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Abstract : In this paper, using m-th order difference operator A(™ and a se-
quence {a, }2, of strictly positive real numbers, sequence spaces A1, {f,} =
{z €s: (AM2); € 1, {fn}} and A™*{g,} = {z € s: (AMz); € 1%{g,}} are
introduced, where x = {{;}72 € s and {f,}n20, {gn}nlo are sequence of Orlicz
functions. It is shown that these are separable Banach spaces and dense F,-set of
the first Baire category in s, the space of all real sequences with the Fréchet met-
ric. Some earlier results related to Baire category are obtained when the sequence
{an}22, is chosen specifically.
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1 Introduction

The geometric properties of Banach space such as H-property, uniform Opial
property, rotundity, uniform rotundity etc. are recent interest of study in mod-
ular function spaces or modular sequence spaces by many mathematicians and
researchers. For example, geometric properties like uniform rotundity, uniform
Opial property, H-property were discussed by Kamiriska [1], Manna and Srivas-
tava 2], Mongkolkeha and Kumam [3}/4], Cui and Hudzik [5] and many others.
Similarly, the Baire category results on modular sequence spaces have received
attention in some of the recent papers. In the year of 1980, Saldt [6] shown that

! Corresponding author.

Copyright (© 2018 by the Mathematical Association of Thailand.
All rights reserved.



758 Thai J. Math. 16 (2018)/ P. D. Srivastava and A. Manna

the sequence space [ is a set of the first Baire category in [, where 1 < ¢ < r.
In 1973, Woo [7] introduced and studied the modular sequence spaces. Saldt &
Ewert [8] further extended the result of Saldt [6] to modular sequence spaces.
The theory of difference sequence spaces was first introduced and studied by Kiz-
maz [9]. The results of Kizmaz were generalized to m-th order difference sequence
spaces by Malkowsky & Parashar [10]. In the present paper, an attempt has been
made to introduce and study the modular difference sequence spaces A {f,}
and A(m)la{gn} defined by using m-th order difference operator and a sequence
{an}22,, of strictly positive real numbers.

2 Preliminaries

Let X be a real vector space. A functional ¢ : X — [0,00] is said to be a
convex modular if for arbitrary z,y € X, the following conditions hold:
(i) o(x) =0 if and only if z = 0,
(i) o(—2) = o(),
(iil) e(ax + By) < ao(z) + Bo(y) for z,y € X,a, > 0,a + B = 1.
The set

X, ={zr e X :o(Ax) < oo, for some A >0}

is a linear subspace of a real vector space X and it is called modular space deter-
mined by p. The relation

|z|| = inf {/\ >0:0(%) < 1} defines a norm on X, [11,/12].

A function f : [0,00) — [0,00) is said to be an Orlicz function if it is continuous,
non decreasing, convex and f(0) = 0 and li_>m f(z) = co. If f(x) = 0 for some
T—>00

x > 0, then f is said to be a degenerate Orlicz function. Orlicz functions, which
are not degenerate called non-degenerate.

Remark 2.1. An Orlicz function can be represented as f(z) = fomp(t)dt, where
p(t) is called the kernel of f having the properties p(0) = 0, p(t) — o0 as t — oo
& is right differentiable for ¢ > 0.

A sequence space A with a linear topology is called a K-space if each of the
projection maps P; : A = K, given by P;(z) = x;, ¢ > 1 is continuous where K = R
or C [13].

Let w be the class of all real sequences. For a sequence { f,,}72, of Orlicz functions,
the modular sequence space is defined as below:

) = {wa;if"(

This is a Banach space with respect to the norm ||.[|;(,} defined as follows:

|$;|> < oo, for some A > O}.
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lzlligsy = 1nf{)\ >0: an(kﬁn\) < 1}.

These spaces were introduced and studied by Woo [7].
For an arbitrary positive integer m, the operators A %("™) : s — s are continu-
ous, linear and defined by

k
(AWz), = AW =& = &y, (SWDa) =Y &, k=0,1,2,...
§=0
=AM o Alm=1) w5(m) = (1) 5 33(m=1)
Also E o Alm) = AlM) o E(m) = id, the identity on s.

