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1 Introduction

Metric spaces are very important in various areas of mathematics such as
analysis, topology, applied mathematics etc. So various generalizations of metric
spaces have been studied and several fixed point results were obtained (for example,
see [1-5]). Recently, Sedghi, Shobe and Aliouche have defined the concept of an
S-metric space [G]. This notion is a generalization of a G-metric space [[] and a
D*-metric space [R].

In 2014, Jleli and Samet [4] introduced a new type of contraction called 6-
contraction. Just recently, Zheng et al. [0] introduced the notion of 6-¢ con-
traction in metric spaces which generalized f-contraction and other contractions
(see [8,00] and the references therein).

Inspired by [I,I0], we introduce the notion of generalized 8-¢-contraction and
establish some new fixed point theorems for this contraction in the setting of
complete S-metric spaces. The results presented in the paper improve and extend

the corresponding results of Sedghi, Shobe and Aliouche [6], Sedghi and Dung [d],

'Copyright © 2019 by the Mathematical Association of Thailand.
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Ciriés [11], Kannan [I2] and Browder [I3]. Also, we give an example to illustrate
them.

2 Preliminaries
We begin with the following definitions:

Definition 2.1 ([6],Definition 2.1). Let X be a nonempty set. An S-metric on
X is a function S : X3 — [0,00) that satisfies the following conditions, for each
r,y, 2,0 € X.

(S1) S(z,y,z
(52) S(z,y,2

) >0;
z) =

(S3) S(z,y,2) < S(x,z,a)+ S(y,y,a) + S(z, 2, a).
(X

0 if and only if x =y = z;

Then the pair (X, S) is called an S-metric space.

The following is an intuitive geometric example for S-metric spaces.

Example 2.2 ([6],Example 2.4). Let X = R? and d be an ordinary metric on X .
Put
S(z,y,z) = d(z,y) + d(z, 2) + d(y, 2)

for all z,y,z € R, that is, S is the perimeter of the triangle given by x,y,z. Then
S is an S-metric on X.

Lemma 2.3 ([6],Lemma 2.5). Let (X,S) be an S-metric space. Then S(z,z,y) =
S(y,y,x) for all x,y € X.

Remark 2.4. Let (X,S) be an S-metric space. From Definition 2 we have,
S(x,x,z) <28(x,z,y) + S(y,y, 2)
then )
55(:1:, x,z) < max {S(x,x,y), S(y, vy, z)}
forallx,y,z € X.

Definition 2.5 ([6]). Let (X, S) be an S-metric space.

(i) A sequence {x,} C X is said to converge to x € X if S(xn,zn,x) = 0 as
n — co. That is, for each € > 0, there exists ng € N such that for all n > ng
we have S(xy, x,,x) < e. We write x,, — x for brevity.

(ii) A sequence {x,} C X is called a Cauchy sequence if S(Zp, Ty, Tm) — 0 as
n,m — oo. That is, for each € > 0, there exists ng € N such that for all
n,m > ng we have S(xy, Ty, Tm) < €.
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(iii) The S-metric space (X,S) is said to be complete if every Cauchy sequence
is a convergent sequence

Lemma 2.6 ([6],Lemma 2.12). Let (X,S) be an S-metric space. If ©,, — x and
Yn =y, then S(ap, Tn,yn) — S(z,2,7).

According to [I,00], denote by © the set of functions 6 : (0,00) — (1,00)
satisfying the following conditions:

(©1) 0 is nondecreasing.
(©2) For each sequence {t,} C (0,00),
lim 6(t,) =1 if and only if lim ¢, =07.

100 n—00
(©3) 0 is continuous on (0, c0).

And by ® the set of functions ¢ : [1,00) — [1, 00) satisfies the following conditions:
(®1) ¢:[1,00) — [1,00) is nondecreasing.

(®2) For each t > 1, nl;rrgo Pn(t) =1

(®3) ¢ is continuous on [1,00).

