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1 Introduction

In 1882, Cebysev [1] gave the following inequality

T (.0l < 15 -0 1 o Il (1)

1Corresponding author.
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for f,g: [a,b] = R are absolutely continuous functions, whose first derivatives f’
and g¢'are bounded, where

b b b
119 =5 [f@a@de | 2 [faan ) (2 [o@as ).

a
a

and ||.||, denotes the norm in L [a,b] defined as || f||, = esssup |f (¢)
te(a,b]

During the past few years, many researchers have given considerable attention
to the inequality and various generalizations, extensions and variants of this
inequality have appeared in the literature, we can mention the works [28]. Also
in |9], the authors obtained some new Cebysev type inequalities involving functions
whose mixed partial derivatives are convex on the co-ordinates. Motivate by the
results from [9] and by a similar argument to that in the paper [4], we will estab-
lish some new Cebysev type inequalities involving functions whose mixed partial
derivatives are r-convex on the co-ordinates.

2 Preliminaries

In this section, we begin by giving some necessary materials for our results.
Throughout this paper we denote by A the bidimensional interval in [0, c0)?,

A =:[a,b] x [¢,d] witha <band ¢ < d, k= (b—a) (d—c) and d= by fra-

Definition 2.1. [10] A function f : A — R is said to be convex on the co-ordinates
on A, if the following inequality:

fllz+Q—-t)u, y+ (1 =XNv) < tAf(z,y)+t(1=N) f(z,0)
holds for all ¢, A € [0,1] and (x,y), (x,v), (u,y), (u,v) € A.

Clearly, every convex mapping f : A — R is convex on the co-ordinates.
Furthermore, there exists co-ordinated convex function which is not convex see [11].

Definition 2.2. [12] A function f: A — R is called r-convex on the co-ordinates
on A, if the following inequality:

fllz+ (A —-t)u, y+(1—XN)o)
[EAf" (@) + (1= A) f7 (2, 0) + (1 =) Af"(u, y)

< A==\ f(u,0)]” it r £ 0
ftA (x’ y)ft(lfA) (x, ,U)f(lft)/\(u7 y)f(lft)(lfA) (u7 ’U) ifr=0

holds for all ¢, A € [0,1] and (z,y), (z,v), (u,y), (u,v) € A.



On Some Ceby3sev Type Inequalities for Functions ... 373

Lemma 2.3. 13| For a > 0 and b > 0, the following algebraic inequalities are
true

(a+0b) <221 (a>‘ +b%), for A>1 (2.1)

and
(a+b)* <a* + b, for 0 <A< (2.2)

In order to prove our main theorems we need the following lemma.

Lemma 2.4. [8] Lemma 1] Let f : A — R be a partially differentiable mapping
on A inR2. If fao € L(A), then for any (z,y) € A, we have the equality:

d

flz,y) = b_1a7f(t,y)dt+ dic7f(o:,s)ds }j/f(t,s)dsdt
+,1€77 (=1 -9)
11

X ‘Z[fka Az + (1= Nt,ay+ (1 — a)s) dad) | dsdt.

3 Main Results

Theorem 3.1. Let f,g : A — R be partially differentiable functions, such that
their second derivatives fro and gro are integrable on A. If | fra| and |gra| are
r-conver on the co-ordinates, then

2, 4

49x2r :

B MN () K 0<r<1
4

IT(f. 9)l < (3.1)

1
SESMN () K i =1,

where

1(7.9) = }Cﬁf@,y)g(z,y)dm_%ﬁﬁg(m,y) 7f<t,y>dt dyde
—<bl;a’77g<x7y> 7f<w,s>ds dydz

+% 77f(x’y)dyd1‘ 77g(t,s)dtds : (3.2)
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r>0,k=(b—-a)(d—c),

M = €55 Sup Hf)\a (xvy)|+|f)\a (x?8)|+|f)\a (tay)|+|f)\a (tas)‘]; and
z,t€la,b],y,s€[c,d]
N = €55 Sup Hg)\a (Cﬂ,y)| + ‘g)\a (QC, S)| + |g)\a (tay)‘ + |g)\a (tv S)H

z,t€(a,bl,y,s€(c,d]