In general, the m-th order difference sequence space (A™)z);, & its inverse (™)),
is defined by the finite sum given below:

(e = 35 (e e =3 (M E e

=0 1=0

respectively, with all negative indices are assumed to be zero [10].
Malkowsky and Parashar [10] defined and studied the sequence spaces

AM(X) = {z = (&) : (AU™2), € X} for sequence spaces X = loo, co, C.

Let s be the linear space of all real sequences with the Frechet metric d defined by
oo

L 1§ —nl
d(.’l?,y): a7 : !
;23 1+ 1€ — njl

where z = {{;}32, € s and y = {n;}32, € s.

Definition 2.2. [14] A sequence {f,}52, of Orlicz function is said to satisfy
uniform Asg-condition if there exists K > 0 and an integer ng such that, for all

n > ng we have % < K for each t € (0, %}

Lemma 2.3. [7, Corollary 3.3.] If {fn}52 satisfies uniform Ag-condition, then

E fn(|zpn]) < 00 implies lim z, = 0.
n—oo
n=0

3 Modular Difference Sequence Spaces A" {f,}
and A {g1

Let {f,}22, be a sequence of Orlicz functions and {a, }2, be a sequence of
strictly positive real numbers. The following sequence spaces l,{f.} and *{g,}
are defined as
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l {fn}—{m—{fk}k g €S Zf <|£k|><oo7 forsome)\>0} and

1“{gn} = {Jc ={&}2,€5: Z (ak|§k‘) < 00, for some A\ > O}, respectively.

Alm)
Construct a functional g, ) defined on s as g, A ( Zf <| fk‘)

Then it is easy to verify that g, A(m) satisfies all the properties of a convex modular.

Now for each z = {£,}52, € s the sequence spaces A™I,{f,} & AU h,{f,} are
defined as follows:

A Af ) ={x €s: (AM™a), € 1.{fn}} or equivalently
Ay ={z€s: Oa,Atm (5) < 00 for some A > 0}
and
AMho{f} ={z €s:04am (%) < oo foral A>0}.

Then A(m)la{ fn} is a modular space determined by Oa At and it will be called as

modular difference sequence space. For x € A(m)la{ fn}, the corresponding norm
is defined as

. w A(m)
HIB”O"A(m) = lnf{)\ >0: ga7A(m X Zf < qufk ) S 1}

Note: Since (A™z), = A™¢; | so the norm 2]/, a(m) can also be denoted by

HA™ 2kl (£

In a similar way, the modular difference sequence spaces A(m)lo‘{gn} are defined
as

A g} = {z € 51 (A a)y, € 1*{gn})

equipped with the norm ||z} ., = 1AMz [le g3

4 Main Results

In the following theorem, a topological structure of the sequence space
A™] {f.} has been given.

Theorem 4.1. Let {f,}22 be a sequence of Orlicz functions. Then the followings
hold:

(a) A1, {f,} is a Banach K-space endowed with the norm || - lla,a(m) -

(b) A h {f,} is a closed subspace of A1, {f}.

(c) If {fa}S2, satisfies uniform Ag-condition, then AT™1{f.} = Ah{f.}.
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Proof. (a) For x € AU™1,{f,}, the following norm is defined in Section 3:
[2]la,a0m = inf{)\ >0:04a0m (%) < 1},

To show the completeness of the space, let z(9) = {f,(f)}zozo, q=0,1,2,... be a
Cauchy sequence in A, {f,} and € > 0. Then there exists an N > 0 such that
for every € > 0 there is an A\, with A\ < ¢, one gets

(@) _ . (7)
QQ’A(M,)(I /\EI ) S 1 fOr q,T Z N.

So, by the definition of g, A(m), one obtains

s (m) £(2) _ A (m) (™)

Al g(@) _A(m)g(r
ka< S ><1 for g,7 > N,
k=0

which implies that

Aea

(m) ¢(@) _ A (m) (1)
fk<|A 3 S I)Sl for each £k =0,1,2,... and for ¢,7 > N.

