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1 Introduction

Fixed point theory is a very active branch of nonlinear analysis. It is very
famous due to its variety of applications in numerous areas such as engineering,
computer science, economics, etc. The contractive-type conditions plays an impor-
tant role in the fixed point theory. Many researchers have extended and generalized
Banach contraction principle because it is the heart of this theory.

After introducing b-metric spaces and generalized Banach contraction principle
in b-metric spaces in [1], many works such as [219] have been given. In 2011, Azam
et al. [10] defined the new notion of complex valued metric spaces and obtained
common fixed point theorems. Rao et al. [11] presented the complex valued b-
metric spaces. Mustafa and Sims [12] introduced the notion of G-metric spaces
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and [13] proved some fixed point theorems in complete G-metric spaces. For other
important papers in G-metric spaces, see [14(20].

The notion of Gp-metric space was presented by Aghajani et al. [21]. Then
some coupled coincidence fixed point theorems for nonlinear (1, ¢)-weakly contrac-
tive mappings in partially ordered Gp-metric spaces were proved in [22]. Lately,
Ege [23] introduced the concept of complex valued Gp-metric spaces, proved Ba-
nach contraction principle and Kannan’s fixed point theorem in this space. In [24],
Ege proved a common fixed point theorem via a-series and obtained new results
in the same space. For other studies on G,-metric spaces, we refer to reader
to [25,26).

This paper is organized as follows: In section 2, we give the required informa-
tion about complex valued Gp-metric spaces. In section 3, we define some notions
such as coincidence point, compatible and occasionally weakly compatible maps
and prove some common fixed point theorems in this space.

2 Preliminaries

To begin with, we give some basic definitions, notations and theorems which
will be used later. Let’s start with the definition of complex valued metric space.
Azam et al. [10] introduced the notion of complex valued metric space. Let C
be the set of complex numbers and z1, 2o € C. Define a partial order <X on C as
follows:

z1 3 2o if and only if Re(z1) < Re(z2) and Im(z1) < Im(z2).

It follows that z; 3 2o if one of the following conditions is satisfied:

(C1) Re(z1) = Re(
(C3) Re(z1) < Re(zo

e(z (

(

e(z2) and Im(z1) = Im(zq),
and I'm(z1) = Im(z2),

(Cs) Re(z1) = Re(z2 (

(C4) Re(z1) < Re(zo

Note that we write 21 3 22 if 21 # 22 and one of (Cs3), (C3) and (Cy) is satisfied

and we write z1 < zo if only (C4) is satisfied. The following statements hold:

and I'm(z1) < Im(z2),

— — — ~—

and I'm(z1) < Im(z2).

(1) If a,b € R with a < b, then az < bz for all z € C.
(2) If 0 2 21 3 22, then 21| < |22].

(3) If 21 3 29 and 23 < z3, then 21 < z3.

Definition 2.1. [23] Let X be a nonempty set and s > 1 be a given real number.
Suppose that a mapping G : X x X x X — C satisfies:

(CGyl) G(z,y,2)=0if x =y = z;
(CGp2) 0 < G(z,x,y) for all z,y € X with x # y;
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(CGu3) G(z,z,y) 2 G(z,y,2) for all z,y,z € X with y # z;
(CGy) G(z,y,z) = G(p{z,y, z}), where p is a permutation of z,y, z;
(CGy5) G(z,y,2) 2 s(G(z,a,a) + G(a,y,z)) for all z,y,2z,a € X.

Then, G is called a complex valued Gyp-metric and (X, G) is called a complex valued
Gy-metric space.

Proposition 2.2. 23] Let (X, G) be a complex valued Gy-metric space. Then for
any r,y,z € X;

(i) G(z,y,2) 3 s(G(x,2,y) + G(,x,2)),
(1) G(x,y,y) 325G (y,2,y).

Definition 2.3. 23] Let (X, &) be a complex valued Gy-metric space and {z,,}
be a sequence in X.

(i) {zn} is complex valued Gy-convergent to x if for every a € C with 0 < q,
there exists k € N such that G(x, z,,,xm) < a for all n,m > k.

(if) A sequence {z,} is called complex valued Gy-Cauchy if for every a € C with
0 < a, there exists k € N such that G(xy,, Tm,x;) < a for all n,m,l > k.

(iii) If every complex valued G-Cauchy sequence is complex valued Gp-convergent
in (X, G), then (X, G) is said to be complex valued Gy-complete.

