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1 Introduction

One of the most well-known inequalities in mathematics for convex functions
is the so called Hermite-Hadamard integral inequality

f(a—l—b)g 1 Zﬂx)dmgw (1.1)

2 b—a 2 ’

where f is a real convex function on the finite interval [a,b]. If the function f is
concave, then holds in the reverse direction (see [1]).

The Hermite-Hadamard inequality plays an important role in nonlinear analy-
sis and optimization. The double inequality above has attracted many researchers,
various generalizations, refinements, extensions and variants of have appeared
in the literature, we can mention the works [2H18] and the references cited therein.

In recent years, lot of efforts have been made by many mathematicians to
generalize the classical convexity. Hanson [19] introduced a new class of gener-
alized convex functions, called invex functions. The authors in [20], defined the
concept of preinvex function which is special case of invexity. Pini [21] gave the
concept of prequasiinvex functions as a generalization of invex functions. Many
authors have studied the basic properties of the preinvex functions and their role
in optimization, variational inequalities and equilibrium problems we refer reader
to [21H25]. Recently, Latif and Shoaib [26] introduced the notion of m-preinvex
and (o, m)-preinvex functions. Matloka |12] defined a new class of functions which
are (h1, ha)-preinvex on the co-ordinates.

Motivated by the results established in [12}26], in this paper, we introduce
two new classes of convex functions called («, m)-preinvex on the co-ordinates and
(a1, m1)-(aa, ma)-preinvex functions on the co-ordinates. Also we derive some new
Hermite-Hadamard type inequalities for functions whose mixed partial derivatives
in absolute value are («, m)-preinvex on the co-ordinates and (o, mq)-(aa, m2)-
preinvex on the co-ordinates.

2 Preliminaries

Let us recall some known results. In what follows we assume that I is an
interval of R and A is an bidimensional interval of R? where A := [a,b] x [c,d]
with a < b and ¢ < d.

Definition 2.1. [1] A function f: I — R is said to be convez on I if
flte+ (A =t)y) <tf(x)+(1-1)f(y)

holds for all z,y € I and all ¢ € [0, 1].

Definition 2.2. [9] A function f: A — R is said to be convez on A if

FOz+ 1 =Nz, Ay + (1 = Nw) < Af(z,y) + (1= N f(z,w)
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holds for all (z,y),(z,w) € A and X € [0,1].

Definition 2.3. [9] A function f : A — R is said to be convex on the cordinates
on A if the following inequality

fOz+ (1 =Nz,ty+ (1 —t)w) < Atf(z,y)+ A1 —1t)f(z,w)
T =Mtf(z9) + (1= N1 = 1)f(z,w)

holds for all (x,y), (z,w), (z,w), (2,y) € A and A\, t € [0, 1].

Let K be asubset in R™ and let f : K — R and n: K x K — R" be continuous
functions.

Definition 2.4. [24] A set K is said to be invexr at x with respect to n if
z+tn(y,z) € K
holds for all z,y € K and t € [0, 1].
K is said to be an inver set with respect to i if K is invex at each = € K.

Definition 2.5. [24]A function f on the invex set K is said to be preinver with
respect to n if

fla+in(y,2) < (1—1)f(x)+tf(y)
holds for all 2,y € K and ¢ € [0, 1].

Toader |27] introduced the notion of m-convexity as follows:

Definition 2.6. [27] A function f : [0,b*] — R, b* > 0 is said to be m-convex for
some m € [0, 1], if

fltz+m(l—t)y) <tf(z)+m(1—1t)f(y)
holds for all z,y € [0,b*] and ¢ € [0, 1].

Mihesan [28] generalized the above notion and introduced the (o, m)-convexity
as follows:

Definition 2.7. [28] A function f : [0,b*] — R, b* > 0 is said to be («, m)-convex
for some (a,m) € [0, 1]2, if

[tz +m (1 —t)y) <t*f () +m (1 -1%) f(y)
holds for all z,y € [0,b*] and t € [0,1].

Latif et al. [26] introduced the concept of m-preinvexity and («, m)-preinvexity
as follows:
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Definition 2.8. [26] A function f on the invex set K C [0,b*], b* > 0 is said to
be m-preinver with respect to n if

Fe+tn () < (L -1)f (@) +mtf()

holds for all z,y € K, t € [0,1] and some fixed m € (0, 1].

Definition 2.9. [26] A function f on the invex set K C [0,b*], b* > 0 is said to
be (a, m)-preinver with respect to n if

I @+t (y,2)) < (1= ) f (@) + mi®f ()

holds for all z,y € K, ¢ € [0,1] and some (a,m) € (0,1]°.

Let Ki, K2 be two nonempty closed subsets in R, f : K1 x Ko — R and »;
: K; x K; — R be continuous functions, for i = 1, 2.

Definition 2.10. |12] Let (u,v) € K1 x Ko. We say that Ky x K is an invex set
at (u,v) with respect to m and ny if

(u + t771 (l‘,’u) , U+ 812 (y,’l))) € Kl X K2
holds for each (z,y) € K1 x K3 and ¢,s € [0,1].

K7 x K is said to be an invex set with respect to 1y and 19 if Ky x K5 is invex
at each (u,v) € Ky x Ks.

Definition 2.11. [11] Let K7 x K5 be an invex set with respect ton; : K1 xK; — R

and 7y : K9 x Ko — R. A function f: K; x Ky — R is said to be preinvez if
fluttm (z,u),v+1tn(y,v) < (1—1)f(u,0) + tf(z,y)

holds for all (z,y), (u,v) € K1 x Ko and t € [0,1].

Definition 2.12. [11] Let K3 x K5 be an invex set with respect ton; : K1 xK; — R
and 1y : Ko x Ko — R. A function f: K; x Ko — R is said to be preinvex on the
co-ordinates if

fluttm (zu), 0+ sm2(y,0) < (1=8)(1—=8)f(u,0) + (1 =1)sf(u,y)
H(1 = s)tf(z,v) +tsf(z,y)

holds for all (x,y), (z,v), (u,y), (u,v) € K1 x Ky and t, s € [0, 1].