Let px’s be the corresponding kernel of the Orlicz functions fi’s. Now one can
S

choose a constant sy > 0 and v > 1 such that y2pi(%) > 1 (easily follows

from f(%) = fOTO p(t)dt and s > 0) for each k € Ny, the set of natural numbers
including 0. The notation Ny will be used wherever it will appear in the text.
Therefore by using integral representation of Orlicz function, above inequality
reduces to

|A(m)§,(€q) — AWL)g,(j)\ < Aeagysg for each k € Ny and for g, > N.

(m)fl(cQ)fA(m)ﬁl(f)‘

Otherwise, one can find a k with 4 > 750, so that the following

holds:

Actg

> 7T et > p(35) > p(R)

Aeg

A(m) (@) _ A(m) ()
f (lA(m)fl(cq)_A(m)gl(f)I) M
k

and a contradiction is attained. Therefore for each k € Ny, {A(m)fg)};’io forms
a Cauchy sequence of real numbers and hence converges.

Let lim A<m>g,(j) = A(m)fk. Since fi,’s & the operator A™) are continuous, so
r—00
from the above inequations, one obtains

)\eak

e (m) (@) _ A (m)
Z I (M“M“ <1 forg> N asr — oo (keeping m fixed)
k=0
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which implies ||2(?) = 2[|q,atm < Ae < €for ¢ > N. To show that = € A fD
for some A = 2)\y > 0, consider the following expression:

Zf |A(m §k

2)\00&]C
A (&, — £9) + ¢}
kz ( 2 ok )
1 A (&, — &N\ 1, (|AMED)
<3 ﬁﬁ( o) e (e ) e

k=0

Using the continuity of the operator A(™) one may choose a § > 0 with |£l(€q) — &
< 0 such that for each £k =0,1,2,...,7 and for a given € > 0 the following holds:
—1
|A(m)§](j) _ A(m)fk\ < 6%2)\(11}1) @

Applying the nondecreasing property of fi’s, one gets
~ o (ATED — Al S 1
k=0 Aok = 20
Since :c ) € A1 {f,} choosing i — oo in Eqn. . & Eqn. (4.2), it follows
A(
that Zf | gk < oo, ie., z € A {f,}. Hence A m)la{fn} is a Banach

space

Now the space A™,{f,} is a K space will be presented next. Choose z(9) — z
in the norm ||.[[, aem) for large g. Then by definition of ||.||, A, for every € >0
there exists a natural number ¢y such that

49 ~ 2l atm = inf {2 >0 ka<| (&
k=0

&)l
< >
Ao )71}<6 for g > qo,

i.e, (9 —x — 0 as ¢ — oo in the norm [l-lla,aGm), i, € = 0 as ¢ — oo. Using the
similar techniques used as above, there exists a A with A < € such that

|A(™) (f,(f) —&)| < Aeaysg for ¢ > qo and for each k € Ny,

which gives |A(™) (E,(cq) k)| — 0 as ¢ — oo, which in turn implies that (& (@) — &)
e AlM¢q for each k € Ny.
It is known that A(™ ¢, is isometrically isomorphic to ¢y, which can be viewed by
the mapping T : A ¢y — ¢y defined by Tx = Az with the norm defined by
|z Atm)e, = SUP |AM |, where & = {€:}72,. Hence A, {f,} is a K-space.

k

(b) Tt is clear that A h,{f,} is a subspace of A(™1,{f,}. Let for each i € Ny,
() = {f,(f)}zozo e A hy{f.} be a sequence such that lim ||z — ||, acm = 0,
i— 00 ’
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where 2 € A1, {f,}. Let A > 0 be arbitrary. Corresponding to this \, one can
choose a positive integer iy such that [|z(%) — 2, aem) < 5. Now it follows that

oo §k| B o |A(m) (i0) TE— (lo))l
S 2|A(m)£(“’)| g (AT — &)
= 2 Z ( ) *3 2 kz_ofk<ak||x(zo) — m||a’A(m))
< oo.

Thus 2 € A™h,{f,}.

