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1 Introduction

In 1965, Zadeh [22] initiated the development of the modified set theory known as
fuzzy set theory, which is a tool that makes possible the description of vagueness
and imprecision. Later in 1967, Goguen [I7] makes a generalization of the fuzzy
set theory by replacing the interval [0, 1] with a lattice L.

The study of fixed points theorems in fuzzy mathematics was initiated by
Weiss [21]. Heilpern [I3] introduced the concept of fuzzy contraction mappings
and established a fixed point theorem for fuzzy contraction mappings in a complete
metric linear spaces, which is a fuzzy extension of Banach contraction principle [§]
and Nadler’s fixed point theorem [I4].

In [9], [0] Edelstein established a generalization of Banach contraction prin-
ciple for contractive mappings as follows.

Theorem 1.1. Let X be a compact metric space and T : X — X satisfy
d(Tz,Ty) < d(z,y), for alz,ye X with x #y.
Then there exist a unique © € X such that © = Tx.

Afterwards, several authors (see B, B, [0, [, 06, I'7, [¥] and references therein)
studied fixed point theorems for fuzzy generalized contractive mappings.

Frigon and Regan [I1] generalized the Heilpern theorem under a contractive
condition for 1-level sets of a fuzzy contraction on a complete metric space, where
the 1-level sets need not be convex or compact. And later Azam and Beg [7]
obtained a common a-fuzzy fixed point of a pair of fuzzy mappings on a complete
metric space under a generalized contractive condition for a-level sets via Hausdortf
metric for fuzzy sets, which generalized the results proved by Azam and Arshad
[@] among others.

In 2009, Azam et al. [5] presented some fixed point theorems for fuzzy map-
pings under Edelstein locally contractive conditions on a compact metric space
using the doo-metric for fuzzy sets.

Recently, Rashid et al. [20] introduced the notions of d°-metric and Hausdorff
distances for L-fuzzy sets to identify a contractive relation between L-fuzzy and
crisp mappings, and also presented some fixed point and coincidence theorems.
Rashid et al. [[9U] introduced the concept of B, ,-admissible for a pair of L-fuzzy
mappings and establish the existence of common L-fuzzy fixed point theorem.

In this paper, we will establish some fixed point theorems for an L-fuzzy map-
pings by using contractive conditions in compact connected metric spaces, which
is a generalization of [5] and construct an example to support our results.
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2 Preliminaries

Throughout this paper, we shall adopt the notations as being recorded in [1, 2, B,
g, 00, 01, I3, 0, 09, 20]. Let (X, d) be a metric space. Define and denote.

CB(X)={A: Ais closed and bounded subsets of X}

C(X)={A: Ais compact subsets of X}

For e > 0 and A, B € CB(X). We define

d(z,4) = int d(z,y)

r€A,yeB
N(e,A) ={x € X : d(z,y) < € for some a € A},
Easp={e>0:ACN(e,B),BC N(e, A)}.
Then,
H(A,B)=infE4 p.
Definition 2.1. A fuzzy set in X is a function with domain X and range in [0, 1].
i.e Ais a fuzzy set if A: X — [0,1].

Let F(X) denotes the collection of all fuzzy sets of X. If A is a fuzzy set and
x € X, then A(z) is called the grade of membership of z in A. The a-level set of
A is denoted by [A], and is defined as below:

[Alo ={z € X : A(x) > 0} for a € (0,1],
[A]p = closure of the set {z € X : A(x) > 0}.

Definition 2.2. (Abdullahi and Azam [2]). A partially ordered set (L, =) is
called

(i) a lattice: ifavbe LyaNbe L for any a,b € L;
(i) a complete lattice: if \| A€ L,NA € L for any A C L;

(#ii) a distributive lattice: if aV (bAc) = (aVb)A(aVec),
aN(bVe)=(aNb)V(aAc) for any a,b,c € L;

() a complete distributive lattice: if aV (\b;) = \,(a AN b;),
an(V,;b)=V,(aNb;) for any a,b; € L.