Lemma 2.13. [11, Lemma 2] Let K; x Ko be an open invex subset of R? with
respect to the mappings m1 : K1 X K1 — R and ny : Ko x Ko — R. Assume that

f K1 x Ko — R be a twice partially differentiable mapping such that g:aj; €
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L(la,a+ m(b,a)] X [c,c+n2(d, c)]) with n1(b,a) # 0, n2(d, ¢) # 0 where a,b € K3
and ¢,d € Ko, then the following equality holds

fla,0)+fla,ctna(d,e))+f(atni(b,a),c)+f(atm (ba),ctn2(d,c))
4

a+n1(b,a)c+n2(d,c)
s onIRem) / / f(z,y) dedy — A

11
M (b,a)n2(dyc) a)nz(d c) // 1—2t)(1—2s)2 (%% _(a+tn (b,a),c+ sna(d, c))dtds,
00
(2.1)
where
a+n1(b,a)

A = 5o / [f (z,¢) + f (x,c +m2(d, ¢))] dx

a

C+"72(dvc)
o [ U@u+fasm b )dy

c

Lemma 2.14. |29, Corollary 3.1] Let f (x,y) be a positive continuous function on
[a,b] x [c,d] C R?

1. Ift>1 ort <0 and }jf (z,y) dzdy > [(b—a) (d— )", then

a c

t—1

b d b d
[ 1wty | [ [1@gdoay| . (2.2)

2. If0<t<1 and }}f (z,y) dedy < [(b—a) (d—¢)]"", then

b d b d t—1
[ wway< | [ [1@o | . (2.3)

3. Ift ¢ [0,1) and f (z,y) > [(b—a) (d— )]~ for (x,y) € [a,b] X [¢,d], then
the inequality 1s valid.

4. If0 <t § 1 and f (z,y) < [(b—a)(d— )] for (z,y) € [a,b] X [¢,d], then
the inequality (2.2)) is reversed.

5. Ift=2 and f(fv y) = (=1 [(z—a)(y— o))" for (2,y) € [a,] x [¢,d],
then the inequality (2.2)) is valid.



618 Thai J. Math. 16 (2018)/ K. Boukerrioua et al.

We also recall that the Fuler Beta function is defined as follows

1
Blay) = [ (1—t)" .
/

3 Main Results

Firstly, we give the notion of (o, m)-preinvex on the co-ordinates and (o, my)-
(g, mg)-preinvex fonctions on the co-ordinates in both sens, then we derive some
Hermite-Hadamard type inequalities for these new classes of functions.

Definition 3.1. A function f on the invex set K; x Ky C [0,b*] x [0,d*] with
b* > 0 and d* > 0 is said to be (a, m)-preinvez in the first sens with respect to m
and 1y where a,m € (0,1] if

F (i () 0+ s (9,0)) < (1= ) Flu,0) + mto (=, )

Y
)
m

3=

holds for all (z,y), (u,v) € K1 x Ky and ¢ € [0, 1].

Definition 3.2. A function f on the invex set K; x Ky C [0,b*] x [0,d*] with
b* > 0 and d* > 0 is said to be («, m)-preinvez in the second sens with respect to
m and ne where a,m € (0,1] if

)

fu+tm (zyu),v+tne (y,v) < (1 —1)" fu,v) + mt®f( %

)

3=

holds for all (z,y), (u,v) € K1 x K and t € [0, 1].

Remark 3.3. The Definition [3.1] and Definition [3.2] recapture the concept of prein-
vex functions if we take o = m = 1. Moreover, if we choose n1 (z,u) = 19 (z,u) =
T — u, we obtain the definition of convezity on the co-ordinates.

Definition 3.4. The function f on the invex set K7 x Ky C [0,b*] x [0, d*] where
b* > 0 and d* > 0 is said to be (a, m)-preinvez in the first sens on the co-ordinates
with respect to m1 and ne with a, m € (0,1] if the partial mappings f, : K1 — R,
fy (@) = f(z,y) and fr : Ko = R, fz (y) = f(z,y) are (o, m)-preinvex functions
in the first sens with respect to 7; and 7, respectively for all y € K5 and x € K.

Remark 3.5. From the above definition it follows that if f is co-ordinated (o, m)-
preinver function in the first sens, then we have

fluttn(z,u),v+sn(y,v) < (L—t%) f(u,v+sn(y,v))
+mt°‘f(%7v+sn(y,v))

(1 =) (1= %) f (u,0) + m (1 =) 5" f(u,

IN

Fmt? (1= %) f(—,v) +m?ts° f(
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Definition 3.6. A function f on the invex set K1 x Ky C [0, b*] x [0, d*] where b* >
0 and d* > 0 is said to be (o, m)-preinvez in the second sens on the co-ordinates
with respect to m and N2 with o, m € (0,1] if the partial mappings f, : K1 — R,
fy (@) = f(z,y) and f, : Ko = R, fi (y) = f (x,y) are (a, m)-preinvex functions
in the second sens with respect to n; and 7, respectively for all y € K5 and = € K.

Remark 3.7. From Definition it follows that if f is co-ordinated (o, m)-
preinvex function in the second sens, we have

Fluttn () vt s y0) < (1=0F w0+ s (y,0))
Fmt® f( v+ s (3,0))

< (=0T (1 =) (o) 4 m (10" flu. )

m
+mt® (1 — s)° f(i,v) + mQtO‘so‘f(i7 E)
m m’ m

Remark 3.8. In Definition [3.4] and Definition [3.6], if we choose « = m =1, we

obtain definition of preinvex function on the co-ordinates. Moreover, if we take

m(z,u) = n2(z,u) = = — u, then we get definition of convex function on the

co-ordinates.

