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1 Introduction

Mustafa and Sims introduced the G-metric spaces as a generalization of the
notion of metric spaces.

Definition 1.1. [1] Let X be a non-empty set and G : X x X x X — R be a
function satisfying the following properties:

(G1) G(z,y,2) =0ifz =y = z,

(G2) 0 < G(x,x,y) for all z,y € X with z # y,

(G3) G(x,z,y) < G(z,y,z) for all z,y,z € X with y # z,

(G4) G(z,y,2) = G(z,z,y) = G(y,z,x) = -+ (symmetry in all three variables),
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(G5) G(z,y,2) < G(z,a,a)+G(a,y, z) forall z,y, z,a € X (rectangle inequality).

Then, the function G is called a generalized metric, or more specially, a G-metric
on X, and the pair (X, @) is called a G-metric space.

Example 1.2. Let (X,d) be a metric space. The function G : X x X x X —
[0, +00), defined by G(z,y,z) = d(z,y) + d(y, z) + d(z,z), for all x,y,z € X, is a
G-metric on X.

Later, many results appeared in G-metric spaces (see [2H5]). Abbas and
Rhoades [6] initiated the study of common fixed point in G-metric spaces. Since
then the common fixed point theorem for mappings satisfying certain contractive
conditions has been continually studied for decade (see |7H9]). Recently, Abbas,
Nazir and Vetro |10] proved some common fixed point results for three single-
valued maps in G-metric spaces. The aim of this paper is to prove the existence
of the common fixed points for two single-valued and one multi-valued maps in
G-metric spaces. Our results improve Theorem 2.1, 2.4, 2.8 and 2.11 of Abbas et
al [10].

2 Preliminaries

We now recall some of the basic concepts and results in G-metric spaces that
were introduced in [1].

Definition 2.1. [1] Let (X, G) be a G-metric space, and {x,} a sequence of points
of X. We say that {z,} is G-convergent to x € X if limy, 100 G(, Ty, Tm) = 0,
that is, for any € > 0, there exists N € N such that G(x, z,, ) < €, for all n,m >
N. We call x the limit of the sequence {z,} and write z,, — x or lim, o T, = .

Proposition 2.2. [1] Let (X, G) be a G-metric space, the following are equivalent:
(1) {zn} is G-convergent to z,
2) ¢
(3) G(zp,z,x) > 0 as n — 400,
4) G

Definition 2.3. 1] Let (X, G) be a G-metric space. A sequence {z,,} is called a G-
Cauchy sequence if for any ¢ > 0, there exists N € N such that G(z,,, Tm,x;) < &,
for all n,m,l > N. That is, G(xy, Tm,x;) — 0 as n,m,l — +o0.

(zn, Tn,x) = 0 as n — 400,

(Tpny T, ) = 0 as n,m — +00.

Proposition 2.4. [1] Let (X, G) be a G-metric space, the following are equivalent
(1) the sequence {xy} is G-Cauchy,

(2) for any € > 0, there exists N € N such that G(p, Tm,Tm) < €, for all
n,m > N.
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Definition 2.5. [1] A G-metric space (X,G) is called G-complete if every G-
Cauchy sequence is G-convergent in (X, G).

Every G-metric on X defines a metric dg on X given by
do(z,y) = G(x,y,y) + Gy, z, x) for all 2,y € X.

Recently, Kaewcharoen and Kaewkhao [11] introduced the following concepts.
Let X be a G-metric space. We shall denote CB(X) the family of all nonempty
closed bounded subsets of X. Let H(-, -, -) be the Hausdorff G-distance on CB(X),

ie.,

Hg (A, B,C) = max{sup G(z, B,C), sup G(z,C, A), sup G(z, A, B)},
z€A z€EB zeC

where
G(‘Z‘7B7 O) = dG(I7B) + dG(B7 C) + dG(xa C)a
de(x, B) = inf{dc(z,y),y € B},
dg(A, B) = inf{dg(a,b),a € A,y € B}.
Recall that G(z,y,C) = inf{G(z,y,2),2 € C}. A mapping T : X — 2% is
called a multi-valued mapping. A point x € X is called a fized point of T if x € Tx.