Lemma 2.7 ([[0],Lemma 2.1). If ¢ € ®, then ¢(1) = 1 and ¢(t) < t for each
t> 1.

3 Main Results

Based on the functions 6 € © and ¢ € ¢, we give the following definition.

Definition 3.1. Let (X, S) be a S-metric space. A mapping T : X — X is said
to be a generalized 0-¢-contraction if there exist 0 € © and ¢ € ® such that,
for any x,y,z € X,

S(Tz, Ty, Tz)#0 = 0(S(Tz,Ty,Tz)) < ¢[0(N(z,y,2))], (3.1)
where
N(z,y,z) = maX{S(a?,y,z),S(m,x,Tx),S(y,y,Ty),S(z,z,Tz) lS(sc x, Ty),

%S(y,y,Tz), %S(z,z,Tm), %(S(m z, Ty)+S(y,y, Tz)+5(z,2z,Tx) )}
(3.2

Theorem 3.2. Let (X,S) be a complete S-metric space and let T : X — X be
a generalized 0-¢ contraction. Then T has a unique fixed point z* € X such that
the sequence {T™x} converges to x* for every x € X.
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Proof. Let o € X be an arbitrary point. We define the sequence {z,} in X
by xpy1 = Txy, for all n € N. If z,41 = x, for some n € N, then z* = z,
is a fixed point for T. Next, we assume that x,1 # z, for all n € N.Then
S(xn,a:n,an) > 0 for all n € N. Applying inequality (B) with x = x,,y =
Ty, 2 = Tp41, We obtain

H(S(Tmn,Txn, T$n+1)) < ¢[9(N($n7xn,$n+1))]7 (3.3)
where
N(Zpy Ty Trg1)
= max{S(xn,xn,a:nH), S(Tny Tny Tnt1)s S (Tny Try Tnt1), S(Tnt1, Tnt1, Tnt2),
%S(mn,mn,xnﬂ), %S(mn,mn,xnﬁ), %S(mnﬂ,mnﬂ,xnﬂ),
%(S(xn,xn,xn+1)+5’(xn,xn,xn+2)+5’(ajn+1,xn+1,:17n+1))}
= max {S(Jcn, T Tpg1), S(Tng1, Tnst, Tng2)s 39 (Tn, T, Tng),
35(Tnt1, Tnt1, Tat2), § (S (@0, Tn, Tns) +(Tnt1, Tnt, $n+2))}
= max {S(:cn, Ty Trt1)s S (Tnt1s Tnt1, Tnta), %S(zn, Ty Tnt2),

(S(xru Tn, xn+2)+5(l‘n+l7 Tn+1, xn+2))}

o=

( %S(mn+1axn+17xn+2) S S($n+17xn+1amn+2))
= Imax {S('Tn7 Tn, :En+1)a S(l‘n+17 xn+1a :L"I’L+2)a

(S(xn, Ty Tng2) +S(Tnt1, Trgts xn+2))} (see Remark 272)

o=

= max {S(xvm T, mn—&-l)) S($n+1, LTn+1, xn+2)}
o1 1 M M
( . ES(!E”, $n7$n+2) + gs(xn+17mn+1a$n+2) < 2 + 9 where

M = max {S(mn, Ty Trg1)s S(xn+17mn+1,$n+2)})'
If N(zp,2n, nt1) = S(Tnt1, Tnt1, Tnte), then it follows from (B) that

9(5(xn+1,xn+1,xn+2)) (S(Txn,Tmean))
< O[0(N (2, Tn, Tnt1))]
[ (S xn+17$n+17$n+2))]
(

< 0(S(Tn41, Tns1, Tng2)), (by Lemma 272),
which is a contradiction. Hence, for Vn € N,

N(xnymnaxn-‘rl) = S(xn,xn,mn+1). (36)
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Thus, (B) becomes
O(S(Txn,T:EmenH)) < qb[@(S(mn,a:n,an))]. (3.7)
Repeating this process, we get

G(S(xn, T, $n+1)) =0(S(Txp-1,TxH_1, Txn))
0(S(@n—1,Tp—1,25))]
[0(S(zn—2,Tp—2,2n-1))] (3.8)
3 [0(S (-3, Tn—3,Tn—2))]

- <@ [0(S(z0, 0, 1)) ].