Definition 3.9. A function f on the invex set K; x Ky C [0,b*] x [0,d*] with
b* > 0 and d* > 0 is said to be (ay,mq)-(ag, ms)-preinvex in the first sens on
the co-ordinates with respect to m1 and 1 if the partial mappings f, : K1 — R,
fy (@) = f(z,y) and f, : Ko = R, fu (y) = f(x,y) are (oq,mq)-preinvex in the
first sens with respect to n; and (aq, mg)-preinvex in the first sens with respect to
719 respectively for all y € Ky and « € K;.

Remark 3.10. From the above definition it follows that if f is co-ordinated
(a1, my)-(ag, ma)-preinvex function in the first sens, we have

fluttm (z,u),v+sm(y,0) < (1=t%) f (u,0+ 572 (y,0))
—|—m1ta1f(mi1, v+ S (yv U))
(1—11) (1 —s°2) f (u,v)

e (0% y
1— 1) 5% f(u, ——
g (1= 17) 802 f(u, )

IN

Hmat® (1= 5°2) f(—— v)

my
x
+m1m2to‘1 Sazf(77 i)
mi Mo

Definition 3.11. A function f on the invex set K7 x Ko C [0,b*] x [0, d*] where
b* > 0 and d* > 0 is said to be (a1, m1)-(ag, ma)-preinvex in the second sens on
the co-ordinates with respect to m1 and 1 if the partial mappings f, : K1 — R,
fy (SC) = f($>y) and f; : Ko — R, fi (y) = f(x,y) are (ahml)'preinvex in
the second sens with respect to 7y and (aa, m2)-preinvex in the second sens with
respect to 7y respectively for all y € Ky and z € K.
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Remark 3.12. From the above definition it follows that if f is a co-ordinated
(a1, m1)-(aa, ma)-preinvex function in the second sens, then

fluttm (o), v+sm2 (y,0) < (1—8) f(u,v+ sm2 (y,0))
+mlta1f<mi17 v+ s (y,0))

(L= (1= 5)™ f (u,v)
ma (1= )" 5%, )

a x
+m1ta1 (1 — S) 2 f(m717v)

IN

r Yy
+mimot® s f(—, —).
my1 M2

Now, we can state our results. From here we assume that K; and K5 are two
invex subset of R with K; x Ky C [0,b*] x [0,d*] such that a,b € Kj,¢,d € K»
and b* > mil and d* > miz with mqy,me € (0,1] and 7y : K1 x K1 — R and 79
: K9 x K9 — R are two bifunction.

Theorem 3.13. Let f : K1 x Ko — R be partially differentiable mapping such
2

that % € L([a,a+n1(b,a)] X [e,c+ na2(d, c)]) with ny(b,a) > 0 and n2(d, ¢) > 0.

If

K1 x Ko, then the following inequality holds

9% f . . . .
%’ is (a1, mq)-(ag, ma)-preinvex in the first sens on the co-ordinates on

’ fla,0)+ fla,ctna(de))+f(atni(b,a),c)+f(atm (ba),ctn2(d,c))
4

a+mni(b,a) etnz2(d,c)
+ 7,71(177@)7172(0{)0) / / [ (z,y)dedy — A

a C

B2 [(4—0)) (3~ 00)

IN

82
Ta]; (aa C)‘

2 d 1
+mo (% — 91) (2 %(a, 7712))‘ + mq61 (2 — 92>

] 2, b d
o 2]
X |grms (o ©) |+ mamatb | g () ] Y
where
_ (l)al-i-ou — (L)“2+a2
b = e 02 = G >

ay,my, ag,me € (0,1] and A is defined as in Lemma m
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Proof. From Lemma [2.13] we have

fla,0)+flactne (d76))+f(a+mib,a)76)+f(a+m (b,a),c4m2(d,c))

a+n(b,a) ctnz(d,c)

+ 7771(1),@)}72((1’0) / / f(z,y)dzdy — A

11
’71(”“>"2(dc>// (1—2t) (1 —28) 2L (a+tn1 (b,a) , ¢ + sna(d, ))dtds
00

IA

a C 2
%//u — 2| [1 = 25| | 2oL (a + tny (b,a) , ¢ + s12(d; )] dtds.
00
(3.3)

Using (ay,m1)-(ae, mo)-preinvexity in the first sens, we get

f(atc)+f(avc+772(d’c))“"f(a‘i'nlibva)’C)+f(a+"71 (b,a),c+n2(d,c))

a+n1(b,a) c+n2(d,c)

1
+W f(z,y)dzdy — A
11
< mana [ [y oo sl [0 (0= ) | 5 0.0)
0’0
o - 221 d a « 8% f b
+ma (1 —1%) 5% | Fs(a, —)) |+ mat® (1= 5%) |50 (— ¢)
mo my
oy | 02f, 0 d
+ mymat™ s atas(mfl 7772) } dtds

—  m(ba)na(de)
1

(a,¢ ’//|1—2t|\1—23|(1—t°“) — %) dtds

+w

11
a:as ‘//1—2t||1—25|(1_ta1)3a2dtd8
11

(b,a)n2(d,c)
+771 aﬂz c)mi

|1 — 2|1 — 2| t* (1 — %) dtds

0
b d o o
atas mi mi '//|12t||123t L 2dtds.