Proposition 2.6. Let X be a G-metric space and A,B,C C X. For z,y € X
and a € A, we have

(i) Glz,y,y) <2G(y,z,2),

) Gz, z,y) <Gz, A) ify & A,

) Gz, x,A) < G(z,y,A) ify ¢ A,

) G(z,z,A)+ G(z,z,B) < G(z, A, B),
(v) G(z,A,A) <6G(x,a,a),

) G(z, A, A) < 4G(x,y, A) < 4G(z,y,a) ify ¢ A and x # y,

) G(a,B,C) < Hg(A, B, (),
(viil) G(z,y,A) < G(x,y,a) < Hg(x,y, A).
Proof. Tt is easy to check that (i)-(iii) and (vii)-(viii) hold, so we will show that
(iv), (v) and (vi) hold. Let z,y € X and A, B C X,

(iv) By (G2) and (G4), we get

G(z,z,A)+ G(z,z,B) = inf{G(z,x,a),a € A} +inf{G(z,z,b),b € B}
< inf{G(z,a,a) + G(a,z,z),a € A}

+inf{G(x,b,b) + G(b,z,z),b € B}
inf{dg(z,a),a € A} +inf{dg(z,b),b € B}
= dg(z,A) +dg(z, B)
= G(z,A,B).
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(v) By (i), we obtain

G(z, A A) 2inf{G(z,a,a),a € A}
2inf{G(z,a,a) + G(a,x,x),a € A}
2[G(x,a,a) + G(a,z,z)], for alla € A
2G(x,a,a) +4G(x,a,a), for all a € A

6G(x,a,a), for all a € A.

INIACIA

(vi) Let 2 #y and y ¢ A. By (v) and (G3), we have

G(z, A A) 2[G(z,a,a) + G(a,z,x)], foralla e A
2G(x,a,y) + 2G(a,x,y), for all a € A

4G (z,y,a), for all a € A.

<
<

Therefore, G(z, A, A) < 4inf{G(z,y,a),a € A} = 4G(x,y, A). O
3 Main Results

Theorem 3.1. Let (X,G) be a G-metric space. Assume that f,g : X — X and
T:X — CB(X) satisfy the following condition

Ho(fx,gy,Tz) < aG(x,y,z)+ BIG(fz,z,x) + Gy, gy,y) + G(z, 2, Tz)]
+[G(fz,y,2) + G(z, 9y, 2) + G(z,y,T%)] (3.1)

forall x,y,z € X, where a, 3,7 >0 and a +48 + 4y < 1. Then f,g and T have
a unique common fized point in X. Moreover, any fixed point of [ is a fixed point
of g and T and conversely.

Proof. First, we will prove that any fixed point of f is a fixed point of g and T.
Assume that p € X is such that fp = p. Now, we prove that p = gp = Tp. If it is
not the case, then for p # gp and p ¢ Tp,

Case 1: If gp ¢ T'p, we have

G(p,gp, Tp) He(fp,gp, Tp)
aG(p,p,p) + BIG(fp,p.p) + G(p, gp.p) + G(p,p, Tp)]
+[G(fp,p,p) + G(p, gp, ) + G(p,p, Tp)]
(B+7)[G(p,p, gp) + G(p,p, Tp)]
B+

( )G(p, gp, Thp),

<
<

IN

a contradiction.
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Case 2: If gp € T'p, we have

Hea(fp,gp, Tp)

aG(p,p,p) + BIG(fp,p,p) + G(p,gp, p) + G(p, p, Tp)]
+v(G(fp,p,p) + G(p, gp,p) + G(p,p, Tp)]
(B+7)G(p,p,gp) + G(p,p, Tp)]

2(8 +v)G(p:p, 9p)

2(8 +7)G(p, gp; 9p),

G(p,gp,gp) <
<

IAIA

a contradiction. Therefore, p = gp = Tp. Analogously, following the similar
arguments to those given above, we obtain a contradiction for p # gp and p € Tp
or for p = gp and p ¢ Tp. Hence in all the cases, we conclude that p = gp € Tp.
The same conclusion holds if p = gp or p € T'p.