ININ IN A

By the definition of § and ($2), we have

lim Qz)n [9(5(1‘0,330,:131))] =1 (39)

n—oo

By (S1) and (©2), we obtain

lim S(xp, Tn, Tne1) = 0. (3.10)

n—oo

Now, we shall prove that x, is a Cauchy sequence in X. Suppose, on the
contrary, that, there exist a positive real number ¢y > 0 and two subsequences
{xn(k)} and {xm(k)} of {z,} such that, for all k € N,

&
k< n(k) <m(k),S(Znk), Tnk)s Tmk)—1) < 50 and e9 < S(Tnk)s Tn(k)> Tm(k))-
(3.11)

Then
€0 < S(Tn(k)s Tn(k)s Tm(k))
< 28(Tn (k) Tr(k)s T (k)—1) T S (k) =15 Tra(k)—15 Tm(k)) (3.12)

<égp+ S(fEm(k)_h Tm(k)—1> fm(k))'

From (BM) and (BI2) and also, for all given p; = py € Z,

k:li{r;o S(xn(k)a Tn(k)s xm(k)) = kll}Holo S(xn(k)erl » Tn(k)+p1> xm(k)+p2) = €0- (313)
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From (BdW), by Pick k large enough,

N(:En(k), Tn(k)s ffm(k))
= max {S(xn(k)wn(k Tin(k) )7S(In(k)7l'n(k) (k) +1)> S (Tm(k)s Tm (k) Tm(k) 1)
38 (@a(e) Tagk)s Taky+1)s 38 (Tn(e) Tn(k)s Tm(e)+1) 5 35 (Tm(k)s Tmk)> Taky+1)

(S @nk)y Tk Tty +1) + S @n k) Tk Ton(k)+1) +S (@) xm(k)axn(k)+1))}
= max {S(HCn(k), Tn(k)s Tm(k))s 55 (T (k) T (k) wn(k)+1)}

< max {S(In(k)a To(k)s Tm(k))s S (Tm(k) Tm(k)s xn(k)—&-l)}

— &g (as k — o0) (By (B13)).
(3.14)
Using the contractivity condition (B33),

0(S(@n(k)+15 Tr(k)+1 Tmy+1)) = O(S(TT0ky, Ty, TTm(r)))
< OLO(N(Tn()s Tr()s Tm))) ] -

Passing to limit as k — oo, then we get 0(g¢) < ¢[0(g0)]. By Lemma P72, ¢[0(eo)] <
0(g0), then O(go) < ¢[f(g0)] < 6(go), which is a contradiction.Thus, {z,} is a
Cauchy sequence in X.

Taking into account the fact that (X, .S) is complete, there exists z* € X such
that {z,} converges to z*. In particular,

(3.15)

lim S(zp,Zn,2%) =0 (3.16)

n—oo

Using the fact that S is continuous on each variable,

S(z*,x*, Ta™) = lim S(Tpt1,Tnt1, Tx"). (3.17)

n—oo

We claim that z* is a fixed point of T. Suppose, on the contrary, if z* # Tx*,
then by (B1H), (BI2),

N(zp, Tpn,x™) = max {S(xn,xn,x*), S(Tny T, Tng1), Sz, 2", Ta"),
%S(-Tnzxnvxn-ﬁ—l), %S(wn,mn,Tx*), %S(m*,x*,xnﬂ),
5 (S(@ns Tns i) + (@0, 00, Ta')+8 (2", 2" 2011)) |

— S(z*, 2", Tx*) (as n — 00).