(3.4)

n1(b,a)na(d,c)mima
+ 4
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Noting that

11
// 11— 2t |1 —2s] (1 —¢*) (1 — s**)dtds = (5 — 01) (5 — b2), (3.5)
00
11
// 11— 2t |1 — 25| (1 — t*) s*2dtds = (5 — 61) b2, (3.6)
00
11
// 11— 261 — 28] ¢ (1 — 5°) dtds = 6 (1 — 62), (3.7)
00
11
// |1 — 2t |1 — 25|t s*2dtds = 6162, (3.8)
00
where 0; and 05 are defined in . Substituting — into , we obtain
the desired inequality in . The proof is completed. O
Corollary 3.14. Under the assumptions of Theorem [3.13} if 358); is (a,m)-

preinvex in the first sens on the co-ordinates on Ky, X Ko, then the following in-
equality holds

’ fla,0)+ flactna(de))+f(atni(b,a),0)+f(atm (ba),c4n2(d,c))
4

a+n1(b,a) c+na(d,c)

+ rEaREe / / f (@,y)dedy — A

C

1 b,CL 2 d,C 2 82
< wmhamldd [(%_9) m(%c)‘
1 62f d 82f b
+m (3= 0)0 || 5 (@ —)| + Otas(a7c)
2, b d
+ (mh)? &ai(m,m)H : (3.9)
where
__(3)%e
0= (a+1)(a+2)? (310)

a,m € (0,1] and A is defined as in Lemma [2.13]

Corollary 3.15. Under the assumptions of Theorem [3.13|if ‘ g:afs‘ 1§ M1 -preinves

with respect to m1 and mo-preinvexr with respect to ne on K1 x Ko, then the following
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inequality holds

’ fla,0)+flactna(d,e))+f(atni(b,a),c)+f (atn (ba).c+nz(d,c))
4

a+n1(b,a) c+nz(d,c)

+ 7771(17,(1)7172@6) / / f(z,y)dedy — A

a C

+ mo

b, d, 2
S P

2 d
21 (4, 2))\

m
@

o2 b o2f b
( ,C) %(E s

+my —
Otos my

+ mime

)} : (3.11)

where my, my € (0,1] and A is defined as in Lemma 2.13]

Remark 3.16. In Theorem [313] if we take my = mgy = @y = as = 1, we obtain
Theorem 8 from |11]. Moreover, if we take ni(b,a) = n2(b,a) = b — a, we obtain
Theorem 2 from [1§].

Theorem 3.17. Let f : K1 x Ks — R be partially differentiable mapping such
that 88;]; € L([a,a+ n1(b,a)] X [c,c+ n2(d, c)]) with n1(b,a) > 0 and n2(d, c) > 0.
If ‘gjafs ! is (a1, my)-(ae, ma)-preinvex in the first sens on the co-ordinates on
K1 x Ky where g € (1,00), then the following inequality holds

) f(a70)+f(a,c+772(dvc))+f(a+7/1£b7a)70)+f(a+711(b7a),c+712(d,0))

a+n1(b,a) ctnz(d,c)

+ 7771(&@)}72((1@ / / f(z,y)dedy — A

a c

q
m(b,a)n2(dc) 0%f ? 0% d
S ﬁ |:Of10£2 m((uc)‘ +m2a1 m(a7m72))
1
q Y
o b 52 b d q
+maaz |55 ()| +mama g (e )] | (3.12)

. , 1,1 _
where A is defined aslm Lemma ay,my,az,me € (0,1], st = 1 and
A=[(1+a1) (1 +az)]t
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Proof. From Lemma [2.13] and Hélder inequality, we have

’ f(a76)+f(a»c+nz(d,C))+f(a+mib,a),C)+f(a+m(bﬁa),cﬂrz(d»C))

a+771(b,a) C“""]Q(d’c)
+ S / / f(z,y)dedy — A

C

p

11
< nbamE //|1—2t\p|1—25|pdtds
00

1
1 q

1
<[]l
0

q
55 (a+ 1t (b,a),c+ sna(d,c))| dtds | . (3.13)
0

Using (a1, m1)-(ag, mo)-preinvexity in the first sens, we get

f(a,0)+f(a,c+n2(d,c))+f(a+ni(b,a),c)+f(a+m (b,a),c+n2(d,c))
4

a+m(ba) c+nz(d,c)

+ 77;1(17,(1)7172((1,@) / / [ (z,y)dedy — A

a C

1
3

IN

11
m(ba)na(de) //|172t\p|1—2s|pdtds
00

X

11
q
gfaé (avC)‘ //(1—t“1)(1_saz)dtds
00

L1
// (1 —t) s*2dtds
070
11
a
//ﬁ‘le (1 —s%?)dtds
0’0

o b4
Otos m17m2

o2p b
9tds (m1 ,€)

1
q

11

q

) //t“ls‘”dtds : (3.14)
00
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A simple computation gives

11

//|172t|p|1 25| dtds

1

1
// (1 —¢t*1) (1 —s*)dtds
0

0

(1 — %) s*2dtds

t (1 — s°?) dtds

11
//to‘lso‘thds
00

oS —— o Y—_ =
— o —

(p+1)*?

[e3NeS]

(1+a1)(1+az)’

(1+041‘§(11+0¢2) ’

(1+041(§(21+042) ’

1
(I+a)(I+az)”

625

(3.15)

Substituting (3.15)) into (3.14)), we obtain the desired inequality in (3.12). The

proof is completed.

Corollary 3.18. Under the assumptions of Theorem|3.17), and zf

O

Otds ‘

preinvex in the first sens on the co-ordinates on K1 x Ko where q € (1, ) then

the following inequality holds

fla,c)+f(a,ctna(d,c))+f(atni(b,a),c)+f(atni(b,a),c+n2(d,c))

4

a+n1 (b7a)c+7]2 (d7c)
f(z,y)dedy — A

1
T maom@o

< _mlba)n(do {az
T AP ()

b
o°f
tma| g5 (E

(3.16)

where A is defined as in Lemma a,m € (0,1] x]0,1] and % + % =1.

Corollary 3.19. Under the assumptions of Theorem|3.17), if ’ %’

18 M -preinvex

with respect to 1 and ma-preinvex with respect to ne on K1 x Ko with q € (1,00),
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then the following inequality holds

f(a70)+f(a,c+772(dvc))+f(a+771£b7a)7C)+f(a+771 (b,a),c+n2(d,c))

a+n1(b,a) ctnz(d,c)
1
+ oo / / f(2,y) drdy — A

mba)ns(de) || 0%f a o2 d
= 11*%(:%1)% Uatas (a, )| +m2 | 555 (e, mz))
1
q .
82 b 32 b d a
+ my —atafs(—ml,c) + mime —awfs(—ml,—2 , (3.17)

where A is defined as in Lemma mi,ma € (0,1] and % +Li=1.

q

Remark 3.20. Theorem will be reduced to Theorem 9 from |11), if we choose
mp = mge = aq = ag = 1. Moreover, if we take n1(b,a) = n2(b,a) = b — a, we
obtain Theorem 3 from [18].