(c) Let = € A1, {f,} be a sequence. Then there exists an r > 0 such that
0 A (%) is finite. For an arbitrary A such that X > r > 0, one gets 0, oo (§) <
ga7A(m)( ), which is finite. If A < r, i.e., when ¥ > 1 then one can find an integer

Am)
I > 1 such that r < 2!\. Now by Lemma it follows that lim Sk = 0.

k—oo TQp
Hence there exist natural numbers k1, ko and a constant K > 0 such that

M< 1 forallk >k
and fr(2t) < K fi(t ) for all k > ko, t € (0, 1].

Let ko = max{ky, k2}. Then for k > ko, one gets

i (IA””&) _ kOZIf< ) Zf( IA’”)&J)
k=
ko—1
< l;) fk(|A;\ )€k|) gof (Qz\A;a)flJ)
< kilf ('A £k>+Klka fi ('A alf’“')
< o0 ’

that is, 0, At (§) < 0o and hence z € A h{f.}. This completes the proof of
the theorem. O

Theorem 4.2. The modular difference sequence space A(m)la{gn} is a BK-space
equipped with the norm || - || ., defined by

=0 S (8374 ).

k=0

Proof. The proof runs on the parallel lines of Theorem [.I]and hence omitted. [
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Proposition 4.3. Let {fi}72 =0 be a sequence of non degenerate Orlicz functions.
(i) If o = {ax}324 € lo andek ) <oo, L= bup|A( )&s| for some A > 0,

then A1 {f.} = A<m>zw.
(it) If @ € lp,p > 1 then AU {f,} € A™L,. Similarly, if € 1, then
ALy c A

Proof. (i) Let z € AU, {f,} be a sequence. Then by the definition of norm, it
follows that

f}c(M) <1 for each k € Ny.

ax Tl acm

It is known that for each k € Ny, there is a constant so > 0 and v > 1 such that
v3pr(%) > 1 holds. Using it and the integral representation of Orlicz function,
one gets

IAM & < arysol|]| o amm -

Since @ € Iy, so the above implies that (A(m)fk) € loo which gives {&:}72, €
A

To establish the converse inclusion, suppose that 2 € A(™[_ . Then there exists
a constant L > 0 such that |A(™¢&,| < L. The nondecreasing property of fi’s
implies that

Zf <|A )§k|> < ifk(i) < oo for some X\ >0
which gives x € A™[,{f,}, which in turn implies that A, {f,} = A™i

(ii) Using the similar characteristics of Orlicz functions one can easily obtains the
inclusions. Therefore it is omitted. O

Remark 4.4. The inclusions in (ii) are strict. Indeed, for the first inclusion,
choose a = {ax}ye, = {(k_:l)g}k o and z = {& 1, = {xm (k-:1)2}k o then
x € A, but x ¢ A1, {f,}. For the second inclusion, choose a = {a;}2, =
{(k+1) }k , and z is same as above then it follows that » € A (M1, but x ¢
Al £}

In the following, the sequence of vectors whose (n 4 1)-th coordinate is 1 and
others are zero will be denoted by {e, }ne,.

Theorem 4.5. (Schauder Basis) Let {,}5% be a sequence of Orlicz functions
satisfying the uniform As-condition. Then
(a) A™1{fn} has Schauder basis {(™e}5S ) and for each v = {£,}32, €

AL f.), the expression for x = Z(A(m)z)k(Z(m)ek) is unique,
k=0
(b) A1 {f.} is separable.
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Proof. (a) It is evident that for each k € Ny one gets e; € l,{f,} which implies
that {2(Me;}22 , is a sequence of elements of AU™,{f,}. The authors claim that
{2(me, 190 is a Schauder basis of A(™)],{f,}. To prove our claim, choosing z €

J J

A1 {f,} and putting zl = Z(A(m)x)k(z(m)ek) = Z M (A z)er).
k=0 k=0

Since the sequence {f, }52, of Orlicz functions satisfies the uniform As-condition,

Alm)
so by Theorem [4.1{(c), one obtains Zf <| £k|> < oo for every A > 0.
Ay

Therefore for each € € (0,1) there ex15ts a jo € N such that

3 fk(mz:jf”) < 1 holds.

