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1 Introduction

Throughout this paper, let K be a nonempty subset of a real normed space
E and T : K → K a nonlinear mappings, and F (T ) the set of fixed points
of T , that is, F (T ) = {x ∈ K : Tx = x}. In this paper throughout we
assume that F (T ) 6= φ.

T is said to be nonexpansive provided

‖Tx− Ty‖ ≤ ‖x− y‖
for all x, y in K.

T is said to be asymptotically nonexpansive [4] if there exists a sequence
{kn} in [0,∞) with limn→∞ kn = 1 such that

‖Tnx− Tny‖ ≤ kn‖x− y‖
for all x, y in K and n ∈ N.

T is said to be asymptotically nonexpansive type [7] if

lim sup
n→∞

sup
x∈K

{‖Tnx− Tny‖ − ‖x− y‖} ≤ 0.
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for any y ∈ K.

Remark 1.1 From the above definitions, it follows that a nonexpansive
mapping must be asymptotically nonexpansive, and any asymptotically non-
expansive mapping must be asymptotically nonexpansive type (see [7]).

The concept of quasi-nonexpansiveness was introduced by Diaz and Metcalf
[2] in 1967.

The mapping T is said to be quasi-nonexpansive if

‖Tx− p‖ ≤ ‖x− p‖
for all x ∈ K and p ∈ F (T ).

Using similar concept asymptotically quasi-nonexpansive mapping have
been defined [14]:
The mapping T is said to be asymptotically quasi-nonexpansive if there
exists a sequence {kn} in [1,∞) with limn→∞ kn = 1 such that

‖Tnx− p‖ ≤ kn‖x− p‖
for all x ∈ K and p ∈ F (T ), n ∈ N.

Similarly asymptotically quasi-nonexpansive type mappings can be defined
as :

The mapping T is said to be asymptotically quasi-nonexpansive type if

lim sup
n→∞

sup
x∈K

{‖Tnx− p‖ − ‖x− p‖} ≤ 0 (1.1)

for p ∈ F (T ).

Remark 1.2 From above definition, it follows that a quasi-nonexpansive
mapping must be asymptotically quasi-nonexpansive mapping and asymptot-
ically quasi-nonexpansive mapping must be asymptotically quasi-nonexpansive
type.

The iterative approximation problem for nonexpansive mapping, asymp-
totically nonexpansive mapping, quasi-nonexpansive mapping, asymptoti-
cally quasi-nonexpansive mapping and recently of asymptotically nonex-
pansive type mappings were studied extensively by ( [9, 12, 15] and refer-
ence therein).
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In the most of the above study authors have mainly studied Mann [10]
and Ishikawa [6] type iteration process for iterative approximation of above
class of mappings.

In this paper our main interest is to study the problem of approximation
of fixed point of the more general class of asymptotically quasi nonexpan-
sive type mappings using generalized iteration process (three-step iteration
process) [17], which is more general than the Mann and Ishikawa iteration
process and defined as below:

Definition 1.3 Generalized Iteration Process :

For a given xo ∈ K, define sequence {xk},{yk} and {zk} by

xn+1 =(1− αn)xn + αnTnyn,

yn =(1− βn)xn + βnTnzn, (1.2)
zn =(1− γn)xn + γnTnxn

n ≥ 0, where {αn},{βn},{γn} are real sequence in [0, 1].

For γn = 0, the iteration process (1.2) reduces to :

For a given xo ∈ K, define sequence {xk} and {yk} by

xn+1 =(1− αn)xn + αnTnyn,

yn =(1− βn)xn + βnTnxn (1.3)

n ≥ 0, where {αn},{βn} are real sequence in [0, 1].

Iteration scheme (1.3) is called an Ishikawa type iteration process.

For βn = 0 and γn = 0, the iteration process (1.2) reduces to :

For a given xo ∈ K, define sequence {xk} by

xn+1 = (1− αn)xn + αnTnxn (1.4)

n ≥ 0, where {αn} is a real sequence in [0, 1].

Iteration scheme (1.4) is called an Mann type iteration process.
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For a suitable choice of αn, βn and γn, one can obtain a number of
new and known iteration schemes for solving nonlinear equations in Ba-
nach spaces and Hilbert spaces; see [8, 12, 15] and the references there in.

Our result extend and generalize various results obtained quite recently
by Deng [1], Liu [9], Schu [12] and Tan and Xu [15] to more general type
of space and more general family of mappings as well as for generalized
iteration process.

Lemma 1.4 [15] Suppose that {an} and {bn} are two sequenes of non-
negative numbers such that an+1 ≤ an + bn, for all n ≥ 1. If

∑∞
n=1 bn

converges, then limn→∞ an exists.

Lemma 1.5 Let K be a nonempty convex subset of a normed space E and
let T : K → K be a mapping of asymptotically quasi-nonexpansive type.
Let sequence {xn} be defined by (1.2). If p ∈ F (T ), then

‖xn+1 − p‖ ≤ ‖xn − p‖+ 3 sup
x∈K

{‖Tnx− p‖ − ‖x− p‖}; n ∈ N.