Definition 2.3. (Goguen [[2]). An L-fuzzy set in X is a function whose domain
is X and co-domain is L, where L is a complete distributive lattice with 15, and
0p t.e If A: X — L, then A is an L-fuzzy set.



24 Thai J. Math. (Special Issue, 2019)/ M. S. Abdullahi, A. Azam and P. Kumam

Definition 2.4. (Goguen [[2]). Let L be a lattice, the top and bottom elements
of L are 11, and 0p, respectively, and if a,b € L,aVv b= 15 anda ANb=0p then b
s a unique complement of a denoted by a.

Remark 2.5. (Goguen [[2]). If L = [0,1], then the L-fuzzy set is just the fuzzy
set in the original sense by Zadeh [22], which shows that L-fuzzy set is bigger.

Let FL(X) denotes the class of all L-fuzzy sets of X. The ay-level set of an
L-fuzzy set A is denoted as A,, and defined as below:

Ao, ={z € X :ap <1 A(z)} for ar € L\{0.},

AOL = {JJ c X: OL jL A(.’IT)},
where B denotes the closure of the set B (Crisp).

For A,B € F(X),A C B means A(z) < B(z) for each x € X. If there exists
an « € [0, 1] such that [A]q, [Bla € CB(X). Then, we define

Dao(A, B) = H([Ala, [Ba)-
If [A]w, [Bla € CB(X) for each « € [0,1]. Then, we define
ds(A, B) =sup D, (A, B).

Let X be an arbitrary set, Y be a metric space. A mapping T is called a fuzzy
mapping if T' is a mapping from X to F(Y).

A fuzzy mapping T is a fuzzy subset on X X Y with membership function
T(x)(y). The function T'(z)(y) is the grade of membership of y in T'(z).

Definition 2.6. A fuzzy set A in a metric linear space V' is said to be an approxi-
mate quantity if and only if [Als is compact and convex in V' for each o € [0,1] and
sup,ey A(x) = 1. Let W(V') denotes the collection of all approximate quantities
V.

For A,B € Fr(X),A C B means A(x) <p B(z) for each x € X. If there
exists an ay, € L\{0p} such that A,,, By, € CB(X). Then, we define

Do, (A, B) = H(Aa,, Ba,)
If Ay, ,Ba, € CB(X) for each o, € L\{0r}. Then, we define
d?(A,B) =sup D,, (A, B).
ar
Let X be an arbitrary set, Y be a metric space. A mapping T is called an
L-fuzzy mapping if T is a mapping from X to F1(Y)(i.e class of L-fuzzy subsets
of V).

An L-fuzzy mapping T is an L-fuzzy subset on X x Y with membership func-
tion T'(z)(y). The function T'(x)(y) is the grade of membership of y in T'(x).
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Definition 2.7. An L-fuzzy set A in a metric linear space V is said to be an
approzimate quantity if and only if A,, is compact and convexr in V, for each
ar € I\{0L} and sup,cy A(x) = 1. Let Wi(V) denotes the collection of all
approximate quantities in V.

Definition 2.8. (Azam et. al. [B]). A mapping T : X — F(X) is called fuzzy
(globally) contraction if there exists A € [0,1) such that

doo(Tz, Ty) < Xd(z,y), for al z,y € X.

Definition 2.9. (Azam et. al. [H]). 4 mapping T : X — F(X) is called (¢, X)
uniformly fuzzy locally contraction if for x,y € X,\ € [0,1)

d(z,y) < e = doo(Tx,Ty) < Ad(z,y).

Definition 2.10. (Azam et. al. [6]). A mapping T : X — F(X) is called fuzzy
(globally) contractive if for x,y € X,x #y

doo(Tz, Ty) < d(z,y).

Definition 2.11. (Azam et. al. [5]). A mapping T : X — F(X) is called fuzzy
locally contractive if to each x € X there exists an open set U containing x so that

ify,z €Uy # 2

Definition 2.12. A mapping T : X — Fr(X) is called an L-fuzzy (globally)
contraction if there exists A € [0,1) such that

AP (Tz, Ty) < Xd(x,y), for all z,y € X.