k>jo

Now for j > jo, the following expression is obtained:

Iz = 2Vl qacn = [JA™z = AU,
. A(m)
= 1nf{)\>0: Z fr (‘ )\af”) 1}
k= j+1
< 1nf{)\ >0: Z fr (lA:;)f’“‘) < 1} <,
k=jo
which gives x = Z(A(m) Z S (AM™ z)ep).
k=0
To show uniqueness of x, if p0831ble let = 6 A Mo {fn) has another representation
oo
as T = Zak(E ZE (orexr). Then Az = Zakek On the other
— k=0
hand, Az = Z(A(m)m)kek which gives o = (A(™z), and therefore the
k=0

expression for z is unique.

ko
(b) Let us define the set S = { Ztk(E(m)ek) tto,tis ..yt € Q}. It is required
k=0
to show that S is a countable dense subset of A(™[,{f,}. Clearly S is countable
as the coefficients ¢, € Q for each K =0,1,...,ko.
Let © = {&}72, € A {f.}. So for every € > 0, 0, a0m (%) < o0, ie.,
A(m)
ka(‘ - 5kl) < 00, which implies that there exists a kg € N such that the
€

followmg holds:

Z f(IA( é‘kl) 1 (4.3)

k=ko+1

\]
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Since the operator A(™) is continuous, &,’s are real numbers, t;’s are rational
numbers for each £k =0,1,..., ko and Q is a dense subset of R, so one gets

|AME, — Almg | < % for k=0,1,2, ..., k.

Using the nondecreasing property of fi’s, one obtains

ki
N AMEG =AMy 1
ka( € ) <§'

k=0

Note that the element u = Aty (M eg) + ATt (BMeq) + Aty (RM)ey) +
...... + At (2Me, ) € S.
Now using Eqn. (4.3)), one gets

Zf(lm fk—k )tk|>_|_ i fk(lAiZ&c)d

k=ko+1

Therefore ||z — ul|, A < €, which says that the space A™1,{f,} is separable.
0

Corollary 4.6. Let {g,}52 be a sequence of Orlicz functions satisfying the uni-

form As-condition. Then the space A(m)la{gn} is separable and has Schauder

basis {S(Mex}22 . Also for each x = {&}2, € A™1%{g,} one gets an unique
oo

expression for x = Z(A(m)x)k(il(m)ek).
k=0

Proof. Applying the similar approach presented in Theorem one can achieve
this result. So the proof is omitted. O

5 Category Results on A {f,} & A™[*{g,}

In this section, it is contemplated to establish certain results related to Baire
category for the sequence spaces A1, {f,} and A™[*{g,}. Firstly, the follow-
ing theorem will be presented:

Theorem 5.1. For a sequence {f,}5, of non degenerate Orlicz functions, the
sequence space A1 {f,} is a dense F,-set of the first Baire category in s.

Proof. In Section it is proved that A1, {f,} is a Banach space equipped with
the norm |||, acm) defined below:

Jolla, a0 = inf {A> 0 S h (tered) <1},

k=0

Let us consider the set A; as

= {33 = {gk}zozo € A(m)la{fn} : ||x||oz,A(m) S t}? t= 172a35 e
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Since each element of A, {f,} is in some Ay, so clearly A1, {f,} = U A,
t=1
Now, it will be shown that for each ¢ € N, A;’s are nowhere dense sets in s, the
space of all real sequences with the Fréchet metric d. For this, A;’s for each ¢t € N
are closed sets in s will be proved first. Let a = {a()}3°, € A,, the closure of 4,

and aj, = {a,(f)}g’io € A; with ay — a as k — oo in s. Then, one gets
d(ay,a) — 0 as k — oo which implies |a§f) —a| = 0 as k — oo, for each i € N.

Denote klim a,(f) = a® for each i € Ny. Since ai, € Ay, i.e., {al(j)};?io e AL,
—00
so for each k € Ny, one obtains

> ‘A(m)a(i)|
( k| aamm Stt=1,2,...