Proof.

‖xn+1 − p‖ ≤ ‖(1− αn)xn + αnTnyn − p‖
≤ (1− αn)‖xn − p‖+ αn[‖Tnyn − p‖ − ‖yn − p‖]

+ αn‖yn − p‖
≤ (1− αn)‖xn − p‖+ αn sup

x∈K
[‖Tnx− p‖ − ‖x− p‖]

+ αn[(1− βn)‖xn − p‖+ βn‖Tnzn − p‖]
≤ [(1− αn) + αn(1− βn)]‖xn − p‖

+ αn sup
x∈K

[‖Tnx− p‖ − ‖x− p‖] + αnβn‖Tnzn − p‖

≤ [(1− αn) + αn(1− βn)]‖xn − p‖
+ αn sup

x∈K
[‖Tnx− p‖ − ‖x− p‖]

+ αnβn[‖Tnzn − p‖ − ‖zn − p‖] + αnβn‖zn − p‖
≤ [(1− αn) + αn(1− βn)]‖xn − p‖

+ αn(1 + βn) sup
x∈K

[‖Tnx− p‖ − ‖x− p‖]

+ αnβn[γn‖Tnxn − p‖+ (1− γn)‖xn − p‖]
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≤ [(1− αn) + αn(1− βn) + αnβn]‖xn − p‖
+ αn(1 + βn) sup

x∈K
[‖Tnx− p‖ − ‖x− p‖]

+ αnβnγn[‖Tnxn − p‖ − ‖xn − p‖]
≤ ‖xn − p‖+ αn[1 + βn(1 + γn)] sup

x∈K
[‖Tnx− p‖ − ‖x− p‖]

≤ ‖xn − p‖+ (2 + γn) sup
x∈K

[‖Tnx− p‖ − ‖x− p‖]

≤ ‖xn − p‖+ 3 sup
x∈K

[‖Tnx− p‖ − ‖x− p‖.

2

Lemma 1.6 Let K be a nonempty convex subset of a normed space E and
let T : K → K be a mapping of asymptotically quasi-nonexpansive type.
Let sequence {xn} be defined by (1.2). If p ∈ F (T ), then limn→∞ ‖xn−p‖
exists.

Proof. Using (1.1) choose no such that n ≥ no imply

sup
k≥n

{sup
x∈K

(‖T kx− p‖ − ‖x− p‖)} ≤ 1
3n2

. (1.5)

Hence, by lemma 1.5

‖xn+1 − p‖ ≤ ‖xn − p‖+
1
n2

.

Therefore for n,m ≥ n0, we have

‖xm+n − p‖ ≤ ‖xn − p‖+
n+m−1∑

i=n

1
i2

By lemma 1.4 we get that limn→∞ ‖xn − p‖ exists. 2

2 Strong Convergence of Iterates of Asymptoti-
cally Quasi-Nonexpansive type Mappings

Lemma 2.1 Let K be a closed convex subset of a normed space E, let
T : K → K be asymptotically quasi-nonexpansive type with F (T ) be a
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nonempty set, and the iterative sequence {xn} is defined by ( 1.2). If
limn→∞ d(xn, F (T )) = 0, then {xn} is a Cauchy sequence. Where d(xn, F (T ))
denotes the distance from the point xn to the set F (T ).

Proof. Since limn→∞ d(xn, F (T )) = 0, then for all ε > 0 there exists
k(ε) ∈ N such that for all n ≥ k(ε)

d(xn, F (T )) <
ε

2
(2.1)

this implies that there exist p ∈ F (T ) such that that for all n ≥ k(ε)

d(xn, p) <
ε

2
. (2.2)

Since the sequence {‖xn − p‖} is nonincreasing, we have for m,n ≥ k(ε)

‖xn − xm‖ = ‖xn − p‖+ ‖xm − p‖
= 2‖xk(ε) − p‖ < ε (2.3)

which shows that {xn} is a Cauchy sequence. 2

Theorem 2.2 Let K be a closed convex subset of a Banach space E, let
T : K → K be asymptotically quasi-nonexpansive type with F (T ) be a
nonempty set, and the iterative sequence {xn} is defined by (1.2). Then

1. limn→∞ d(xn, F (T )) = 0 if {xn} converges strongly to a fixed point in
F (T ).

2. {xn} converges strongly to a point in F (T ) if limn→∞ d(xn, F (T )) =
0.

Proof. (1) Since F (T ) is closed and the map x 7→ d(x, F (T )) is
continuous, then

lim
n→∞ d(xn, F (T )) = d( lim

n→∞xn, F (T )) = 0.