Proposition 2.4. 23] Let (X,G) be a complex valued Gy-metric space and {x,}
be a sequence in X. Then {x,} is complex valued Gy-convergent to x if and only
if |G(z, @0, m)| = 0 as n,m — oo.

Theorem 2.5. 23] Let (X,G) be a complex valued Gy-metric space, then for a
sequence {x,} in X and point x € X, the following are equivalent:

(i) {xn} is complex valued Gy-convergent to x.
(i1) |G (2, Tpn,x)| = 0 as n — oo.
(i1i) |G(xn,z,z)] = 0 as n — oo.

(iv) |G(xm,Tn,x)] = 0 as m,n — oo.

Theorem 2.6. (23] Let (X, G) be a complex valued Gy-metric space and {x,} be
a sequence in X. Then {x,} is complex valued Gy-Cauchy sequence if and only if
|G (@, T, )| — 0 as n,m, 1 — co.
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3 Main Results

In this section, we first give a definition of compatible maps.

Definition 3.1. Let f and g be maps from a complex valued Gj-metric space
(X, G) into itself. The maps f and g are called compatible maps if there exists a
sequence {z,} such that

lim G(fgan, gfen, gfen) =0 or lim G(gfwn, fgrn, fgrn) =0
whenever {z,} is a sequence in X such that

lim fx, = lim gz, =1t
n—oo n—oQ

for some t € X.

Example 3.2. Let X = [—1,1] and a complex valued Gp-metric on X be given
as follows:

G(z,y,2) =z —y|* + |y — 2> + |z — 2|

where s = 2 [23]. Define two self mappings f,g : X — X by f(z) = x and
g(z) = £. If we consider a sequence {x,} = 5-, we obtain the following results:

on?
lim G(fgan, gfen, gfrn) = limG(i L i)—0
i GG, §F Ty 91 Tn) = M G s o) =
and
: .1 . o1
lim fz, = lim — =0 and lim gz, = lim — =0.
n— oo n—o0 2N n—00 n—o00 6N

Therefore f and g are compatible maps.

Theorem 3.3. Let f and g be compatible maps of a complex valued Gy-metric
space (X, Q) satisfying

(3.1) f(X) < g(X),

(5.2) G(fz, fy, fz) 3 amax{G(fz,gy,97),G(gz, fy,92),G(gz, g9y, fz)}, where
a€l0,3),
(3.3) one of f or g is continuous.

Then f and g have a unique common fized point in X.

Proof. Let xg be a point in X. We can choose a point x; in X such that fxg = gz
using (3.1). More generally, a point 2,41 can be chosen such that

Yn = fTn = gTpny1, n=0,1,2,...
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By (3.2), we obtain

G(fon, frni, fonr) Samax{G(frn, 9Tni1, 9Tnt1), G(9Zn, [Tni1, 9Tni1),
G(97n, 9Tnt1, fTni1)}
=amax{G(fxn, fTn, frn), G(fTn-1, fTni1, [Tn),
G(frn—1, frn, frni1)}
=amax{0,G(frn-1, fTnt1, fTn), G(fTn_1, fTn, fTn+1)}
=aG(frn_1, fTn, fTni1)-

By the rectangular inequality of complex valued Gp-metric space, we get

G(fxnfla fx'rw fajn+1) ,-—j S(G(fmnfh f‘rn7 fwn) + G(fxna fmru fanrl))
i S(G(fxnfl,fxnafxn) +2G(fxn;fxn+1af$n+1))~

Hence by the above inequality shows that

G(fn, fnin, Fonin) 3 5o G, fan, fr0),
i.e.,
G(fn, frnt1, frnt1) 2 ¢.G(fan—1, [Ty, f2n)
where ¢ = 15— < 1. If we continue the same procedure, we obtain

G(fn, frnir, fons1) 3 4"G(fxo, fa1, fz1).
Therefore, for all n,m € N, n < m, we have the followings by the rectangular
property:
G(Yns Yms Ym) 35(GWns Ynt1:Yns1)) + 8°G(Yns1, Ynt2, Ynt2))
+8°G(Yn+2, Ynt3, Ynss) + o+ 8" G (Ym—1,Ym, Ym)
3"+ TG (Yo v 1)

n

jq

G .
1—¢ (Yo, Y1, 1)