Proof. Let F, G, F and G defined as follows

b d b d

Fo= ) - g [t - o [fsds+ [ [ sdsar
o o v

¢ = gly) - / ot )dt — 1 / gl s)ds+ 1 [ [ate.s)dsa,

11
F = // (x—1)(y—s) //f Az + (1= Nt,ay + (1 — «)s) dadX |dsdt,
00

G- //x_t (

From Lemma we have

oS~—0

1
/gM Az + (1= MNt,ay + (1 — a)s) dad)\)dsdt.
0

F=F and G:é,

which implies
FG = FQG. (3.3)

Integrating (3.3)) with respect to z and y over A, multiplying the resultant equality
by %7 using Fubini’s Theorem and the modulus, we obtain

rior = | [ [ enos

C a

11
(// o A+ (1 =Nt ay + (1 — a)s) dadX | dsdt
00

X x—t —9)

11
X (//gm Az 4+ (1 = Nt,ay + (1 — «a)s) dad)\) dsdt:| dydx
00
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[

(& a c¢

(//Uﬂ (Az+( 1—)\)t,ozy—|—(1—oz)s)|dad)\) dsdt]
00
[b

<\ [ 1oty
x l9,. Az + (1= Nt,ay — (1 — a)s)| dad)\) dsdt] dydz.
1

(3.4)

Using the r-convexity, we have

bd[bd
19 < /[ l//x—uy—s
alcl a c
X ({[U‘M (/\33+(1—)\)t,ay+(1—a)s)|dad)\) dsdt]
b d
[ Jlo=tly—s
X ({[ l9,. Az + (1 — Nt ay + (1 a)s)|dad)\> dsdt] dydx

bd [bd 11
0

a c¢

IN
%
—
—

0
b A—a) Mo+ 1 —a) (L= N |f ()T dadA} dsdt} dydz

F =) Mg )+ (1 —a) (=N g (&) dad)\] dsdt} dydz.
(3.5)

We distinguish two cases
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Case 1: 0 <r < 1. Using (2.1) in (3.5), we obtain

(/.9 < kﬁ{ 7m—t|y—s [fh, xy|]]<ax>*dadx
a c 00
+1f,. (1:,5)|]] [a(l—/\)] dad) + |f,, (t,y) ]7 1—a)A dad/\
00 00
+ fm(t,s)|[[ (1—a)(1=X)]" dadA] dsdt

b d 1 1 .
x//lx—tuy—sl x [gm,yn//(aw dod)
a c¢ 00

o ()
X [ = |y_s|N(7_¢1)2det}

23_2 L b d b d
= ;;3 <r+1> // [//|fv—t|y—s|dsdt] dydz.

Note that

bd b d 2 A
9
—t||ly — s|dsdt| dydzr = ——K°.
//[//x [y =l s] yde = 300~
a c a c¢

Substituting (3.7 in (3.6, we obtain the first inequality of (3.1)).

11
[oz(lf)\)];dad)\+|gm(t,y)\// [(1—a)A dad/\
00

(3.7)



On Some Cebysev Type Inequalities for Functions ...

Case 2 : r > 1. Using (2.2) in (3.5), we get

ﬂﬁms};77{]7w—ﬂw—ﬂ{umuw»]]«mﬁdmu
00

s [ [1a-aya—n" dad)\] dsdt
b d
X//Mfﬂwfﬂ

0

/[(1 —a)(l- )\)]% dad)\] dsdt | dydx
0

d

it ()

377

11
[a(1=N)]" dad)\+|fmty|// [(1—a)A dad)\
0’0

2
_ %MN <r11>4// {// x—t|y—sdsdt] dyde.  (3.8)

Substituting (3.7)) in (3.8]), we obtain the second inequality of (3.1)). This completes

the proof of Theorem

O

Remark 3.2. Theorem will be reduced to the inequality (6) of Theorem 2.1

from 9], if we choose r = 1.
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Corollary 3.3. Under the same assumptions of Theorem [3.1] if we take M =
4 frall and N = 4||grall, we have the following estimates

20\ .
49;:6200 (7:_1 k? ”f/\a”oo ”g)\a“oo if 0<r<1

|T(f’g)|§ 49 T 2 .
8 (:5) R Ihale lorallee i 721

(3.9)

Remark 3.4. Corollary will be reduced to Theorem 1 from [4], in the case
r=1.