(3.18)

Using the contractivity condition (B33),
0(5(zn+1,xn+1,Tm*)) = G(S(Tmn,Txn,Tx*)) < d)[@(N(xn,xn,x*))]. (3.19)
Passing to limit as n — oo, then we have

Q(S(m*,x*,Tx*)) < d)[ﬁ(S(w*,x*,Tz*))}. (3.20)
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By Lemma P72, ¢[0(S(z*,2*, Tz*))]| < 0(S(z*,2*, Tz*)). Then
0(S(z*, 2", Tz*)) < ¢[0(S(a*, 2", Tx"))] < 6(S(z*, 2", Tz*)), (3.21)

which is a contradiction. As a consequence, we conclude that Tx* = x*.

Now, we will prove that T has at most one fixed point. Suppose, on the con-
trary, that there exists another distinct fixed point y* of T' such that Ta* = x* £
Ty* = y*. Therefore, S(Tx*,Tz*, Ty*) = S(z*,z*,y*) > 0, and N(z*,z*,y*) =
S(z*,x*,y*), and then by (B3),

0(S(z*, 2%, y*)) = 0(S(Tz*, Tz*,Ty"))
qS[H(N(m*,x*,y*))] (3.22)
¢

[Q(S(m*,x*,y*))]

IN

By Lemma 24,

which is a contradiction. Therefore, the fixed point of T' is unique. O

Corollary 3.3. Let (X,S) be a complete S-metric space and let T : X — X be
a self-mapping. Assume that there exist § € © and ¢ € ® such that, for any
T,y e X,

STz, Tz, Ty) A0 — Q(S(TQ:,T:E,Ty)) < ¢[9(N(1’,x,y))], (3.23)
where
N(z,2,y) = max {S(z,2,9), S(z, 2, Ta), S(y, 4, Ty), 1S(x, 2, Ty),

(3.24)
38y, y, Tx), 5 (S(x, 2, Ty)+S(y,y, Ty)+S(y,y, Tx)) }

Then T has a unique fized point x* € X such that the sequence {T™x} converges
to x* for every x € X.

Theorem 3.4. Let (X,S) be a complete S-metric space and let T : X — X be a
self-mapping which satisfies the following condition, for all x,y € X,

STz, Tx,Ty) < max {aS(m,x,y), 2b(5’(9c,x, Tm)—l—?S(y,y,Ty)),

(3.25)

b(S(w,, Ty)+S(y,y, Ty)+5(y,5,Tw) |,

where 0 <a <1 and0<b<1/6. Then T has a unique fized point * € X such
that the sequence {T"x} converges to x* for every x € X.
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Proof. Let A = max {a,6b}; then 0 < A\ < 1. And let (t) = e!, ¢(t) = t*; then
0 € © and ¢ € ®. Since

max{aS(x, z,y), 2b(S(ac, x, Tx)+2S5(y,y, Ty)),

b(S(z,z,Ty)+S(y, y, Ty)+S(y, v, Tx))}
< Amax {S(a:, 2,9), L(S(z, 2, Tx)+2S(y, y, Ty)),
%(S’(x,x,Ty)—l—S(y,y7Ty)+S(y,y,Tx))} (3.26)
< )\max{S(:r,x,y),S(%x,Tx), S(y,y, Ty),
%(S(I,x,TyHS(y,vayHS(y?y,Tx))}
< AN(z,2,y).
Therefore,
0(S(Tx, Tz, Ty)) = SToTTY) < AN@)
— (M) (3.27)
= o(0(N(z,2,y))).

From Corollary B33, we can see that T has a unique fixed point * € X such that
the sequence {T"x} converges to x* for every z € X. O

The following Theorem B3 is Ciriés fixed point result [I1].
Theorem 3.5. Let (X,S) be a complete S-metric space and let T : X — X be a
self-mapping which satisfies the following condition, for all x,y,z € X,

S(Tw, Ty, T2) < kmax {S(z,y,2), S(z,2,T2), S(y,y, Ty), §(2, 2, T=),
(3.28)
S(@,2,Ty), S(y,9, T2), S(2, 2, Ta) },

where 0 < k < 1/3. Then T has a unique fized point x* € X such that the sequence
{T"x} converges to x* for every x € X.

