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1 Introduction

Throughout this paper, let K be a nonempty subset of a real normed space
E and T : K — K a nonlinear mappings, and F(T') the set of fixed points
of T, that is, F(T) = {x € K : Tx = x}. In this paper throughout we
assume that F(T") # ¢.
T is said to be nonexpansive provided
[Tz — Tyl < [z —yll
for all z,y in K.
T is said to be asymptotically nonexpansive [4] if there exists a sequence
{kn} in [0, 00) with lim, .~ &k, = 1 such that
[T"2z = T"y|| < knllz -y
for all z,y in K and n € N.

T is said to be asymptotically nonexpansive type [7] if
lim sup sup {77 — Ty — |z~ y|}} < 0.

n—oo zxeK



152 Thai J. Math. 5(2007)/ Amitabh Banerjee

for any y € K.

Remark 1.1 From the above definitions, it follows that a nonexpansive
mapping must be asymptotically nonexpansive, and any asymptotically non-
expansive mapping must be asymptotically nonexpansive type (see [7]).

The concept of quasi-nonexpansiveness was introduced by Diaz and Metcalf
[2] in 1967.

The mapping T is said to be quasi-nonexpansive if
[Tz —p| < [l —p
for all z € K and p € F(T).

Using similar concept asymptotically quasi-nonexpansive mapping have
been defined [14]:

The mapping T is said to be asymptotically quasi-nonexpansive if there
exists a sequence {ky} in [1,00) with lim, o kn = 1 such that

[Tz = pl| < Enllz — pll
forall x € K and p € F(T), n € N.

Similarly asymptotically quasi-nonexpansive type mappings can be defined
as :

The mapping T is said to be asymptotically quasi-nonexpansive type if

lim sup sup {| 7"z — p|| — = — p||} < 0 (L1)

n—oo zeK
for p € F(T).

Remark 1.2 From above definition, it follows that a quasi-nonexpansive
mapping must be asymptotically quasi-nonexpansive mapping and asymptot-
ically quasi-nonexpansive mapping must be asymptotically quasi-nonexpansive

type.

The iterative approximation problem for nonexpansive mapping, asymp-
totically nonexpansive mapping, quasi-nonexpansive mapping, asymptoti-
cally quasi-nonexpansive mapping and recently of asymptotically nonex-
pansive type mappings were studied extensively by ( [9, 12, 15] and refer-
ence therein).



Weak and Strong Convergence 153

In the most of the above study authors have mainly studied Mann [10]
and Ishikawa [6] type iteration process for iterative approximation of above
class of mappings.

In this paper our main interest is to study the problem of approximation
of fixed point of the more general class of asymptotically quasi nonexpan-
sive type mappings using generalized iteration process (three-step iteration
process) [17], which is more general than the Mann and Ishikawa iteration
process and defined as below:

Definition 1.3 Generalized Iteration Process :
For a given z, € K, define sequence {zy},{yr} and {z} by

Tn+1 :(1 - Oén)xn + anTnyna
Yn :(1 - ﬁn)xn + 6nTnZn7 (1.2)
Zn :(1 - ’Yn)xn + ’VnTnmn

n >0, where {an},{Bn},{m} are real sequence in [0, 1].
For ~,, = 0, the iteration process (1.2) reduces to :

For a given z, € K, define sequence {z}} and {yx} by

Tn41 :(1 - an)mn + anTnyn7
Yn =(1 = Bn)n + BTy (1.3)

n > 0, where {ay },{0,} are real sequence in [0, 1].
Iteration scheme (1.3) is called an Ishikawa type iteration process.
For (3, = 0 and ~,, = 0, the iteration process (1.2) reduces to :

For a given z, € K, define sequence {zj} by
Tnt1 = (1 —ap)xy + @y T"xp (1.4)

n > 0, where {«a,} is a real sequence in [0, 1].

Iteration scheme (1.4) is called an Mann type iteration process.
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For a suitable choice of oy, 8, and 7,, one can obtain a number of
new and known iteration schemes for solving nonlinear equations in Ba-
nach spaces and Hilbert spaces; see [8, 12, 15] and the references there in.

Our result extend and generalize various results obtained quite recently
by Deng [1], Liu [9], Schu [12] and Tan and Xu [15] to more general type
of space and more general family of mappings as well as for generalized
iteration process.

Lemma 1.4 [15] Suppose that {a,} and {b,} are two sequenes of non-
negative numbers such that ant1 < an + by, for alln > 1. If >°>° by,
converges, then lim,_ oo a, ezists.

