy .
Then G(y) is a quadratic function of y with coefficients a = &ry, b = 6&ry, + uy +
4€rp iy — T, and ¢ = —6Er,uy, —uZ —5Er,u2 +uyx,. Determine the discriminant
A of G as follows:
A =b? — dac
= (6&rp + wy + 4Erpu, — xn)2 — 4 (ziry,) (—6§rnun —u? — 5¢rul + unxn)
= 36527’2 + 12¢6rpuy + 72xi2riun + 12§rnui + 36527’%11% —12¢érpx, — 2upxy,
— 126rpunx, + aci
= (6&rp, + wp + 6Erpu, — xn)2 .

From (£23), we have G(y) > 0, for every y € R. If G(y) has most one solution in
R, thus we have A < 0. This implies that

T — 687y

n=—= ——T——=/—" - 4.3
Un = T 6er (4.3)
Similar to ([@-3), we also obtain
Yn + 6eSy,
= ——. 4.4
v 1+ 6es,, (4.4)

Clearly, all sequences and parameters are satisfied all conditions of Theorem
@3. Hence, by Theorem B, we can conclude that the sequences {x,} and {yn}
converge strongly to —1 and 1 respectively.

Table @ and Figure O show the numerical results of sequences {u,}, {xn}, {vn}
and {yn} with x1 =1, y1 = —1, N =20 and n = 30.
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n Up, T, Up, Yn

1 | -0.624549 | 1.000000 | 0.384615 | -1.000000
2 1 -0.737571 | 0.391261 | 0.621027 | -0.481587
3 | -0.835139 | -0.128592 | 0.771185 | 0.026030
4 1-0.901507 | -0.480452 | 0.865187 | 0.397286
5 | -0.942797 | -0.698698 | 0.922050 | 0.640175
15 | -0.999587 | -0.997836 | 0.999583 | 0.997881
26 | -0.999851 | -0.999219 | 0.999883 | 0.999391
27 1 -0.999857 | -0.999251 | 0.999888 | 0.999416
28 | -0.999863 | -0.999281 | 0.999893 | 0.999440
29 | -0.999868 | -0.999308 | 0.999897 | 0.999461
30 | -0.999872 | -0.999333 | 0.999901 | 0.999481

Table 1: The values of {uy}, {zn}, {vn} and {y,} with z; =

N =20 and n = 30.
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Figure 1: An independent convergence of {u,}, {z,}, {v,} and {y,} with
z1 =1,y = —1, N =20 and n = 30.
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Remark 4.2. From the previous example, we can conclude that

(i) Table@ and Figure D show that the sequences {uy}, {xn} converge to —1 € Oy
and {v,},{yn} converge to 1 € Qso, independently.

(i) The convergence of {un}, {zn}, {vn} and {yn} can be guaranteed by Theorem
E.
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