Theorem 3.21. Let f : K1 x Ko — R be partially differentiable mapping such
that 2 8t8 € L([a,a+n1(b,a)] X [e,c+ n2(d, ¢)]) with ni(b,a) > 0 and n2(d, c) > 0.
If |2 atas is (a1, my)-(a, ma)-preinvex in the first sens on the co-ordinates with
respect to m1 and n2 on K1 X Ko, q € [1,00), then the following inequality holds

‘ f(a76)+f(ayc+nz(d,C))Jrf(aerib,a),C)+f(a+m(b,a)»c+n2(d70))

a+n1(b,a) c+na(d,c)

+ o@D / / f (@,y) dedy — A

q
< megnl () (3 - 0) |5 0.0
q 1 82f q
+m2( -0 )92 atas( ’E)) +my (2—92) 01 atas(m717c)
52 b d |7 %
+mamatife o (o ) } ’ (3.18)
my

where A is defined as in Lemma 01,05 are defined in Theorem [3.13| and
ap, M1, 2, Mo € (Oa 1}

Proof. In the case where ¢ = 1, the proof is similar to that of Theorem [3.13] now
we will treat the case where ¢ > 1.
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From Lemma [2.13] and power mean inequality, we have

’ f(a’6)+f(a,c+nz(d,C))+f(a+mib,a)7C)+f(a+m(b’a),chnz(d,C))

a+n1(b,a) c+n2(d,c)

+ S Gamda f(@,y) dedy = A
11 =3
< mbomU //\1—2t||1—25|dtds
11 ‘

f q
OL (a+tm (ba), e+ sma(d,0)| deds

//|1—2t||1—2s\

00
(3.19)
Using (ay,m1)-(ae, mo)-preinvexity in the first sens, we get
’ f(a7c)+f(a,c+772(d,c))-‘rf(a-‘r’qlib,a),c)+f(a+n1 (b,a),c+n2(d,c))
a+mn1(b,a) c+n2(d,c)
1
T G @a / / Fla,y) dady — A
=
< nl(ba%‘ic //\1—2t||1—25|dtd5
0
11
X 8t89 |1 — 2t 1 —2s] (1 — %) (1 — %) dtds
00
11
+me atas a, |1—2t‘ |1—2S|(1—ta1)3a2dtds
11
ﬂ i _ _ o _ oQ2
+m1 | 555 (= ¢) 11— 2t |1 — 28t (1 — s°2) dtds
00
b 11 H

2 3.20

+ mims atas(ml mo . ( . )

Substituting . into , and takmg into account that

//|1—2t\|1—2s|dtds_ $

0
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we get the required inequality in (3.18]). The proof is completed. O

a
Corollary 3.22. Under the assumptions of Theorem (3.21], If ‘(%23’;

preinvez in the first sens on the co-ordinates with respect to my and ne on Ky X Ko,
q € [1,00), then the following inequality holds

is (a,m)-

‘ fla,0)+f(a,ctnz(d,e))+ £ (atn1 (b,a),¢)+f (atni (b,a) ,c+n2 (dsc))
4

a+m1(b,a) c+nz(d,c)

+ e / f(z,y)dzdy — A
a ,C 2 ? a
< % {(% —0) % (Q,C)‘
2 d q 2 b 1
—|—m(§—9)9[§tafs(aam)) + g5 (o) ]
1
2r b od |1
 (mb)? gtafs(g7m) } , (3.21)

where A is defined as in Lemma [2.13], 0 is defined as in Corollary [3.14] and o, m €
(0,1].

2

q
Corollary 3.23. Under the assumptions of Theorem|3.21], if %‘ 18 M1 -preinvex

with respect to n1 and ma-preinvex with respect to Ny on Ky X Ko, q € [1,00), then
the following inequality holds

’ f(a,0)+f(a,c+nz(d,C))+f(a+mib,a),C)+f(a+m(bya)chrnz(d»C))

a+n1(b,a) c+na(d,c)

+ 7771(177@)1172(%0) / / fx,y)dedy — A
2 d g
ko)

b d 2 q
< m 4(12)3;( = Dgtaé (avc)‘ + mo

q
+ mime

o2f b f
ors (0 €) 95 e

m
2 b d
+ my o m

)T, 322)

2

where A is defined as in Lemma and m1,mg € (0, 1].

Remark 3.24. In Theorem if we take m1 = mo = a1 = ag = 1, we obtain
Theorem 10 from [11]. Moreover, if we take n1(b,a) = n2(b,a) = b — a, we obtain
Theorem 4 from [18].
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Theorem 3.25. Let f : K1 x Ko — R be partially differentiable mapping such
that gté)fs € L([a,a+m(b,a)] X [c,ec+ n2(d, c)]) with n1(b,a) > 0 and n2(d,c) > 0.
If ata is (a1, m1)-(a2, ma)-preinvex in the first sens on the co-ordinates on
K1 x Ky with ¢ > 1 and

¢ > [ (b,a) 2 (d,c)] "1, (3.23)

then the following inequality holds

f(a,0)+f(a,ctnz (d,C))-l-f(a-i-mib,a) ,0)+f(a+mi (b,a),c+n2(d,c))

a+n1(b,a) c+n2(d,c)

+ f(z,y)dedy — A

-1
71 (b,a)n2(d,c)

IN

M (b,a)n2(d;c)
1

[ 92 q
X _’ata]; (a,¢)

1+g+2«
{m T (1+a1,1+q)}
[ 14g+2a
X | STt 7D — 77 (+a2,1+q>}

q
% f d 14+g+2a
Mz g7, (0 mg))‘ {m 2@15(1—%051,1"'(])}

x| ey (1= grrbres) + 281+ a2, 14+ )]