Taking limits as n, m — oo, we have lim G(yn, Ym,Ym) = 0.
n—oo

Therefore, {y,} is a complex valued Gp-Cauchy sequence in X. Since (X, G)
is a complex valued complete Gp-metric space, there is a point z € X such that

lim y, = lim fx, = lim gz,41 = 2.
n— 00 n— 00 n—00
Since f or g is continuous, we can assume that g is continuous, so
lim gfz, = lim ggx,11 = g=.
n—oo n—oo
Moreover, by the fact that f and g are compatible maps,
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implies that lim fgz, = gz. If we set x = gx,,, y = =, and z = z,, in (3.2), we
n—oo
obtain
G(99%n, 92n, frn)}.
Letting as n — 0o, we get
G(9z,2,2) 3 amax{G(gz,z,2),G(9z, 2, 2),0}

implies gz = z. Using (3.2), we have

G(fxn, 2, f2) 3 amax{G(fan, 92, 92), G(9n, f2,92), G(9zn, 92, [2)}.

If we take limit as n — oo, we conclude that fz = z. This shows that fz = gz = z,
i.e., z is a common fixed point of f and g.

For the uniqueness, we assume that z; # z be another common fixed point of
f and g. Then G(z,z1,21) > 0 and

G(z,21,21) = G(fz, fz1, f21)
< amax{G(fz,921,921),G(97, fz1,921), G(92, 921, fz1)}
=aG(z,21,21)
< G(z,21,21),

which is a contradiction. So we have z = z;. O

Definition 3.4. A complex valued Gp-metric space (X, G) is called a symmetric
if G(x,y,y) = Gy, z,z) for all z,y in X.

Definition 3.5. A point z in a complex valued Gp-metric space (X, G) is called

a coincidence point or common fized point of f and g if f(z) = g(x).

Definition 3.6. Two self-mappings f and g of a symmetric complex valued G-
metric space (X,G) are said to be occasionally weakly compatible if and only if
there is a point x in X which is coincidence point of f and g at which f and g
commute.

We are now ready to give an example for our new definitions.
Example 3.7. Let X = [0,00) and a complex valued Gp-metric on X be given by

1
Glz,y,2) = 5(lw =yl + 1y = 2I° + | = =)

where s = 2.
e (X, G) is symmetric since for all z,y € X,

4
G(%%?J) = G(y,aﬁ,x) = §|.’E - y|2



Common Fixed Point Results on Complex Valued GGp-Metric Spaces 781

e Define f,g: X — X by f(x) = 2% and g(z) = ’”—22 for z € X. It is clear that
there are two coincidence points for f and g in X. They are 0 and %
e f and g are occasionally weakly compatible maps since 0 is a coincidence
point of f and g and
fg9(0) =gf(0) =0.

Theorem 3.8. Let (X,G) be a symmetric complex valued Gy-metric space. If f
and g are occasionally weakly compatible self-maps on X satisfying

G(fz, fy, fz) 3 amax{G(fz,gy, 92), G(g9z, fy, 92), G(g9, 9y, [2)},
where « € [0, %) Then f and g have a unique common fized point in X .

Proof. There exists a point u in X such that fu = gu and fgu = gfu because f
and g are occasionally weakly compatible maps. We will show that fu is a fixed
point of f. If ffu # fu, then we have

G(fu, ffu, ffu) 3 amax{G(fu,gfu,gfu),G(gu, f fu,gfu), G(gu, g fu, ffu)}
= amax{G(fu, ffu, ffu), G(fu, f fu, ffu), G(fu, f fu, ffu)}
=aG(fu, ffu, ffu)

by (3.2). This shows that ffu = fu and ffu = fgu = gfu = fu. So fuis a
common fixed point of f and g.

To show the uniqueness, assume that u,v in X such that fu = gu = u,
fv=gv=wvand u # v. Then by (3.2), we have

G(u,v,v) = G(fu, fv, fv) 3 amax{G(fu,gv, gv),G(gu, fv, gv), G(gu, gv, fv)}
= amax{G(u,v,v), G(u,v,v), G(u,v,v)}
= aG(u,v,v)
which is a contradiction. Therefore, u = v and the common fixed point of f and

g is unique. O

Theorem 3.9. Let (X,G) be a complete complex valued Gy-metric space with
coefficient s > 1 and T : X — X be a mapping satisfying the following:

G(Tx,Ty,Tz) 3 fmax{G(zx,y,2),G(z,z,Tx),G(y,y,Ty),G(z,2,Tz)} (3.1)
Vo,y,z € X. where B € [0,1). Then T has a unique fized point w € X and
G(w,w,w) = 0.