3 ) < oo for some A > 0 and ||{a§f)}§’io\
o

=0

Let H{ag)}?io a,Atm = Ag (say), then for each k € No, the followings hold:

S ,(IA(’"’afﬁ)l
K]

) <land A <t
Aoc;

=0

The continuity of f;’s and A(™)’s implies that

o0 |A ()| s |Am) g ()|
iz_;ﬂ()@:) < 0o, for some A > 0 and ;fi(AOOZ) <1,

because a,(ci) —a® as k — o0, ie, a={aW}2, € A, {f,} and
{a™} 20 lla,a0m < o <t

Hence a € A; and so A;’s are closed sets in s. Therefore A(m)la{fn} is an F,-set
in s.

Now A; is a nowhere dense set in s will be proved. A well known result is that
a closed set in a metric space is nowhere dense if and only if its complement is
everywhere dense (see |15, p. 75]). Denote the complement of A; by B;, where B,
has the following expression

By ={z={&}320 € A™in{fn} : [|ollaaom >}, t=1,2,3,....

Indeed, the set B; is everywhere dense in s will be proved now.
Firstly, B, is nonempty as for fixed ¢ as the element v = {(;}7 is in B, where

G = XM [)\ozkfk_l{%}] for some A > 0. To show that B; = s, first it is

to be noted that B, # ¢ and hence one can choose a sequence y = {nx}2>, € B;.
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oo
For a given € > 0 there exists p € N such that Z 27k <€
k=p
Let us construct the sequence z = {7,}32, as
T = & 0<k<p-1
Tp k=p
= Tpyr, k=p+rr=12.3,...,

P
(m) Alm)
where 7, will be determined from the relation ATPT” =fy 1{ Z fr (w)}

=~
Il
=]

and 7,4, has the following expression

Tp+r = Tp+r — (T) (np-i-’r'—l - Tp-‘rr—l) + (g) (np+7'—2 - 7—1)-',-7-—2) R
(—l)m(np+r—m - Tp-&-r—m)-
Then one gets

1

S () = S () g (3 ()

k=0 k=0 =
2 \A<m> |
G
=N 5k nkl
= LS kZof( ) <o

and

o {a> 0030 A (2n) < 1)
k=0
1

= o SRS (B0 <)
k=0 k=0

wf (35003 Ao (B <0} =y i >0

Y

So, the sequence z = {7}, € B;. Therefore for arbitrary = € s, one obtains

_ L | — 7l ko
d(z,z) = Z2k1+|§k—7k| 22

Hence for every e-ball in s contains an element from Bt. Therefore B, is everywhere
dense in s and hence it’s complement A; is nowhere dense in s. So, A, {f,} is
a set of the first Baire category in s.

It remains to be showed that A {f,} is dense in 5. To show this, suppose that
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x = {& )72, € s is arbitrary. For a given € > 0, there exists a py € N such that

(oo}

1
Z oF < €. Define the sequence w = {wg 132, as wy = &, fork=10,1,2,...,po
k=po+1
and wpytr = (T)Wpotr—1 — (5)Wpotr—2 + -+ + (=1)™ rwp ypm, 1=1, 2, 3, ...,
Then it is easy to verify that w € A(™,{f,} and

oo o0

1 [& — wyl 1
d = — < — <e
(,w) Z %1+ |6 —wp| Z ok <€

k=po+1 k=po+1

Therefore A, {f,} is a dense set in s. Combining all the results discussed
above, it is concluded that A(m)la{ fn} is a dense F,-set of the first Baire category
in s. L]

Corollary 5.2. (i) The sequence space A™1%{g,} is a dense F,-set of the first
Baire category in s.

(i) If { fn}22 satisfies uniform As-condition, then by Theorem 4.1 .(c) AR
is a dense F set of the first Baire category in s.

(t5) If a = {an}2y = {1,1,...,1,...} and fo(x) = 2P,1 < p < oo for each n,
then one gets that the sequence space lp(A(m)) |16), which has this property.