,¢)

82
+my atafé (—

b 1+g+2a
- st — g B (L4 0,14 q)]

X (1+q+a1) (1~ grrarar) + g AL+ a1, 1+ ‘J)]

q
2f b d 1 1
+mimg 3t39(m1 m2) (I+q+ar) 1-— oltator + 2a1 (1 + o, 14+ q)
1 =
-1
x [(qum) (1 - W) + 7B+ a1 +q)” , (3.24)

where A is defined as in Lemma ay,my,ag,my € (0,1],

and ¢ = atds

inf of (t, s)’
(tvs)e[aaa+771 (b,a)]X [070'*‘772(1170)]
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Proof. From Lemma we have

’ f(a,c)+f(a,c+772(d,c))+f(a+n1ib,a),c)+f(a+m(b’a)’chnz(d’c))

—1
a+mi(b,a) c+nz(d,c) a

+ TR / /f(x,y)dxdy—A

a c

< [M}H

11
X //|1—2t|\1—25|
00

<98t23fs (a+tny (bya),c+ sna(d,c))| dtds

(3.25)

On the other hand, from (3.23)), we have

1

1
//|1—2t||1—2s\
0

0
a+n1(b,a) c+na(d,c)

g;}; (a+tn (b,a),c+ sna(d, c))‘ dtds

1-2

_9_Yy—c
‘1 2o

1 z—a i
n1(b,a)n2(d,c) 11 (b,a) ‘m (m, y)‘ dzdy

a c

@ > [ (bya)ma (dyc)]* "

Y]

The above inequality allows us to apply the first assertion of Lemma [2:14] thus

(3-25) becomes

‘ £(a,0)+ f(a,c+n2 (d,0))+ f (at11 (b,a) )+ f (a1 (b,a) ,c4n2 (dye))
4

—1
a+n1(b,a) c+na(d,c) a

+ f(z,y)dedy — A

-1
m (b,a)n2(d,c)
a c

< [M]H

11
X//|1f2t|q|1—23|q
00

8%f q
Otds ((l +im (ba a) ,C+ 8n2 (d, C)) dtds.

(3.26)
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Using (a1, m1)-(ae, me)-preinvexity in the first sens, we get

‘ f(a.0)+f(a,ctna(d,e))+f(at+ni(b,a),c)+f(atn (ba),c+nz(dic))
4

a-+m (b.a) c+na(d.c) -t
1
T Gam(do / f(@,y)dedy — A
< [m(baa)nz(dﬂ)}q_l
< | [ 2L (a c‘ //|1—2t\ 11— 2|7 (1 — £91) (1 — s°2) dtds
+ma [ 2L (a ,i /|1—2t|q|1—2s|q (1 —t*1) s*2dtds
otos Mo

11

+my | 2( |1 —2t]7[1 =257t (1
0
62f b d oy Lo

+ mimes %(mil’mQ —28‘qt 1s*2dtds

Clearly, we have
1

qtaq _ 1
/(Qt—U 4t = yrrgran

1
2
1

vor g 1 1
/tq “dt = G (1 — sem7er) >

1
2

3 1
1—2t)t™dt = & [ (1—71)17%dr
21
0 0

= 2%1/8(1—1—0(1714_(])7

1

_ 1
/\1—2t|"’dt_ﬁ
0

Since 2t — 1 < t is true for all ¢t < 1, then we have
1 1 1

/(Qt — ) < /(2t — D)% tdt < /tq+”‘1dt.

1 1 1

2 2 2

631

. (3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)



632 Thai J. Math. 16 (2018)/ K. Boukerrioua et al.

Using (3.28)) and (3.29) into (3.32)), we get

1

1 (e 1
2(1+q+o1) S/(?t*l) t 1dt< (1+q+a 3 (1* 21+q+a1).

[N

From and (| -, we obtain

B+ a,14+q)+

/ |1 —2t|9t* dt
0

1 1
= (I+g+ar) (1 - 21+<1+a1)

1
/|1—2t\q — ) dt = /|1—

IN

Since

2(1+q+a1)

+2a1 (1+a171+Q)

1
2|1 dt — / [1—2t|7 t* dt,

0
from ((3.31]) and ( -, we get
a 1 B(l4+a1,14q) 1
/|1 — 2t|q —t 1) S m - 2a11 L — 2(1+q+a1)
14q+20ay _ BQ+4ai,14q)
2(I+q+o1)(g+1) 291
Thus, we have
11
// [1—2t|7]1 — 257 (1 —t*') (1 — s*?) dtds
00
1
14+q+20
|:2(1+1H?a1 ;+1 20 P <1 +ag, 1+ q):|

% [ 1+q+2as

1
Hraton)FD s 5(1”‘271“)}

11
//|172t|‘1|1 2s]7 (1
0

0
1
1+g+2a
[2 Tratan(@r) ~ garh (1

— 1) s*2dtds

+041)1+Q):|

1
1
X |:(1+Q+042) (1 o 91+g+as

)4-%3‘25(14—042,14-6])},

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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11
//|1—2t|q|1—25|qto‘1 (1 — 5%?) dtds
0

0
1
I+g+20
= [M»ém—wﬁ(lw%lﬂ)]
1
|ty (1= grebess) + g a1 40)| (339
11
//|1 9t [1— 257 19 s tds
00
< L 1 ! L sa 1
- (I+g+aa) © 9ltgtan + ZTlﬂ( Tan L+ Q)
1 1
1
% [<1+q+a> (1 - W) +oag Al +azl +q>] - (3.39)
Substituting (3.36)-(3.39) into (3.27)), we obtain the desired inequality in (3.24]).
The proof is completed. O

q
Corollary 3.26. Under the assumptions of Theorem |3.25, If ‘%‘ is (o, m)-

preinvez in the first sens on the co-ordinates with respect to m1 and 12 on Ky X Ko
with q € [1,00), then the following inequality holds