Proof. Let A\ = 3k; then 0 < X\ < 1. And let 0(t) = e!, ¢(t) = t*; then 6 € © and
¢ € ®. Since

k max {S(x,y, 2),S(x,x,Tx),S(y,y, Ty),S(2,2,Tz),S(x,x,Ty),

S(y’ y? TZ)’ S(Z7 Z’ Tz)

—

= Amax {18(z,y.2), 1S(2, 2, T2), 1S (y, 3. Ty), (3.29)

%S(z, 2, Tz), %S(x, x, Ty), %S(y, y, Tz), %S(z, z, Tac)}

< AN(z,y,2),
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therefore,

Q(S(Txv Tya TZ)) = eS(Tz,Ty,Tz) § €>‘N(m’y’z)
= (eNlowa)? (3.30)
=o(0(N(z,y,2)))-

From Theorem B2, we can see that T has a unique fixed point z* € X such that
the sequence {T"x} converges to x* for every = € X. O

Theorem 3.6. Let (X,S) be a complete S-metric space and let T : X — X be
a self-mapping. Assume that there exrist 0 € © and ¢ € ® such that, for any
z,y,z € X,

STz, Ty, Tz) #0 = H(S(Tx,Ty,Tz)) < qﬁ[@(S(x,y,z))] (3.31)

Then T has a unique fized point ©* € X such that the sequence {T™x} converges
to x* for every x € X.

Theorem 3.7. Let (X,S) be a complete S-metric space and let T : X — X be a
self-mapping such that there exists X € [0,1) satisfying, for any x,y,z € X,

STz, Ty, Tz) < AS(z,y, 2). (3.32)

Then T has a unique fized point ©* € X such that the sequence {T™x} converges
to x* for every r € X.

Proof. Let 0(t) = €', (t) = t; thenf € © and ¢ € ®. S(Tx, Ty, Tz) < \S(x,y, 2)
is equivalent to e5(T#TY:T2) < AS(@.y.2) — (5@¥:2))A: that is, 0(S(Tx, Ty, Tz)) <
¢(0(S(x,y,2))). From Theorem BM, we can see that T has a unique fixed point
x* € X such that the sequence {T"x} converges to x* for every z € X. 0

Corollary 3.8. Let (X,S) be a complete S-metric space and let T : X — X be
a self-mapping. Assume that there exist § € © and ¢ € ® such that, for any
z,y € X,

S(Tx, T, Ty) # 0 —> 0(S(Ta, Tz, Ty)) < $l6(S(,2,y))] (3.33)

Then T has a unique fized point * € X such that the sequence {T"z} converges
to x* for every x € X.

Corollary 3.9 ([6],Theorem 3.1). Let (X,S) be a complete S-metric space and
let T : X — X be a self-mapping such that there exists A € [0,1) satisfying, for
any x,y € X,

S(Tz, Tz, Ty) < AS(x,x,y). (3.34)

Then T has a unique fized point ©* € X such that the sequence {T™x} converges
to x* for every x € X.
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Corollary 3.10. Let (X,S) be a complete S-metric space and let T : X — X
be a self-mapping. Assume that there exist 0 € © and ¢ € ® such that, for any
z,y,2 € X,

S(Tz,Ty,Tz) #0 =

0(S(Tx, Ty, T2)) < ¢ [e <

S(z,z, Tx)+S(y,y, Ty)+S(z,2,Tz) ﬂ (3.35)
3 )

Then T has a unique fized point ©* € X such that the sequence {T™x} converges
to x* for every x € X.