Lemma 1.5 Let K be a nonempty convex subset of a normed space E and
let T : K — K be a mapping of asymptotically quasi-nonexpansive type.
Let sequence {xy} be defined by (1.2). If p € F(T), then

[#n41 —pll < llzn —pl +3 SUE{HT% —pll—llz—pl}; neN
S

Proof.

241 = pll < (1 — an)zn + Ty, — pl|
< (I —an)llzn = pll + anllT"yn — pll = [lyn — pll]
+ anllyn — pl|
< (1 —an)l|zn = pll + an sup [||T"z — pl| — ||z — pl|]
rzeK

+ an[(1 = Bu)llzn — pll + Bal|T"2n — pll]
< (1= an) + an(l = Bu)]llzn — pll
+ ap sup|[[|[T"z — p|| — ||z — pll] + Bl T"2n — pl|
zeK

<1 —an) + an(l = Bo)lllzn — pll
+ oy sup[[| 7"z — p|| — [l — pl]]
zeK

+ anBn[IT" 20 — pll — [l2n — Il + anBrllzn — pl|
< [(1 = an) + an(l = B)ll|lzn — pll
+ an (1 + Bn) sup[[|[T"x — pl| — [lz — p|]
zeK

+ anfnlml[T"en = pll + (1 = vn)l2n — pll]
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< (1 = an) + an(l = Bn) + anBul|lzn — pl|
+ an(l+8,) SEE[HT% —pll = llz —pl]

+ anBn [T 20 — pll — |20 — pll]
< lzn = pll + an[L + Ba(1 + 72)] Sufg[llT”w —pll = llz = pll]
S

< lzn = pll + (2 4 7n) sup[|T"z — p[| — [lz — p|l]
zeK

< |lzn = pll 4+ 3 sup[|T"z — p|| — [lz — p|.
zeK

Lemma 1.6 Let K be a nonempty convex subset of a normed space E and
let T : K — K be a mapping of asymptotically quasi-nonexpansive type.
Let sequence {x,,} be defined by (1.2). If p € F(T), then lim,_. ||z, —p||
exists.

Proof. Using (1.1) choose n, such that n > n, imply

1
k
sup{sup (7% — pl| — flz — pl)} < 55 (1.5)
k>n z€K n
Hence, by lemma 1.5
1
lzns1 = pll < llzn = pl + —5
Therefore for n,m > ngy, we have
n+m—1
|zman —pll < llon —pll + ) 2
i=n
By lemma 1.4 we get that lim,, . ||z, — p|| exists. O

2 Strong Convergence of Iterates of Asymptoti-
cally Quasi-Nonexpansive type Mappings

Lemma 2.1 Let K be a closed convexr subset of a normed space E, let
T : K — K be asymptotically quasi-nonexpansive type with F(T) be a
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nonempty set, and the iterative sequence {x,} is defined by (1.2). If
lim;, oo d(zp, F(T)) =0, then {x,} is a Cauchy sequence. Where d(xy, F(T))
denotes the distance from the point z, to the set F(T).

Proof. Since lim,,_.o d(xy, F(T)) = 0, then for all € > 0 there exists
k() € N such that for all n > k(¢)

d(zn, F(T)) < g (2.1)

this implies that there exist p € F'(T") such that that for all n > k(e)

d(xp,p) < (2.2)

| ™

Since the sequence {||z,, — p||} is nonincreasing, we have for m,n > k(¢)

[2n = 2m| = llzn = pl + |l2m — |
= gy —pll << (23
which shows that {z,} is a Cauchy sequence. O

Theorem 2.2 Let K be a closed convexr subset of a Banach space E, let
T : K — K be asymptotically quasi-nonexpansive type with F(T) be a
nonempty set, and the iterative sequence {x,} is defined by (1.2). Then

1. limy o0 d(xn, F(T)) = 0 if {xn} converges strongly to a fixed point in
F(T).

2. {zn} converges strongly to a point in F(T) if limy, o d(xy, F(T)) =
0.

Proof. (1) Since F(T) is closed and the map = — d(z, F(T)) is
continuous, then

lim d(zp, F(T)) =d( lim z,, F(T)) = 0.

n—~oo n—~oo

(2) From lemma 2.1, {x,} is a Cauchy sequence, so {z,} converges to
a point, say p in K. Since F/(T) is closed, then 0 = lim,,_o d(zp, F(T)) =
d(limy, o0 @y, F(T)) implies that p € F(T). O
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Theorem 2.3 Let K be a closed conver subset of a Banach space E, let

T : K — K be asymptotically quasi-nonexpansive type with F(T) be a
nonempty set, and the iterative sequence {x,} is defined by (1.2). Then

{zn} converges strongly to a point in F(T) if and only if liminf,, . d(zy, F(T)) =
0.