(2) From lemma 2.1, {xn} is a Cauchy sequence, so {xn} converges to
a point, say p in K. Since F (T ) is closed, then 0 = limn→∞ d(xn, F (T )) =
d(limn→∞ xn, F (T )) implies that p ∈ F (T ). 2
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Theorem 2.3 Let K be a closed convex subset of a Banach space E, let
T : K → K be asymptotically quasi-nonexpansive type with F (T ) be a
nonempty set, and the iterative sequence {xn} is defined by (1.2). Then
{xn} converges strongly to a point in F (T ) if and only if lim infn→∞ d(xn, F (T )) =
0.

Proof. The necessity of the condition is obvious. Thus, we will only
prove the sufficiency.

From lemma 1.5,we have

‖xn+1 − p‖ ≤ ‖xn − p‖+ 3 sup
x∈K

{‖Tnx− p‖ − ‖x− p‖} (2.4)

for any n ∈ N and p ∈ F (T ).

From (2.4) and (1.5), we have

d(xn+1, F (T )) ≤ d(xn, F (T )) +
1
n2

.

Therefor for n,m ≥ n0, we have

d(xm+n, F (T )) ≤ d(xn, F (T )) +
n+m−1∑

i=n

1
i2

By Lemma 1.4 we get that limn→∞ d(xn, F (T )) exists and it follows from

lim inf
n→∞ d(xn, F (T ) = 0

that
lim

n→∞ d(xn, F (T )) = 0.

From Theorem 2.2 {xn} converges strongly to a point in F (T ). 2

Remark 2.4 Threorem 2.2 and Threorem 2.3 partially extend and gen-
eralize Theorem 1.1’ of Petryshyn and Williamson [16], Theorem 3.1 of
Gosh and Debnath [5] for the larger class of mapping and iteration scheme
considered here.
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A self mapping T with F (T ) 6= φ on a convex subset K of a Banach
space is said to satisfy condition (S, D) if there is a nondecreasing func-
tion f : [0,M ] → [0,∞) with f(0) = 0, f(r) > 0 for all r ∈ (0,M) and
‖x− Tx‖ ≥ f(d(x, F (T )) for all x ∈ K.

This condition was introduced by Senter and Dotson [13].

Theorem 2.5 Let K be a closed convex subset of a Banach space E, let T :
K → E be asymptotically quasi-nonexpansive type with F (T ) a nonempty
set, and the iterative sequence {xn} be an defined by (1.2). Let {xn} is a
approximate fixed point sequence for T , i.e. limn→∞ ‖xn − Txn‖ = 0, K
satisfy conditon (S,D). Then {xn} converges strongly to a fixed point of T .

Proof. For any p ∈ F (T ), the sequence {‖xn − p‖} is nonincreasing, so
is {d(xn, F (T ))} and then limn→∞ d(xn, F (T )) = r for some r ≥ 0.

Now in view of Theorem 2.3, to complete the proof we must show that
r = 0.

From condition (S,D), we have

‖xn − Txn‖ ≥ f(d(xn, F (T )) ≥ f(r).

Since limn→∞ ‖xn − Txn‖ = 0, we get that f(r) = 0 and so r = 0.

This completes the proof. 2

Remark 2.6 Theorem 2.5 generalizes theorem 3 of Liu [9], Theorem 3 of
Tan and Xu [15] and Theorem 3 of Zeng [18] for the iteration process (1.2)
and the mapping of asymptotically quasi nonexpansive type considered here.

3 Weak Convergence of Iterates of Asymptoti-
cally Quasi-Nonexpansive type Mappings

Theorem 3.1 Let E be a Banach space which satisfies Opial’s condition
and let K be a closed compact convex subset of E. Let T : K → K be
asymptotically quasi-nonexpansive type, and the sequence {xn} defined by
(1.2) is weakly sequentially compact. Suppose T has a fixed point, I − T
is demiclosed with respect to zero, and {xn} is a approximate fixed point
sequence for T , i.e. limn→∞ ‖xn − Txn‖ = 0. Then {xn} converges weakly
to a fixed point of T.
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Proof. Since {xn} ⊂ K is weakly sequentially compact, and K is closed
convex set and thus weakly closed, there exists subsequence {xnk

} of {xn}
and p ∈ K such that xnk

⇀ p, since limn→∞ ‖xn − Txn‖ = 0 and I − T is
demiclosed with respect to zero, p ∈ F (T ). If {xn} does’t converge weakly
to p, then there are subsequence {xnj} which converges to p ∈ K and
q ∈ F (T ), q 6= p. Lemma 1.6 provide the existence of a = limn→∞ ‖xn− p‖
and b = limn→∞ ‖xn − q‖.

By Opial’s condition we have

a = lim inf
n→∞ ‖xnk

−p‖ < lim inf
n→∞ ‖xnk

−q‖ = b = lim inf
n→∞ ‖xnj−q‖ < lim inf

n→∞ ‖xnj−p‖ = a

a contradiction.

This completes the proof.
2

Remark 3.2 Theorem 3.1 generalizes theorem 2 of Deng [1] (which itself
generalizes a result of Emmanuele [3]), Theorem 2.1 of Schu [12] for the it-
eration process (1.2) and the mapping of asymptotically quasi nonexpansive
type considered here.
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