Definition 2.13. A mapping T : X — F(X) is called (e, ) uniformly L-fuzzy
locally contraction if for x,y € X, X € [0,1)

d(z,y) <e = dp (Tz,Ty) < Ad(z,y).

Definition 2.14. A mapping T : X — Fr(X) is called an L-fuzzy (globally)
contractive if for x,y € X,z # y

AP (Tz, Ty) < d(z,y). (2.1)

Definition 2.15. A mapping T : X — Fr(X) is called an L-fuzzy locally
contractive if to each x € X there exists an open set U containing x so that if

y,z€lU,y#z
dp (Ty, Tz) < d(y, z). (2.2)

Definition 2.16. (Abdullahi and Azam [?]). A point x € X is said to be a fuzzy
fized point of a fuzzy mapping T : X — F(X) if {z} C T(z).
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Definition 2.17. (Abdullahi and Azam [2]). A point z € X is said to be an L-
fuzzy fixed point of an L-fuzzy mapping T : X — Fr(X) if z € [T2]a, for some ay, €

L\{OL}.

Lemma 2.18. (Heilpern [I3]). Let z € X,A € W(X), and {z} be a fuzzy set
with membership function equal to characteristic function of set {x}. If {x} C A,
then pe(z, A) = 0 for each o € [0, 1].

Lemma 2.19. Let x € X, A € Wr(X), and {x} be an L-fuzzy set with mem-
bership function equal to characteristic function of set {x}. If {x} C A, then
Pay (x, A) =0p, for ar, € L\{0p}.

Lemma 2.20. (Heilpern [03]). ps(x, A) < d(z,y) + pal(y, A) for any z,y € X.
Lemma 2.21. p,, (z, A) < d(z,y) + pa, (y, A) for any z,y € X.

Lemma 2.22. (Heilpern [T3]). If {zo} C A, then po(zo, B) < Dy (A, B) for each
B e W(X).

Lemma 2.23. If {zo} C A, then p,, (xo, B) < Dy, (A, B) for each B € W (X).

Lemma 2.24. (Nadler [14]). Let (X,d) be a metric space and A, B € CB(X).
Then for any a € A there exists b € B such that d(a,b) < H(A, B).

Definition 2.25. Let (X,d) be a metric space, z,y € X and ¢ > 0. An e-
chain from x to y is define as a finite set of points xg,z1,To,...,T, such that
T =10,y =T, and d(z;,z41) <€ forall j =0,1,2,...,j— 1.

Lemma 2.26. Let (X, d) be a compact connected metric space, then for each e > 0
and z,y € X, there exists an e-chain from x to y and the mapping d® : X x X — R
define by:

d(z,y) = inf{M}

where M = {Z;:Ol d(zj,zj41) : To,T1,%2,...,Ty 08 an e-chain from x to y}, is
a metric on X equivalent to d. Furthermore, for x,y € X,e > 0 there exists an
€ — chain x = xg, 1,22, ...,T, =Yy such that
n—1
d(z,y) = Zd(mjaijrl)
j=0

3 Main Results

Theorem 3.1. Let (X,d) be a compact metric space and T : X — Fr(X) be
L-fuzzy contractive mapping. Then T has an L-fuzzy fixed point.
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Proof: For x € X. [T'z],, is non empty and compact.
Define a mapping g : X — [0,00) by ¢g(z) = pa, (x,Tz). It now implies that,

9() = pa, (z, Tz)

<d(z,y) + pa, (y, Tx)

< d(z,y) + pa, (y, T )+H([TI}QL,[T@/}QL)
< d(w,y) + Pay, (Y, Ty) + Do, (Tx, Ty)

< d(2,y) + Pay, (y, Ty) + Sup Dq, (Tx,Ty)
< d(z,y) + pa, (y, Ty) + dL (Tx, Ty)

Thus,

9(x) — g(y) < d(z,y) +df (Tz, Ty),
and by symmetry, we have

lg(z) — g(y)| < d(z,y) +dT (Tz, Ty).