Proof.  The necessity of the condition is obvious. Thus, we will only
prove the sufficiency.

From lemma 1.5,we have
[#n41 —pll < llzn —pl +3 SUE{HT"HS —pll = llz —pll} (2.4)
xe

for any n € N and p € F(T).

From (2.4) and (1.5), we have

d(xn-l—laF(T)) < d(xnvF(T)) + ﬁ .
Therefor for n, m > ng, we have

n+m—1

d($m+naF(T)) S d(me(T)) + Z ’72

By Lemma 1.4 we get that lim, o d(z,, F'(T)) exists and it follows from

lim inf d(z,,, F(T) =0

n—oo

that
lim d(x,, F(T)) = 0.
n—oo
From Theorem 2.2 {x,} converges strongly to a point in F(T). a

Remark 2.4 Threorem 2.2 and Threorem 2.3 partially extend and gen-
eralize Theorem 1.1’ of Petryshyn and Williamson [16], Theorem 3.1 of
Gosh and Debnath [5] for the larger class of mapping and iteration scheme
considered here.
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A self mapping T with F(T) # ¢ on a convex subset K of a Banach
space is said to satisfy condition (S, D) if there is a nondecreasing func-
tion f : [0, M] — [0,00) with f(0) = 0, f(r) > 0 for all » € (0, M) and
|lx — Tx|| > f(d(z, F(T)) for all z € K.

This condition was introduced by Senter and Dotson [13].

Theorem 2.5 Let K be a closed convex subset of a Banach space E, letT :
K — E be asymptotically quasi-nonexpansive type with F(T) a nonempty
set, and the iterative sequence {x,} be an defined by (1.2). Let {x,} is a
approzimate fized point sequence for T, i.e. limy, oo ||xn — Txy| = 0, K
satisfy conditon (S,D). Then {x,} converges strongly to a fized point of T

Proof. For any p € F(T), the sequence {||x,, — p||} is nonincreasing, so
is {d(xn, F(T))} and then lim,, o d(zp, F'(T")) = r for some r > 0.

Now in view of Theorem 2.3, to complete the proof we must show that
r=0.

From condition (S,D), we have
[0 = Tan|| = f(d(zn, F(T)) = f(r).

Since limy, oo ||Zn, — Tz || = 0, we get that f(r) =0 and so r = 0.

This completes the proof. O

Remark 2.6 Theorem 2.5 generalizes theorem 8 of Liu [9], Theorem 8 of
Tan and Xu [15] and Theorem 3 of Zeng [18] for the iteration process (1.2)
and the mapping of asymptotically quasi nonexpansive type considered here.

3 Weak Convergence of Iterates of Asymptoti-
cally Quasi-Nonexpansive type Mappings

Theorem 3.1 Let E be a Banach space which satisfies Opial’s condition
and let K be a closed compact convex subset of E. Let T : K — K be
asymptotically quasi-nonexpansive type, and the sequence {x,} defined by
(1.2) is weakly sequentially compact. Suppose T' has a fized point, I —T
is demiclosed with respect to zero, and {x,} is a approzimate fized point
sequence for T, i.e. limy, o |zy, — Txy|| = 0. Then {z,} converges weakly
to a fized point of T.
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Proof. Since {z,} C K is weakly sequentially compact, and K is closed
convex set and thus weakly closed, there exists subsequence {zy, } of {z,}
and p € K such that x,, — p, since lim, o ||2y, — T2,|| =0 and I — T is
demiclosed with respect to zero, p € F(T'). If {z,} does’t converge weakly
to p, then there are subsequence {xn]} which converges to p € K and
q € F(T), g # p. Lemma 1.6 provide the existence of a = lim,, .« ||zn — p||
and b = lim, o [|zn — ¢l

By Opial’s condition we have
a = liminf ||z,, —p[| < liminf ||z, —q|| = b = lim inf ||z,,,—q| < liminf ||z, —p| = a
n—oo n—oo n—oo n—oo

a contradiction.

This completes the proof.

Remark 3.2 Theorem 3.1 generalizes theorem 2 of Deng [1] (which itself
generalizes a result of Emmanuele [3]), Theorem 2.1 of Schu [12] for the it-
eration process (1.2) and the mapping of asymptotically quasi nonexpansive
type considered here.
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