Next, we will show that f, g and T have a unique common fixed point. Suppose
xo is an arbitrary point in X. Define {z,} by Z3n+1 = [fZ3n, T3nt+2 = 9T3n+1,
T3n43 € Txspya, n = 0,1,2,.... If x,, = z,41 for some n, with n = 3m, then
P = T3y, is a fixed point of f and, by the first step, p is a common fixed point for
f,9 and T. The same holds if n = 3m + 1 or n = 3m + 2. Now, we assume that
Ty # Tpyq for all n € N. Then, we have

G (%3041, T3n+2, T3n+3)

Heo(f23n, 923n41, T23n12)

aG(Z3n, T3nt1, Tant2) + BlG(fT3n, T3n, T3n) + G(T3n41, 9T3n4+1, T3n+1)

G(z3n42, T3nt2, To3n+2)] + V[G(fT3n, T3nt1, Tant2)

G(3n, 9T3n+1, Tan+2) + G(T3n, T3nt1, TT3n12)]

G(23n, Z3n11, T3n42) + B[G($3n+17 T30, 23n) + G(T3041, T3n42, T3n41)

G(
(

A IAIA
+ 2 + +

T3n42, T3n+42, T3n+3)] + V[G(Z3n11, T3n11, T3n42)
G
G(23n; T3nt1, Tant2) + BIG(Tan, Tant1, Tant2) + G(T3n, Tant1, Tant2)
G(

+G(

_|_

T3, T3n+2, Lant2) + G(T3n, T3n11, T3nt3)]

IN
+ 2

T3 41, T3n+42, T3n+3)] + V[G (230, T3n41, T3n42)
T3n, L3n+1, 13377,—}-2) + G(xiina T3n+1, $37L+2) + G(xfin—&-la T3n+2, 1‘3n+3)}7

that is

(1 =58 —7)G(x3n+1, T3nt2, T3n+3) < (426 + 37)G (230, T3nt1, T3nt2)-

Hence,

G(T3n+1, T3n42, 3n13) < AG(T3n, U341, T3nt2),
whire A= %ﬁfi'y Obviously 0 < A < 1. Repeating this process, we have for
each n

G(Tpt1, Tnt2, Tngs) < AG(Tn, Tot1, Tgz) < - < AT G(20, 71, 22).
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Now, for any [, m,n with [ > m > n,

G(xp, Tm,x1) < G(Tp,Tpg1,Tni1) + G(Tpit, Tnio, Tnta)

+o A+ Gy, 21, 21)
< G(xn, Tzs1,Tntr2) + G(Tna1, Tnto, Tnis)
+oo+ G2, 111, 71)
A" + AT N2 G (g, 21, 72)
An
1—A

IN

< G(xo, 1, 22).

The same is holds if l = m > n and if [ > m = n we have

Anfl
1-—X

G(xna-rnmxl) S G($0,$1,$2).

Consequently, G(Zn, Tm, ;) — 0 as n,m,l — oco. This show that the sequence
{zn} is a G-Cauchy in the complete space X. Thus, {x,} converges to u as n — co.
We claim that fu = u. If not, then consider

IAIA

IA

G(fu, Z3n+2,T3n43)

He(fu, g73n+1, TT3n42)

aG (U, T3n11, T3nt2) + BIG(fu,u,u) + G(T3n+41, 9T3n+1, T3nt1)
+G(T3n+2, Tant2, TT3n42)] + V[G(fu, T3n11, Tant2)

+G(u, gT3n+1, Tant2) + G(u, T3n41, TT3n42)]

G(u, T3n41, Tan+2) + BIG(fu, u,u) + G(3n41, Tan+2, Tant1)
G(T3n42, T3n+2, T3n+3)] + VG (fu, Tan+1, Tant2)

+G(u, 23042, Tant2) + G(U, Tant1, Tan+3)].