Hence g is continuous from (E0) and the above inequality. Since X is compact g
attains it’s minimum say at a point z* € X.

By compactness of [Tz*],, we can choose x; € X, such that {z1} C T(z*)
and d(z*,21) = pao, (x*,Tx*) = g(z*). Then, {z*} C T(x*). Otherwise g(z1) =
Day, (x1,Tx1) along with Lemma P23 will imply that
9(x1) = pa, (v1,Tz1)
< DaL (Tx*,Txl)
<sup D, (Tx*,Txy)
ar

<dP(Tz*,Tz1)

<d(z*,x1)

= Pa (27, Ta") = g(z7).
A contradiction and therefore, {z*} C T'(z*). Hence,

z* € [T(z%)]ay, ar € L\{0L},

as required.
O

Example 3.2. Let X = [0,1], d(z,y) = |z — y| for all x,y € X, then (X,d)
is a compact metric space. Let L = {d,v,7} with 6 <p 7 and v < T, where ¢

and v are not comparable, then (L,=1) is a complete distributive lattice. Define
T:X — Fr(X) as below:

T, zf0<t§%
T(x)(t) =19 6, if§g<t<$;
v, z'f3<t§1
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For every x € X, oy, = 7 exists for which
x

Tz], = [0, =].

(Ta), = [0, %]
Now, for each z,y € X, we have

d7°(Tx,Ty) = sup Dy, (Tx, Ty)

ar

=sup H([Tx|a,, [TY]a,)

ar
X )

=suwlg =5
< Lsup|

— Su xXr —
=5 P Y

1
S ésupd(‘xay)
<d(z,y),

which implies that all the conditions of Theorem B are satisfied. Hence, there
exists 0 € X such that 0 € [T0],.

Corollary 3.3. Let (X,d) be a compact metric space and T : X — Fr(X) be
L-fuzzy contractive mapping. If oy, = 11, then T has a fixed point.

Proof: Since ay, = 1 € L, by theorem B it follows that there exists an z* € X
such that z* € [T'(z*)]1, . Thus, implying that 2* = T'(z*) and hence T has a fixed
point. O

Theorem 3.4. Let (X,d) be a compact connected metric space and T : X —
Fr(X) be L-fuzzy locally contractive mapping. Then T has an L-fuzzy fixed point.

Proof: To begin with, definition T3 and Lemma P24, implies that for each z € X
which belongs to an open set say U so that if y,z € U,y # z, we have

H([TYlar, [TZ]a,) < d(y, 2). (3.1)

By Lemma 2728, for each ¢ > 0 and each pair of points say u,v € X, there exists
an e-chain u = xg, 1, Z2,...,T, = v from u to v. Also, as X is compact we find
d > 0 so that for y,z € U,y # z, and d(z,y) < §, then

H([Tz]ay, [TYla,) < d(z,y).
Define d*(u,v) : X x X — [0,00) by
d*(u,v) = inf{M},
where M = Z;:OI d(zj,zj41) such that zo, z1, z2,..., 2, is a g—chain from u to v.

Thus, d* = d% and d* is a metric on X which is equivalent to d and there exists
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a g—chain u = xg,T1,T2,...,T, = v from u to v such that
n—1
d*(u,v) = Y d(zj, z541)- (3.2)
=0

Now, d(zj,2;11) < § < § implies that
H([Txjlay, [T2j11]a,) < d(wj,25401) <6,
and it further implies that
d(xﬁxj-i'l) - H([ij]au [ij"l‘l]aL) > 0.
Let
Mj = d(zj,xj41) = H([Twjla,, [T2j41]a,) > 0,
for 7=0,1,2,...,5— 1 and

H([ij]aLv [T‘Tj-l-l}om) < d(xj,xj—&-l) - TJ (33)
To show that
[Tzo)a, C Nd*(k, [T2n]a, ), for some k > 0, (3.4)

we consider an element (arbitrary) yo € [T2o]a, , using (B33) we may choose y; €
[Tx1]a, such that