Corollary 3.11. Let (X, S) be a complete S-metric space and let T : X — X be
a self-mappingthere exists A € [0,1) satisfying, for any z,y € X,

S(w,%Tw)JrS(y,y,Ty)+5(z,z,TZ)>

(3.36)

S(Tz,Ty,Tz) <\ ( 3

Then T has a unique fized point ©* € X such that the sequence {T™x} converges
to x* for every x € X.

Corollary 3.12. Let (X,S) be a complete S-metric space and let T : X — X
be a self-mapping. Assume that there exist 0 € © and ¢ € ® such that, for any
x,y,2z € X, S(Tx,Tx,Ty) # 0, we have
0(S(Tx, Tz, Ty)) <
¢ [9<max { S(a:,m,Tm};S(y,y,Ty)’ S(y,y7Ty)—2FS(z,z,Tz) 7 S(a:,z,Tx)—QFS(z,z,Tz) })] . (337)

Then T has a unique fized point ©* € X such that the sequence {T™x} converges
to x* for every x € X.

Corollary 3.13 ([9],Corollary 2.21). Let (X, S) be a complete S-metric space and
let T : X — X be a self-mapping which satisfies the following condition, for all
z,Y,2 € X,

$(T2, Ty, T2) < kmax {S(x, 2, To)+S(,y, Ty), Sy, TY)+S (=, 2, T2),
(3.38)
S(z,x, Tx)+S(z, 2, Tz)}

where 0 < k < 1/3. Then T has a unique fized point x* € X such that the sequence
{T"x} converges to x* for every x € X.

Corollary 3.14. Let (X,S) be a complete S-metric space and let T : X — X
be a self-mapping. Assume that there exist 0 € © and ¢ € ® such that, for any
z,y€ X,

x,x,Tm)—&-S’(y,y,Ty))].

S(Tz, Ta,Ty) #0 = 0(S(Tx, Tz, Ty)) < qs[a(s( :

(3.39)
Then T has a unique fized point ©* € X such that the sequence {T™x} converges
to x* for every x € X.
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Corollary 3.15. Let (X, S) be a complete S-metric space and let T : X — X be
a self-mapping such that there exists A € [0,1) satisfying, for any x,y € X,

S(LLT:CHS(@/,y,Ty))
5 .

S(Tx, Tz, Ty) < A < (3.40)

Then T has a unique fized point x* € X such that the sequence {T"xz} converges
to x* for every x € X.

The following theorem is Browders theorem [I3] ,

Theorem 3.16. Let (X, S) be a complete S-metric space and let T : X — X be
a mapping such that, for all x,y,z € X,

S(Tz, Ty, Tz) < o(S(z,y,2)), (3.41)

where ¢ : [0,00) — [0, 00) is an increasing continuous function such that lim ™ (t)
n—oo

0 fort > 0. Then T has a unique fized point x* € X and for every x € X the
sequence {T™x} converges to x*.

Proof. Let 0(t) = et for all t € [0,00), and #(t) = e¥"") for all t € [1,00).
Obviously, 8 € ©, ¢ € ®. By the definition of ¢, we have ¢(et) = e?®),
0(S(Tx, Ty, Tz)) = STz Ty, T2) < o(S(2.y,2))
= ¢ [es@y@)} (3.42)
= ¢[0(5(z,y,2))]-

Therefore, fromTheorem BE, T has a unique fixed point * € X and for every
x € X the sequence {T"z} converges to x*. O

Remark 3.17. According to fixed point theory of metric spaces, we divide contrac-
tions into different type in the setting of S-metrics. Then Theorem B-1 and Corol-
lary B belong to Banach type, Theorem B is Cirié type, Corollaries IR 1A
are Kannan type [12] and Theorem 1 is Browder type [13]. To some extent, our
results unify them.