+ 2

Taking limit n — oo, we obtain that

G(f”?””” S(ﬂ-%w)G(fu,u,uL

a contradiction. Hence fu = u. Similarly it can be shown that gu = v and u € Tu.
Finally, suppose that v is another common fixed point of f, g and T, then

G(u,v,v)

< He(fu,gv,Tv)

< aG(u,v,v) 4+ BIG(fu,u,u) + G(v, gv,v) + G(v,v, Tv)]
+v[G(fu,v,v) + G(u, gv,v) + G(u, v, Tv)]

< aG(u,v,v) + BIG(u,u,u) + G(v,v,v) + G(v,v,v)]

+7[G(u,v,v) + G(u,v,v) + G(u,v,v)]
= (a+3y)G(u,v,v),

which gives that G(u,v,v) = 0, and u = v. We can conclude that v is a unique
common fixed point of f,g and T O
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Theorem 3.2. Let (X,G) be a G-metric space. Assume that f,g : X — X and
T: X — CB(X) satisfy the following condition

G(fzr,9y,Tz) < aG(x,y,z) +bG(z, fx, fr)+ cG(y, gy, gy) + dG(2,Tz,Tz) (3.2)

forall x,y,z € X, where 0 < a+2b+2c+6d < 1. Then f,g and T have a unique
common fized point in X. Moreover, any fized point of f is a fized point of g and
T and conversely.

Proof. First, we will show that any fixed point of f is a fixed point of g and T'.
Assume that p € X is such that fp = p. Now, we prove that p = gp = T'p. If it is
not the case, then for p # gp and p ¢ T'p,

Case 1: If gp ¢ T'p, we have

G(p,gp,Tp) < Hc(fp,gp,Tp)
< aG(p,p,p) + bG(p, fp, fp) + cG(p, gp, gp) + dG(p, Tp, T'p)
< aG(p,p,p) +bG(p,p,p) + cG(p, gp, T'p) + 4dG(p, gp, T'p)
< (c+4d)G(p,gp,Tp),

which is a contradiction.
Case 2: If gp € T'p, we have

Hea(fp, g, Tp)

aG(p,p,p) + bG(p, fp, fp) + cG(p, gp, gp) + dG(p, Tp, Tp)
aG(p,p,p) + bG(p,p,p) + cG(p, gp, gp) + 6dG(p, gp, gp)
(c+ 6d)G(p, gp, gp),

G(p, gp. gp)

VAN VAN VAN VA

which is a contradiction. Similarly to the previous case, we obtain a contradiction
for p # gp and p € Tp or for p = gp and p ¢ Tp. Hence in all the cases, we
conclude that p = gp € T'p. The same conclusion holds if p = gp or p € Tp.

Let now show that f,g and T have a unique common fixed point. Suppose
xo is an arbitrary point in X. Define {z,} by Z3n+1 = fZ3n, T3n+2 = 9T3n+1,
T3n+3 € Tx3pya, n = 0,1,2,.... If x, = z,41 for some n, with n = 3m, then
P = T3y, is a fixed point of f and, by the first step, p is a common fixed point for
f,9 and T. The same holds if n = 3m + 1 or n = 3m + 2. Now, we assume that
Ty # Tpy1 for all n € N. Then, we have

G(23n+1, T3n+2, T3n+3)

< Hg(f3n, 973041, TT3n42)

< aG(@3n, Tan+1, Tant2) + 0G(T3n, fT3n, f230) + ¢G(T3n41, 93041, 9T3n41)
+dG(z3n+2, T3n+2, TT3n12)