Proof. Let us prove that if a fixed point of T exists, then it is unique. Let u,v € X
be two fixed points of T', u # v, that is Tu = v and Tv = v. It follows from :
G(u,u,v) = G(Tu,Tu,Tv)
3 Bmax{G(u,u,v), G(u,u, Tu),G(u,u,Tu), Gv,v,Tv)}
= Bmax{G(u,u,v), G(u,u,u),G(v,v,v)}
= BG(u,u,v)
< G(u,u,v)
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since 8 < 1. We obtain G(u,u,v) < G(u,u,v) which gives G(u,u,v) = 0, then
u = v. Therefore, if a fixed point of T exists, then it is unique.
Let gy € X and define a sequence {z,} by z,1 = Tz, for all n > 0. For any

n, we obtain from (3.1)),

G($n+1axn+1; xn) = G(T$n7Tl'n,T1'n71)
j ﬂ maX{G(ITH L, xn—l)» G(’rn? L, Txn)7 G(I’na T, Txn)v
G(xn—lwxn—laTxn—l)}

= Bmax{G(Tn, Tn, Tn-1), G(Tn, Tn, Tni1), G(Xn_1,Tn_1,Tn)}.
By the symmetry, we have
G(xn-1,Tn-1,2Tn) = G(Tpn, Tn, Tpn-1),
and so
G(Tpt1, Tnt1,Tn) S fmax{G(zy, Tn, Tn-1), G(Tn, Tn, Tnt1)}-

If max{G(zn,zn,Tn-1),G(@n,Tn,Tnt1)} = G(Tpn,ZTn,Tnt1), then we get a
contradiction such that:

G(Tn41, Tnt1, Tn) T BG(Tn, Tn, Tng1)
= BG(J:TH-M Tn+1, l‘n)
< G($n+17 Tn+1, xn)

Therefore, max{G(zy, Tn, Tn-1), G(Tn, Tn, Tnt1)} = G(Tn, Tp, Tp—1) and
G(zn-‘rl?’rn-‘rlaxn) ﬁ ﬂG(.Tn,In,l'n_l) (32)

that is
GTxp,Trp, Trp—1) 3 BG(Tpn, Tp, Tp—1). (3.3)

If we continue to the same procedure, we get
G(Tnt1, Tnt1,Tn) S B "G (21,21, T0). (3.4)
For n,m € N, m > n, we have
G(Tp, TnyTm) 3 8[G(Tny Tnt1, Tnt1) + G(@nt1, Tn, Tm)]
228G (Tn, Trg1s Tnp1) 52 [G(Tni1, Tnoos Tngo) FG(Tnio, Tn, T
)

SG(Tp, Tnt1s Tnt1) + 82G(Tni1, Tntas Tniz)

+ 5°[G(Tnt2, Tnt3s Tnis) + G(Tngs, Tn, Tin)]

j SG(.’L‘n, Tn, xn+1)+52G(mn+1; Tn+1, .’En+2)+83G(l‘n+2, Tn+2, xn+3)

+ .+ 8TTG (X1, Tine1, T ) + 8T G (T, T,y T
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and using the inequality (3.4), we obtain

(1= s""™G(xp, T, Tm) 2 86"G (21, 21, 20) + 26" T G (21, 21, 20)
+ 836" 2G (21, 21, o) .. A S™TBT TG (g, 1, 20)
2 sBML 458+ (sB)2 + ... 4 (sB)™ " HG(x1, 21, 20)
sp" [1 —(sp)™ !
1—gm—m 1—sp

Taking limit n — oo, we obtain G(z,, ©,, ;) — 0. Hence, = 0. Thus, {z,} is a
complex valued Gp-Cauchy sequence in X. Since X is a complex valued complete
Gyp-metric space, then there exists u € X such that

G(£n7£ﬂ7£7ﬂ) :5 ]G(Jfl,J?l,Z‘o).

lim G(xp, zp,uw) = lim G(zp, Tn, Tm) = G(u,u,u) = 0. (3.5)

n—o0 n—o0
We now prove that u is a fixed point of T'. For all n € N, we obtain
G(u,u, Tu) 3 s[G(uy Xpy1,Tpy1) + G(Tpi1, u, Tu)]
= 8[G(u, u, Tpt1) + G(u, T, Ty y1))
2 5G(u,u, Tyg1) + S2[G (U, Tyt Tpgr) + G(Tng1, T, Trg1)]
258G (U, Uy Tyg1) + 82G (U Tt 1, T 1) + 582G (Tng1, T, Trgr)
(s + 83 G(uyu, Tpy1) + 8°G(Txp, Tu, Txy).