My

d(yo,y1) < d(xo, 1) — N

Similarly, we find y2 € [Tx2]q, such that

M,y

d(y1, y2) < d(z1,22) — 5

Continuing in this way, will yield a set of points yo,y1,¥2,...,y» Where y; €
[Txj]a, such that

M;
2 )

for 7 =0,1,2,...,j — 1. Clearly the points yo,y1,¥y2, .- ., Yy, forms a g-chain from

Yo to y,. Hence,

d(y;, yj+1) < d(xj,xj41) —

3
|
—-

d* (Y0, Yn) < d(y;,yj+1)

M
(d(%’ Tjt1) 2)

n—1
M;
d .’L'],IJ_A,_l ZT
7=0

Il
~ o

3

(]

S .
I
~ o

<.
I
o
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Thus, by (82) we have
n—1 n—1

M,

d* (Yo, yn) < Zd*(u,v) - L.

Letting

T
L

=0

<.

we have k& > 0 and yo € N (k, [T%,]a, ), hence (Bd) holds. We now only remain
to show that

[Tanla, € N (k) [T0]a, )- (3.5)

So, consider an element (arbitrary) z, € [Tzy]aq, , again using (B3) we may choose
Zn—1 € [TZp—1]a, such that

n—1

2

d(zn—la Zn) < d(an'rl) -

Similarly, we find z,_2 € [T2;,—2]a, such that

M, 2
d(zpn—2,2n—1) < d(z1,22) — ; .
Continuing in this way, we have a set of points 2o, 21, 22, . . ., 2, Where z; € [Tz;]q,
such that
M.
d(zj,2501) < d(wj,Tj40) = =

Therefore, z, € N 4" (k, [T0)a, ), hence (B3H) holds. It now follows from (84) and
(B3) that, k € B4

Thus,

[Tzo]aL,[Tzn]aL
H*([TxO}OéL’ [Txn]aL) < ka
and

H* ([T, . [TV]a,) < d*(u,v) - M?

'M*

<
Il
o

< d*(u,v).
Hence

D}, (Tx,Ty) < d*(x,y), for any =,y € X. (3.6)
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Define a mapping g : X — [0, 00) by g(x) = p};,, (z,Tz). It implies that

9(u) = pg, (u, Tu)

< d"(u,v) + pg, (v, Tu)
< d*(u,v) +p,, (v,Tv) + D}, (Tu, Tv).

It further implies that

g(u) < d*(u,v) +p, (v, Tv) +d;,, (Tu, Tv). (3.7)
Now, from (BM) and (BZ2), we have

g(u) < d*(u,v) + p,, (v, Tv) + d* (u,v).
Thus,

g(u) = g(v) <2d(u,v),
and by symmetry, we have

lg(u) — g(v)| < 2d"(u, v).
Hence ¢ is continuous. Since X is compact ¢ attains it’s minimum say at a
point z* € X such that g(z*) = m = p}, (¢*,Tx*). Otherwise, by compact-
ness of [T'z*],, we can choose uy € [T'z*]s,, such that {u;} C T'(z*), d(z*,u1) =
ph, (@, Tx*) = g(x*) = m and

g(ur) = py, (w1, Tw) < Dy (Tz", Tuq).
Thus, using (B@) and the above inequality, we have

g(ur) <d*(z*,u1) =m,
which contradicts the fact that m is minimal point of g. Therefore

x* € [T(x")]a,, ar € L\{0}.

O

Corollary 3.5. Let (X,d) be a compact connected metric space and T : X —»
Fr(X) be L-fuzzy locally contractive mapping. If o, = 1y, then T has a fized
point.

Proof: Since o, = 1 € L, by theorem B4 it follows that T" has a fixed point. O

4 Conclusion

In this manuscript, we utilized the idea of L-fuzzy set [I2] to introduced some L-
fuzzy contractive mappings and furthermore established some L-fuzzy fixed points
theorems for L-fuzzy contractive and L-fuzzy locally contractive mappings on a
compact metric spaces and a compact connected metric spaces respectively, our
results generalized many results in the literature. We also gave an example to
support our findings.
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