< aG(x3p, T3ng1, T3nt2) + G (230, T3n11, T3nt1) + €G(T3n+1, T3n+2, T3n+3)

+4dG(l‘3n+1 s LT3n+2) $3n+3) ;
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that is
(1 —c—4d)G(23n41, T3n+2, T3n4+3) < (a + D)G(X3n, T3n41, T3n2)-
Hence,
G(T3n41, T3n42, T3n13) < AG(T3n, T3n41, T3n12),
where \ = 1_"j_l’4d. Obviously 0 < A < 1. Continue this process, we obtain for
each n,

G(Tnt1, Tns2, Tnts) < AG(Tp, Tpy1, Tngo) < - < A" TG (20, 21, 32).

Following similar arguments to those given in Theorem G(xp, Tm,x;) — 0 as
n,m,l — co. Hence, {x,} is a G-Cauchy sequence. By G-completeness of X, there
exists u € X such that {z,,} converges to u as n — co. We claim that fu = u. If
not, then consider

G(f% T3n+2, $3n+3)

< Heg(fu,gr3n11, TT3n42)

< aG(u, x3p41, T3n42) + 0G(u, fu, fu) + cG(23n+1, 973041, 9T3n+1)
+dG(x3n+2, TTanr2, TT3n12)

< aG(u, Z3n11, Tant2) + DG (u, fu, 23n11) + ¢G(T3n+1, T3n+2, T3n+2)

+4dG (23041, T3n12, T3n+3)-
Taking limit n — oo, we obtain that
G(fu,u,u) < OG(fu,u,u),

a contradiction. Hence fu = wu. Similarly it can be shown that gu = v and u € Tu.
We next prove the uniqueness, suppose that v is another common fixed point
of f,g and T, then

G(u,v,v) He(fu, gv,Tv)
aG(u,v,v) + bG(u, fu, fu) + ¢G(v, gv, gv) + dG (v, Tv, Tv)
aG(u,v,v) + bG(u, u,u) + cG(v,v,v) + 6dG(v,v,v)

aG(u7 U? U)?

IA AN A

which gives that G(u,v,v) = 0, and v = v. Hence u is a unique common fixed
point of f,g and T. O

Definition 3.3. Let f : X — X be a single-valued mapping, T : X — CB(X)
a multi-valued mapping on G-metric space X. Then, f and T are said to be
commuting mappings if fTx C T fx for all x € X.

Example 3.4. Let X = [0,1] and G(x,y,z) = max{|x — y|, |y — 2|, |z — z|} be a
G-metric on X. Define f,g: X - X and T: X — CB(X) as

[z ifzelod) [ & ifze0})
f(x)—{ z ifxE[%,ﬂ, g(x) =1 & ifIG[%,l]v
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and

Note that f,g and T are discontinuous maps. Also

folz) =F5) = oo 053) =1 35) = 5

() =00 5D =055k To(3) =T(5) =10, 5.5)
1 1 1 1 1 1

fT(i) =9([0, ﬁ]) =0, @]» Tf(§) :T<E> = [0, @L

which shows that f,g and T does not commute to each other. For z,y,z € [0, 1),

z z. T T Yoy z,
HG(fxagvaZ) = max{|ﬂ_170|aﬂ7|ﬂ_E')'E_E‘vﬁ
1 a {‘250 82| 2x |2z N 82| )
= —max{|— — =, —,|=— — _ 2z
16 3 513173 Y1y 5 Y
1
S E[maxﬂx—Z|a|y—z|7|Z—~’C\}+x—|—y+z]
1
= TGmaX{\x*Z\7\nyI,szx|}+%Jrl%Jr%
1 3,23z 1 15y
RERECS
288" 5

= aG(z,y,2) +bG(z, fz, fr) + Gy, 9y, 9y) + dG(z, Tz, T=).

Thus (3.2) is satisfied for 0 < a + 2b+ 2¢ + 6d = 0.43 < 1. The same conclusion
holds in all cases. 0 is the unique common fixed point of f,g and T. Also any
fixed point of f is a fixed point of g and T and conversely.