‘ fla.0)+f(actn2(d,e))+f(at+n:1(b,a),c)+f(atn (b,a),c+nz(dic))
4

a+n1(b,a) c+n2(d,c)

+ S f(@,y) dody — A

(ba)na(dic) || B2f I 1tg+2a 1 2
< e Uatas (a,¢) [2(1+q-€a)(q+1) — 5B+l JF‘J)}
q q
8% f d 8% f b 14+q+2a 1
o { awos (@ ) o103 (@) [2(1+qﬁa)(q+1) —afl+ao 1+ Q)}

x [ rkray (1= gre) + 281+ a1+ 9)]

1
q 27 a—1
[(1+;+o¢) (1~ grrers) + B (1 + a1 +q>] } ;

(3.40)

2| 8%f

+m | g5 (

4

b
m7

where A is defined as in Theorem and a,m € (0,1].

025 14
Corollary 3.27. Under the assumptions of Theorem|3.25), if ’ %’ 18 M1 -preinvex

with respect to n1 and ma-preinvex with respect to Ny on Ky X Ky with q € [1,00)
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then the following inequality holds

’ f(aa0)+f(a’6+n2(dyc))Jrf(aeribxa)a0)+f(a+771 (b,a),c+mn2(d;c))

a+n1 (b)a)c+772(dvc)
1
t G f(z,y) devdy — A

a c

62
atafs (a,c)

o] [(1- ) + s

m 1 1
[2(q+1)f2+q)} [(1 — ) + 2(q+1)}
i1

[(1- o) + 2(”"1+”H S (341

q

IN

m(b,a)nz(d,c) [ 1
4 4(q+1)?

2 d
Zhia L)

4 m2

(2+q)? m

q
o2f b
a5 (=5 ¢)

32 f b d a

otos (

MM
+ (21+q§

ml ma

2

Corollary 3.28. Under the assumptions of Theorem (3.25} if |55

on the co-ordinates with respect to 11 and e on Ky X Ko with q € [1,00), then the
following inequality holds

1S Preinves

’ f(avc)+f(a:c+772(dac))+f(a+771ibaa)vc)+f(a+771 (b,a),ctn2(d,c))

a+ni(b,a) etnz(d,c)

+ 7771(&&)372((1@) f(z,y)dxdy — A

a (&

IN

n1(b,a)n2(d,c) 1
4 até’s

4(g+1)?
dtds(a d)) ’ |:2(q+1)] [(1 — o) + 2(q]—-&-1):|

atas (b c)

‘ q

1
Tere? <2+q>2

+ i) [(1- #) + 2]

S, d)‘ [(1 wr) + 2(q+1)Dﬁ : (3.42)

+ @

Remark 3.29. In Corollary if we choose n1(b,a) = n2(b,a) = b — a, we
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obtain the following inequality

b d
Hecit flo D bl i) L / / F(z,y) dedy — A
(b=a)(d=0) o a
s e {4(q-1+1)2 8t8]; (a,c))
+ i |8 e )| [ 65 [ - #) + =)
+Z£0,9] [rarder ] [0 - 2) + 2]
1
92 q -1
+ (2 <1F ) 8tc'9]; (b d)’ |:(1 22+q) + 2(q+1):|i| . (343)

Theorem 3.30. Let f : K1 x Ks — R be partially differentiable mapping such
that gtaf € L([a,a+ ni(b,a)] x [c,c+ n2(d, ¢)]) with n1(b,a) > 0 and n2(d, c) > 0.
If ‘81&6 is (a1, my)-(ae, ma)-preinver in the first sens on the co-ordinates on
Kix Ks, ¢g>1 and

1—qg
M < [771 (ba a) 2 (da C)] e ) (344)
then the following inequality holds

‘ fla,0)+f(a,ctn2 (d’c))“"f(a‘i'nlib»a)’C)+f(a+"71 (b,a),c+mn2(d,c))

a+n1(b,a) c+n2(d,c)

+ f(w,y) dedy — A

1
m(b,a)n2(d,c)

a c

IN

1 (b, d,e) [| 82 a 14+q+2a
= a)4n2( = [ o (a’c)‘ [m —arfltanl +q)}

14g42a
X[Wﬁﬁ%ﬂ%ﬁ 747 @+a%1+)}
d

q
92 "
e atafs(av mg))‘ {% 2a1ﬁ(1+a171+Q)]

* [rrremy (1= arebems) + 2B (L + a1+ )

q
L WL

+mq
otds my

1+q+2c
[ﬂﬁﬁ%ﬂ%ﬁ zwﬁﬂ+a%1+@}

X {(1+q1+a1) (1 21+q+”1 ) + 2°1 Bl4an,1+ q)}

oy b d
Ot0s

q
{(1+q1+a1) (1 21+‘1+”1 ) + 201 B (1 +oa, 1+ q)}

+mime —
my Mo

11
x {(1+q1+a2) (1- 21+a1+az) + o B(1+az1+ q)H )
(3.45)
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where A is defined as in Lemma a1, my,ag,my € (0,1],

92 q
ata); (t, 3)’ :

and M = sup
(t,5)€la,a+n1(b,a)]x[c,c+n2(d,c)]

Proof. In the case where ¢ = 1, the proof is similar to that of Theorem [3.13] now
we will treat the case where ¢ > 1.
From Lemma [2.13] we have

‘ f(a,0)+f(a,c+n2(d’C))Jrf(aerib’a)»C)+f(a+m(b,a),c+n2(d76)) (3.46)

a+n1(b,a) ctn2(d,c)
1
+ m e J (@, y) dedy - A

< m(, a)ﬁz(d»c)

Q|-

11
x// 1—2t|q 1_28|q’6t65 (a+tm (b,a),c+ sma(d, c))‘ } dtds,
070

on the other hand from ([3.44)), we have

11
//|1 —2t|7|1 — 25|
00

a+n1(b,a) c+n2(d,c)