(iv) The union A1 {f,} UA™I*{g.} is a dense Fy-set of the first Baire
category in s. Also, since the symmetric difference A1, {f,} © A™I1*{g,} C
A YUAM g s0 AL} © A1 {g,} is a set of the first Baire
category in s.

Remark 5.3. Using the Cauchy criterion of convergence of a series of real num-
bers, for some A = Ay one can write

AL =AU N {we ’Zf (m;:afk')‘%}'

p=1 N>1 N<i<j

Then it is easy to show that the set in second bracket is a closed set in s and hence
A(m)la{fn} is an Fjs-set (countable intersection of F,- sets) in s.

In the next theorem, intersection of two sequence spaces A, {f,} and
AmeLg Vin AU {f,} is characterized in respect of Baire category. The fol-
lowing additional assumptions on sequences {f,}52, and {g,}>2, are considered
to establish the theorem:
The sequence of non degenerate Orlicz functions {f,}52, and {g,, }°2, are said to
satisfy condition (T'), if the following two conditions hold:
(7) both functions satisfy the uniform As-condition and

. - t L
(i) kzwgk(akt) =00 & kzofk(ak) = oo for some t > 0, where {a,}32, is a

sequence of strictly positive real numbers.
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Theorem 5.4. Let {f,}52, and {gn}5L, be two sequences of non degenerate
Orlicz functions satzsfymg the condition (T) If A YN AMI g, ) #
A ALY, then the set AT {f,, YN AM™I{g,} is a dense Fy-set of the first
Baire category in A1, {f.}.

Proof. Since {f,}22, satisfies uniform As-condition, so for every e € (0,1) there
exists j € N such that

Z i ( |Alm) fk|>

—j+1
J
Note that the element ul/l = Z(A(m)m)k(E(m)ek) e A {f.} N A g}

k=0
as the sequence A bl € 1, {f,} N1*{gn}.
Let z € A1, {f.} be an arbitrary sequence. Then by the definition of norm on
the space A, {f,}, one gets

; (m)
Qa,A<77l)(I7:[J]): Z fk(w) <1,

- €Q
k>j+1

which implies that ||z — ulll[|, xom) <.
Therefore the set A(m)la{fn} N A(m)la{gn} is dense in A(m)la{fn}.
An equivalent expression for the set A1, {f,,} N A™*{g,} is given below:

AL fy (VA1 {ga)

k=0

ﬁ {I € A {fn} - igk (ak|A<m)§k|> < z}

k=0

3 HC8

©
I
—

M),

0o j
where M (i) = ﬂ {x e A {fn}: ng (ak\A(m)ka < z}
§=0 k=0

Our aim is to establish that M (i) is a nowhere dense set in A1, {f,}. To estab-
lish this, first M (4) is a closed set in A(™1,{f,} will be proved and later applying
‘a closed set in a metric space is nowhere dense if and only if its complement is
everywhere dense’ (see [15, p. 75]) the result will be concluded.

Let 20 = {fl(cl)}zozo € M (i) be a sequence with () — x = {&}%%, as | — oo,
where x € M(i). Since A, {f,} is a K-space (see Theorem a , so the
convergence in this space is equivalent to the coordinate-wise convergence.

Using the continuity of g, for each n € Ny and operator A(™) one obtains
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J j
(m) (m) | M — 1 (m) (D) :
ng(akm &l) = 2o (anla®™ tim &) = lim kz_ogk(aw V1) <,
whence z € M(i). Therefore M(i) = M(i), ie., M(i) is closed and hence
AL A YNAMI g, } is an F, set.