Example 3.5. Let X = [0,1] and G(z,y,2) = max{|x — y|, |y — z|,|z — z|} be a
G-metric on X. Define f,g: X — X, T: X — OB(X) by f(z) = §, g(z) = §

and T'(z) = [0, {5]. without loss of generality, we assume that z <y < 2. Consider
G(z,y,2) = max{lz —yl, |y —z|,|z — 2|} =z — z,
T, x X T 3x
G(z, fr, fr) = max{|z— Z\, \Z - Z|’ |Z —z|} = T
_ Sy Y Y
Gly,9y.9y) = maxily—2lIg—glhlg—vlk =7
G(2,Tz,Tz) = 2dg(z,Tz)= 2ti€%f {G(z,t,t) + G(t,z,2)}
z 15z

= dinf |p—t|=4(z— =) = 22,
Jnf Je—tl =40 = 5) =~



464 Thai J. Math. 16 (2018)/ N. Phudolsitthiphat and P. Charoensawan

Now,
T oy Ty
Hg(fx,gy7TZ) = max{|1_§|71ug}
_ T
T4
1
< Z(91:—2:)—&-2
1 T Y z
< Z(r_ o4 2
< gt gty
1 1,3z 2 Ty 1 15z
< Z(r— (=2 Z (2 (==
= =g () )

= aG(x,y,2) +bG(x, fz, fx) + cG(y, gy, gy) + dG(2, Tz, Tz).

Thus (3.2)) is satisfied for 0 < a+2b+2¢+6d = 0.79 < 1. 0 is the unique common
fixed point of f, g and T'. Also any fixed point of f is a fixed point of g and T and
conversely.

Theorem 3.6. Let (X,G) be a G-metric space. Assume that f,g : X — X and
T:X — CB(X) satisfy the following condition

G(fx,9y,Tz) < alG(y, fz, fr) + G(2, 9y, 9y) + G(x, Tz, T%)] (3.3)

for all x,y,z € X, where 0 < a < % Then f,g and T have a unique common
fizxed point in X. Moreover, any fixed point of [ is a fixed point of g and T and
conversely.

Proof. First, we will prove that any fixed point of f is a fixed point of g and T.
Assume that p € X is such that fp = p. Now, we show that p = gp = Tp. If it is
not the case, then for p # gp and p ¢ T'p,

Case 1: If gp ¢ T'p, we have

G(p, gp, Tp) Hg(fp, gp,Tp)

alG(p, fp, fp) + G(p, gp, gp) + G(p, Tp, Tp)]
alG(p, p,p) + G(p, gp, Tp) + 4G(p, gp, Tp)]
5aG (p, gp, Tp),

IN

IN N CIA

which is a contradiction.
Case 2: If gp € T'p, we have

Hea(fp,gp, Tp)

alG(p, fp, fp) + G(p, gp, gp) + G(p, Tp, Tp)]
alG(p,p,p) + G(p, gp, gp) + 6G(p, gp, gp)]
7aG(p, gp, 9p),

G(p, gp, gp)

VAN VAN VANNVAN

which is a contradiction. Analogously, following the similar arguments to those
given above, we obtain a contradiction for p # gp and p ¢ Tp and gp € Tp
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or for p # gp and p € Tp or for p = gp and p ¢ Tp. Hence in all the cases,
we conclude that p = gp € T'p. The same conclusion holds if p = gp or p € T'p.