1
/ mGam@e ||

a C

< M%< [ (bya)nz (d,e)]s "

9% f q
35 (a+tm (b,a) ¢+ sna(d, c))) dtds

z—a
n1(b,a)

2

q y—c
‘1 ~2n@a

Bayéfw (z, y)’ dxdy

Thus, the above inequality allows us to apply the second assertion of Lemma [2.14]

and ([3.46]) becomes

‘ f(a,0)+f(a,ctn2(d,c))+f (a1 (b,a),c)+f (atni (b,a),ctnz(d,c))
4

a+n1(b,a) c+nz(d,c)

+ 7771(17@)}72([170) f(z,y)dedy — A

< nl(b’a)TIQ (d,c)

//|172t| 11— 257 |2

Q=
|
—-

(a +tn1 (bya),c+ sna(d, c)) * dtds

(3.47)
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Using (a1, m1)-(ae, me)-preinvexity in the first sens, we have

fla,0)+ f(a,ctnz(d,0))+f(atm (b,a),0)+ f(atn (b,a),ctna(d,c))
4

a+n1(b,a) ct+nz(d,c)

1
T mGom@o / [, y) dedy — A
< mbamio
atas GC‘ //|1—2t\ [1—2s]?(1—t*) (1 —s**)dtds
+me g;f /|1—2t| [1—2s|7(1 —t*) s*2dtds
+my 355’1( /Il—?tl 11— 25|76 (1 — 5°2) dtds
11
+ mims ﬁ(i t“1s*2dtds
Otds ml’m2

(3.48)

Using (3.36] into ( -, we obtain the required inequality in . The

proof is completed

O

Corollary 3.31. Under the assumptions of Theorem (3.30) If

ata ‘ s (o, m)-

preinvex on the co-ordinates on K1 X Ky, q € [1,00), then the following inequality

holds

‘ fla,0)+f(a,ctna(d,c))+f(atni(b,a),c)+f(a+n1(b,a),c+n2(d,c))

(
4
a+m(b’a)c+772(d,0)
1
MR / / f (@, y)dedy = A

a c

IA

f 4 1+g+20 1
Itds (a»c)’ [2(1+q+a)(q+1) — 5B
q}

1+qg+2a 1
* | et — # A (1 a1+ q)]

1. (b,a) s (dyc) [ o2
4

2/ (o, L)’

2. b
55 (@ m oL (=,

otos %’

|

2
1+a,14¢q)
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X |:(1+;+a) (1— grra) + e B(1+0a,1+ Q)}
11

q 2
)’ [(1+;+a) (1_ 21+1q+a)+2%/8(1+04;1+9)} } )
(3.49)

where A is defined as in Theorem and o, m € (0, 1].

q
Corollary 3.32. Under the assumptions of Theorem (3.30}, if ‘ %‘ 15 M1 -preinves
with respect to 1 and ma-preinvex with respect to ne on K1 x Ko with q € [1,00),
then the following inequality holds

’ f(a’c)+f(a7c+7]2(dfc))“"f(a"'nlibfa)’C)+f(a+771 (b,a),c+n2(d;c))

a+n1(b,a)c+n2(d,c)

1
+ ey f(z,y)dedy — A

< m(b,a)fz(d@) [4((;—1)2 gfafs (a, C)‘q
d q
+ e s @ )| [zt ] (1= #) + st
b q
+ |G G| [wetern) |- #0) + oo
q -1
+ s g;g(;; m% [<1_2‘21*")+2<41+1>” . (3.50)

q
Corollary 3.33. Under the assumptions of Theorem [3.30} if g:a];

on the co-ordinates with respect to 11 and ng on Ky X Ko with q € [1,00), then the
following inequality holds

1S Preinves

‘ fla,0)+f(a,c+na(d,c))+f(atni(b,a),c)+F(atm (b,a),c+nz2(d,c))
4

a+ni(b,a) et+nz2(d,c)
1
+ R Es / / fz,y)dedy — A
a C
2 q

o
?afs (a7 C)

IN

i (b7a)772(dvc) |: 1

4 4(q+1)*
+(2-:q)2 otds (a d))‘ [Z(qil)] [(1 22+Q) + 2(q+ )}
+ ‘ Btas (b, ¢) [2(q+1%(2+q)] [(1 a 22%‘?) + 2(q1+1)}

i1

92 4 q
+ @ W{;(b,d)‘ [(1 )+ —2((11“)” . (3.51)
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Remark 3.34. If we take in Corollary m(b,a) =n2(b,a) = b—a, we obtain
the following inequality

b d
fa) b oD bR 0d) | o L / / f (x,y) dzdy — A
b—a)(d—c 52 4
< )4( ){(qiw 515 (a,c)}
o k(@) [z ] [(1 - 2) + 2]
+ Bfas(b ¢) [2(q+1) 2+q)} [ — 1) 2(ql+1)]
2 q %71
+ oo 55 (b, d)’ {(1_22%)‘*'%” : (3.52)

Remark 3.35. Since % -1< qfll then if A > 1, the estimation given in Theorem
is better than the one given in Theorem otherwise the opposite is true,
where

— [|2°f 4 1+q+2a,
A= { pips (¢ C)‘ [m T (1+04171+Q)}
[ 1+q+2a
< [t efatn — B (Lt 02,1 49)]
9’ f d | 14+q+2a;
+ma | g5 (@ ) {m srB(l+a,l +q)}
x| ey (1= grrbras) + 7 8(1+ a2, 14 )]
q
o2 (b 14q+2
m Btas(ml )| oty — B (a2, 1+ q)]
X 1+q+a1) (1= grarer) g B+ a1, 1+ Q)}
o2 b d a
+mima Btafs (ml Mo |:(1+q1+a1) ( 21+q+a1 ) + 1716 (]. +aq, 1+ q)}

x [(1+q1+a2) (1= srves) + 3058 (1+ag, 1+ q)H ’

and aaxa (z,y) satisfies ([3.23) and (3.44).
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