If we use (3.3]), we obtain G(Tx,, Tu,Tx,) 3 BG(zy,u,x,). Thus we have the

following:
Gu,u, Tu) 3 (s 4+ 3G (u,u, ri1) + B> G20, u, 1)
3 (s +5%)G(u, u,u) + Bs*G(u, u, u)

as n — oo. By (3.5), we have G(u,u,Tu) = 0, then Tu = u. Therefore, u is a
fixed point of T" and it is unique. O

Theorem 3.10. Let (X,G) be a complex valued Gy-complete metric space. If
T:X — X is a continuous map satisfying

G(Tz,Ty,Tz) 3 ¢(G(z,y,2)) forallz,yzeX (3.6)
where ¢ : [0,4+00) — [0,400) is an increasing function such that

lim ¢"(t) =0 for allt > 0,

n—oo

then T has a unique fived point in X.

Proof. Let x € X and € = 0. Consider a natural number n such that ¢"(€) < 15
If we assume that ' = T and x;, = F¥(z) for k € N, then we have the following

G(F'raFI’Fy) 3 ¢n(G(x’x7y)) = oz(G(a:,x,y))
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for z,y € X and a = ¢". So taking limit as k — oo, we get |G(zg+1, Tht1,Zk)| —
0. Thus, let k be a number such that

€
G —.
(Tt 1, Tt 1, Th) < 1
We can define the ball B(xg, €) such that for each

z € B(ag,e) ={y € X : G(zp, z,y) 3 €}

~

By the fact that z € B(zg,¢€), B(xy,€) # 0. For all 2 € B(zg, €), we obtain the
following inequalities:

G(Fz,Fz, Fxy)

From the fact that G(Fxy, Foy,x) = G(Trt1, Try1, k) < 3z, we obtain the
following:
Gz, zk, Fz) 2 8[G(xk, Tpt1, Tpt1) + G(Try1, Tr, F2)]
= $[G(zrs1, Thr1,Tk) + G(Xpt1, Tk, F2)]
[G(xps1, xk, F2) + G(xt1, Tk, F2)]
sG(xgt1, Tk, F2)
sG(ag, Fz,2541)

§* (G (x4, Thr1, 21) + G(Tpp1, 241, F2)]

SQ[G(ﬂck,fEkaka) + G(Fz, Fz,z541)]
o € €

S

2

2

3 28%(G (g, w1, Trs1) + Gapg, Fz, 0p00)]
2

2

2 [@ + @]

= €.

Thus, F maps B(z,€) to itself. Since zp € B(xg,e€), we get Fayp € B(xg,e€).
Continuing the same procedure, it is obtained that

F" € B(wy,e) forallm e N,
that is 2; € B(xyg,¢€) for each [ > k. As a result,
Gy T, x) <€ for all m,l >k

and {z} is a complex valued Gp-Cauchy sequence. By the completeness of (X, G),
there exists u € X such that x, — v as k — oco. Since

u= lim g1 = lim z, = F(u),
k—o0 k—o00
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u is a fixed point of F'.
We need to prove the uniqueness of this fixed point. Let u and u; be two fixed
points of F. Considering a(t) = ¢™(t) < t for any t > 0, the following inequalities

G(u,u,uy) = G(Fu, Fu, Fuy)
j ¢n(uauaul)
= o(G(u,u,u1))
2 G(u,u,u)
show that G(u,u,u;) =0, i.e., u = u = 1. So F has a unique fixed point in X.

If we take limit as k — oo, we get T"**+7(x) = F*(T"(z)) — u. Thus T™z — u
as m — oo for every x, that is,

u= lim Ta,, =T(u).

m—o0

This shows that T has a fixed point and the proof is completed. O

Acknowledgement : The authors sincerely thank the referee for valuable sug-
gestions of this paper.
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