Next, we will show that f, g and T have a unique common fixed point. Suppose
xo is an arbitrary point in X. Define {z,} by Z3n+1 = fZ3n, T3n+2 = 9T3n+1,
T3n43 € Txspyo, n = 0,1,2,.... If x, = z,41 for some n, with n = 3m, then
P = T3y, is a fixed point of f and, by the first step, p is a common fixed point for
f,9 and T. The same holds if n = 3m + 1 or n = 3m + 2. Now, we assume that
Ty # Tpy1 for all n € N. Then, we have

G(T3n41, 73042, T3n43)

Ha(fr3n, 923011, TT3n12)

alG(z3n+1, 30, fr3n) + G(T3n+2, 9T3n+1, 9T3n+1)
+G(z3n, Tx3n+2, TT3n+2)]

a[G (3041, T3n+1, L3n+1) + G(Z3n42, T3n42, T3n42)
+6G (230, T3n+3, T3n+3)]

6a[G(23n, Tant1, Tant1) + G(Tan+1, T3n+3, Tan+3)]

6a[G(x3n, T3n+t1, Tant2) + G(T3n+41, T3nt2, T3nts))

IAIA

IN

ININA

that is
(1 —6a)G(23n+1, T3n+2, Tants) < 6aG(T3n, T3nt1, T3n42)-

Hence,
G(23n+1, T3n+2, T3n+3) < AG(L3n, T3nt1, T3nt2),

6a
1—6a”

where \ = Obviously 0 < A < 1. Continue the above process, we obtain for

each n,
G(Tnt1, Tnt2, Tngs) < AG(Tn, Tot1, Tg) < - < AT G(20, 71, 22).

As the proof of Theorem 3.1} G(zy, Tm,x;) — 0 as n,m,l — oo. Hence, {z,} is a
G-Cauchy sequence. By G-completeness of X, there exists u € X such that {x,}
converges to u as n — oo. We claim that fu = u. If not, then consider

G(fu, ¥3n+2, T3n+3)

He(fu, 97341, TT3n42)

alG(x3n+1, fu, fu) + G(Tsn+2, 9T3n+1, 9T3n+1) + G(u, To3p42, TT3n42)]
alG(x3n+1, fu, fu) + G(Tant2, Tant2, Tant2) + 6G (U, T3n43, Tant3)].

INIAIA

Taking limit n — oo, we obtain that
G(fu,u,u) < aG(u, fu, fu) < 2aG(fu,u,u),

a contradiction. Hence fu = u. Similarly it can be shown that gu = v and u € Tu.
Now we show that w is unique. For this, assume that there exists another point
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v € X such that v = fv = gv € Tv, then

G(u,v,v) He(fu, gv, Tv)

alG(v, fu, fu) + G(v, gv, gv) + G(u, Tv, Tv)]
alG(v,u,u) + G(v,v,v) + 6G(u, v,v)]
a[2G(u,v,v) 4+ 6G(u, v, v)]

8aG(u,v,v),

(VAN VAN VAN VAN VAN

which implies that G(u,v,v) = 0, and v = v. Hence u is a unique common fixed
point of f,g and T. O

Theorem 3.7. Let (X,G) be a G-metric space. Assume that f,g: X — X and
T:X — CB(X) satisfy the following condition

G(fz,9y,Tz) < k[G(z, fx, fx) + G(y, 9y, 9y) + G(2,T2,T%)] (3.4)

for all z,y,z € X, where 0 < k < %. Then f,g and T have a unique common
fixed point in X. Moreover, any fixed point of f is a fixed point of g and T and
conversely.

Proof. First, we will prove that any fixed point of f is a fixed point of g and T.
Assume that p € X is such that fp = p. Now, we prove that p = gp = T'p. If it is
not the case, then for p # gp and p ¢ T'p,

Case 1: If gp ¢ Tp, we have

G(p,9p,Tp) He(fp,gp, Tp)

k(G (p, fp, fp) + G(p, gp, gp) + G(p, Tp, Tp)]
k(G (p,p,p) + G(p, gp, Tp) + 4G(p, gp, Tp)]
5kG(p, gp, Tp),

VAN VAN VAN VA

which is a contradiction.
Case 2: If gp € T'p, we have

He(fp,gp, Tp)

kG (p, fp, fp) + G(p, gp, gp) + G (p, Tp, Tp)]
kG (p, p,p) + G(p, gp, gp) + 6G (p, gp, gp)]
kG (p, gp, Tp),

G(p, gp, gp)

VAN VAN VAN VA

which is a contradiction. Analogously, following the similar arguments to those
given above, we obtain a contradiction for p # gp and p ¢ Tp and gp € Tp
or for p # gp and p € Tp or for p = gp and p ¢ Tp. Hence in all the cases,
we conclude that p = gp € T'p. The same conclusion holds if p = gp or p € Tp.