Now it will be shown that the set N(i) = A {f,}\ M(i) = A {f.}\
M (%) (say and \ denotes the difference between two sets) is everywhere dense in
A1 {f.}, where N(i) is defined as follows

= [j {x e AMI{f}: zj:gk(akA(M)ka > 2}
' k=0

By assumption, A {f,}NAM™I*{g,} # A, {f,}. Hence there exists
some = € A {f,} for which z ¢ AU™[%{g,}. Therefore by definition

Z Ik (Ozk|A(m)§k|) is diverges,

which in turn gives N (i) # (), for each i € N.
Let y = {nk}32, € N(i) be a sequence. Then there exists po(< j) € N, one gets

s = (m)
jlggo;;)gk (Oék|A(m)77k|) = 0o and Z fk(M) <1

(0%
k=po+1 k

Further since z = {&,}32, € A, {f,}, so for every e > 0 there exists py € N,
one obtains

o0
2|A0m
Sk ( | §k|) <1.
ey,
k=po+1
Now the following sequence u = {ux}72, is constructed:

ur = Ekv k:071727"'7p0
= Up0+r,k:p0+’l"7’l":1,2,3,...,

where

Upo+r = Mpo+r — (T) (77po+rfl - upoJrrfl) + (7;) (77po+rf2 - up0+r,2) +
(=)™ (Mpotr—m — Upy+r—m)-

Then for j > pg, one gets

ijgk(oékm(m)ukl) = igk(aklﬁ(m)fkl)-i- > gk(ak|A(m)nk|)

k=0 k=0 k=po+1
> .
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That is the sequence u = {ux}72, € N(i) and

o (F7F) = (I

_ f: <|A(m)§k - A(m)nk|)

€Qg

<

w\»—* ”

+

> 2|A(M)€k| s 2|A(m)77k\

Z ( €Q ) 2 Z fk( €, )
k=po+1

<

—_

)

which gives ||z — u|, o < €. Thus N(i) is everywhere dense in A™1,{f,} for

each i = 1,2,... and hence its complement M i) is nowhere dense in A™1,{f,}.
Therefore A1, {f,} N A™1%{g,} is a dense F,-set of the first Baire category
in A1 {fn}. O

Let {fn}52, and {g,}>2, be two sequences of non degenerate Orlicz functions
satisfying the condition (7). Then from Theorem the following results hold:

Corollary 5.5. (i) If A {f,} NA™I*{g,} # AM[fg .1 then the set
ALY N A g,) is o dense F, - set of the first Baire category in AU™1%{g,}.
(i) Ifm=0, a ={an}22,={1,1,...,1,...}, then l{fu} N l{gn} is a dense F,-
set of the first Baire category in l{fn} [8].

(iii) If m = 0, f, = f and g, = g for each n, then £ N lg is a dense Fy-set of
the first Baire category in lf. These spaces If and ly were defined by Gupta &
Pradhan [17].

(iv) If m =0, a € lo, , {a~ '} is unbounded and f, = f = gn for each n, then
I} c I [17, Theorem 3.1(ii)]. Hence I is a dense F,-set of the first Baire category
in 1%,

(v) It is immediate from Proposition [£.3|(ii) that the given assumption on c, both
the spaces A1, { .} and A 1%{g,} are dense F,-set of the first Baire category
in A,

(vi) Further if m =0, f, = f for each n and aﬁ — 00, then it is easy to show
that 1§ C 0, the space of all entire sequences defined as § = {x = {{,}52 € w:
hm \§n|n = 0}. The inclusion is strict for & = {a,}22y = {(n + 1)"}52, and

r={&}12, = {W}n:o' Then I§ is a dense F,-set of the first Baire category

mé.

Remark 5.6. By the Cauchy criterion of a series of real numbers the set A1, {f,}
NAM*Lg,} can be written as

APy VA g, } = ﬁ U N {xeA(m)la{fn}:
p=1 N>1 N<i<j
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\égk(akm(mm)\ <}

Hence the set A1, {f,} A 1%{g,} is an F,s-set in A1 {f,}.

6 Conclusion

The application of the Baire category results in sequence spaces were studied
by Salét [6], Ewert and Salst [8] and others. In the present paper, the Baire
category results in modular sequence spaces A™[{f,} & A™[*{g,} defined
by using difference sequences and a sequence {a,}>2 (> 0) of real numbers are
studied. For distinct choices of the sequence {a,, 152, and the difference operator
A the results related to dense F,-set of the first Baire category in s of the
spaces introduced by Gupta and Pradhan [17], Altay [16] are obtained. The work
of Ewert and Salat [8] has also been generalized.
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