4 Example

Example 4.1. Let X = Z with the usual S-metric given in Example Z3. Let us
define the function T : X — X as

0 ifr =0
Ter=q—(n—-1) ifz=n (4.1)

n—1 ife=-n
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for all x € X and n € N. At first,we observe that Theorem [B-1 and Theorem
I3 cannot be applied since for allx =y =n>z=m > 2, STz, Ty, Tz) =
S(Tn,Tn,Tm) =2(n—m) = S(n,n,m). And Theorem cannot be applied too.
In fact, let t = n > 2,y = 0; then S(Tx,Tx,Ty) = S(Tn,Tn,T0) = 2(n — 1),
while

max {aS(x,x,y),Qb(S(:v,m,Tx)+2S(y,y,Ty)),b(S(m,a:,Ty)+S(y,y,Ty)JrS(y,y,Ta:))}
= max {aS(n, n,0),2b(S(n,n, —(n — 1))),b(S(n,n,0) + 5(0,0, —(n — 1)))}
= max {Qam 4b(2n — 1)}

< max {Zam ;(Zn — 1)},

S(Tw, Tz, Ty) < max {aS(@.2,y), 26(S(z, 2, Te)+28(y, v, Ty)),
b(S(x, 2, Ty)+S(y,y, Ty) +S (v y, Tw)) },

is equivalent to 2(n — 1) < max {2an 2(2n—1)}.

Since 2(n — 1) < maX{Qan 2(2n—1)} for alln > 2, we have a = 1, which
yields a contradiction since a < 1 By the same way, we can see that Theorem Ed
cannot be applied. Now, let the function 0 : (0,00) — (1,00) be defined by

o(t) =1 (4.3)
And define ¢ : [1,00) — [1,00) by
1 if 1 2;
9(t) = {t— 1 z; t >§;S 7 (44)

Obuviously, 8 € ©,¢ € ®. In what follows,we prove that T is some 0 — ¢ Kannan-
type contraction; that is, T satisfies the condition of Corollary B-13.

We consider three cases.
Casel (zr=n>1,y=0o0rax=—-n(n>1),y=0). In this case, we have

STz, Tx,Ty) =2(n —1),
S(z,z,Tx) =2(2n — 1),

Sy, y,Ty) =0,
0(S(T, T, Ty)) = 0(2(n — 1)) = 72"~1,
qz)(9<S(x x,Tx) —|—S (y,y,Ty) )) (4.5)

_ ¢(9(L T0)) = s(o(2n - 1)

— ¢(72n—1) — 7271—1 —1=17. 72(n—1) -1
> 727D = 0(S(Tx, Ty, Ty)).
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Case 2 (z=n>y=m>1orz=-n<y=-m< —1). In this case, we have

STz, Tx,Ty) =2(n —m),
S(z,x,Tx) =2(2n — 1),
(

S yayaTy) = 2(2m - 1)7
Sz, 2, Tx)+5(y,y, Ty)
(o ; ) (46
=¢(0(2(n+m —1))) = p(72tm=1)
— 74m—2 . 72(n—m) 1
> 72(n=m) — H(S(Tx,T:L’,Ty)).
Case 3 (r=n,y=—-m,n>m>1orz=—-n,y=m,n>m>1). In this case,
we have
S(Tz, Tz, Ty) =2(n+m —2),
S(z,z,Tx) =2(2n —1),
S(y, y,Ty) =2(2m - 1),
(2,2, Tx)+S(y, y, Ty)
¢ ( 5 )) (4.7)
= 0(0(2(n+m — 1)) = (7T 7Y)
=49 .72ntm=2) _q
> 72(ntm=2) _ Q(S(Tx7Tm7Ty))'
Therefore, we have for all x,y € X,
0(S(Tx, Tz, Ty))
S(z,z, Tz)+S(y,y, Ty) (4.8)

< glp(0 T )]

Thus, T is a 0-¢ Kannan-type contraction. So all the hypotheses of Corollary
are satisfied, thus T has a fived point. In this example x = 0 is the fixed point.
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