Next, we will show that f, g and T have a unique common fixed point. Suppose
xo is an arbitrary point in X. Define {x,} by Z3n+1 = fZ3n, Tsn+2 = 9T3n+1,
T3n4+3 € Tx3ny2, n = 0,1,2,.... If x, = x,41 for some n, with n = 3m, then
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P = T3y, is a fixed point of f and, by the first step, p is a common fixed point for
f,g an dT. The same holds if n = 3m + 1 or n = 3m + 2. Now, we assume that
Ty # Tpy1 for all n € N. Then, we have

G(T3n+1, T3n+2, T3n+3)
Ha(fr3n, 973041, TT3n42)
k(G (30, frsn, frsn) + G(T3nt1, 9T3n+1, 9T3n11)
+G(z3n+t2, Tx3n42, TT3n12)]
(
(

IAIA

ElG(x3n, T3n+1, Tant1) + G(@3n41, T3nt2, T3nt2) + 4G (L3041, T3nt2, T3n+3)]
E[G(x3n, T3n+1, Zant2) + G(X3n41, T3nt2, T3n+3) + 4G (L3041, T3n42, T3n+3)]

IAIA

that is
(1 =5k)G (23041, T3n+2, T3n+3) < kG (T30, T3nt1, T3n42)-
Hence,

G(T3n+1, T3n+2, Tan+3) < AG(T3n, T3nt1, Tant2),

_ _k
where A\ = .

n,

Obviously 0 < A < 1. Continue the procedure to obtain for each

G($7L+17 Tn+2, xn-&-S) < /\G(ana Tn+1, xn+2) <. < >\n+1G(z07 Ty, J5'2)-

Following similar arguments to those given in Theorem |3.1} G(xy,, Tm,x;) — 0 as
n,m,l — co. Hence, {x,} is a G-Cauchy sequence. By G-completeness of X, there
exists u € X such that {z,,} converges to u as n — oo. We claim that fu = u. If
not, then consider

G(fu, 3042, T3n+3)

He(fu, gr3n41, TT3n42)

KIG(u, fu, fu) + G(z3n+1, 973011, 9T3n+1) + G(Tnt2, TT3n42, TT3012)]
k[G(u, fu, fu) + G(Z3n41, T3n+2, Tant2) + 6G(Tnt2, T3n+3, T3nts)]-

IA N CIA

Taking limit n — oo, we obtain that
G(fu,u,u) < kG(u, fu, fu) < 2kG(fu,u,u),

a contradiction. Hence fu = u. Similarly it can be shown that gu = v and u € Tu.
To prove the uniqueness, suppose that v is another common fixed point of f, g
and T, then

G(u,v,v) He(fu,gv,Tv)
k[G(u, fu, fu) + G(v, gv, gv) + G(v, Tv, Tv)]
[

k[G(u,u,u) + G(v,v,v) + 6G(v,v,v)]

VAN VAN VAN VAN

(==

)

which gives that G(u,v,v) = 0, and u = v. Hence, u is a unique common fixed
point of f,g and T O
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Remark 3.8.

2

(
(
3
(

)
)
)
)

1) Theorem improves Theorem 2.1 of [10] in case o+ 30 + 4y < 1.

Theorem improves Theorem 2.4 of [10] in case 0 <a+b+c+d < 1.
Theorem improves Theorem 2.8 of [10] in case 0 < a < %

4) Theorem improves Theorem 2.11 of [10] in case 0 < k < %.
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