Theorem 3.5. Let f,g : A — R be partially differentiable functions, such that
their second derivatives fro and gra are integrable on A. If |fra] and |gra| are
r-conver on the co-ordinates, then we have

2_ 2bd
(W) I M|ga: y)| + N ()]
T(f.g)] < X [(x—a :J}d{ y— y)Q] dydr if 0<r<1,
(W) [ M lgtar. )] + N |, )]
X [(m—a)2+(b—x)2} [(y—c) (d—y)ﬂ dydx if r>1,

(3.10)

where T(f,q), M, N,k and r are defined as in Theorem .

Proof. From Lemma we have

flay) = bla]fu,y>dt+d1jf<x,s>ds—;]7f<t,s>dsdt
+,1€7/d<xt> ()

//fm Ax 4+ (1 = Nt,ay + (1 — «)s) dadX | dsdt,
(3.11)

and
b d b d

o) = 5 [ottdr+ = [a(e.sds — 1 [ [ott.s)asar

a C a c¢
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b d
41 £)
’ (z
11
X (//gAu A+ (1= Nt,ay+ (1 —a)s) dozd/\) dsdt. (3.12)
00

Multiplying (3.1T)) by 5zg(z,y) and (3.12) by 57 f(z,y), summing the resultant
equalities and then integrating these with respect to x and y over A, we get

b d b d
Tﬁw)=:2;[//M%w[//@—ﬂ@—$
(//fm Az + (1= Nt ay + (1 — a)s )dad/\) dsdt] dyda
+77fxy [//a:—t —5)
X ([{% A+ 1= Nt,ay+ (1 —a)s )dad/\) dsdt] dydx].

(3.13)

Using the modulus and the r-convexity, we get

b d b d
Iﬂﬂw|§2;[//w@wﬂ{//m—ﬂw—ﬂ

11
x [{{[O‘)‘lfm(xay)r‘f'a(l—)\)fm(m,s)r+(1—a))\|fm(t7y)|r

F(L—a)(l=N]|f ()] dad/\] dsdt} dydz

+]7sz[//wﬂwﬂ

x[{{aﬂ%axw|+au—>mM@@|+u—aMmkaw

b (1—a)(l—Nlg. ()] dadA} dsdt} dydx} . (3.14)
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Case 1: 0 <r < 1. Using (2.1) in (3.14), we get

11

T(f,9)] < 2"3 [//quy [77|x—t||y—s| [Ifm(w,y)l//(w)idad/\

00

11
o (1= N dadr+ |f,_( |// (1= a) A" dadA
00
(1—a)(1-X)]" dad)\] dsdt
b d b d 11
+//|f(my|{//x—t|y—s [gmocm// (aN)” dad
a 00
11
dozd/\—|—|gmty\// (1—a)A dad/\
00

[(1-«) AT dad/\] dsdt] dydx

< 2;(1”) //MIQxy>|+N|f(x o)

b d
X [// | —t] |y — s] dsdt] dydz. (3.15)

Note that

b d
//|x7t| ly—sldsdt = 2 [(x—ap* + 0~ 2)*] [y -0 + (@ )] . (316)

Substituting (3.16]) in (3.15]), we obtain the first inequality of (3.10]).

Case 2 : r > 1. Using (2.2)) in , we obtain

(0] < 5 [//mxy [//|x—t|y—s| [|fmxy|]]<m>*dadx
00
1 1 1 1
+|fmrcs|[[ " dad\+ |f,( |[/ (1= a) A" dadA

0



On Some Ceby3sev Type Inequalities for Functions ... 381

1
/ [(1-—a) 1—>\)] dad) | dsdt

00
d 11 L
/ &ty — 5| | g, (,9)] / / (a)) dad)
00
1

+ [ 8)l

+
8 SY— =
o S—=

=

0

\.E \)—‘
\Q"

11 1
+19,. xs|// dozd)\—«—|gA |// [(1—a)A dad)\
00 00
11 1
+ |g,.(t,s |// [(1—a)(1=N)]" dad\| dsdt| dydx
00
, b d
< s (=) [ Mg+ M)
< el g(z,y Y
b d
//|x—t| ly — s|dsdt| dydz.
(3.17)

Substituting (3.16) in (3.17]), we obtain the second inequality of (3.10). This
completes the proof of Theorem O

Remark 3.6. Theorem will be reduced to the inequality (7) of Theorem 2.1
in 9], if we choose r = 1.

Corollary 3.7. Under the same assumptions of Theorem [3.5, if we take M =
4| frallo and N = 4||grall,, we have the following estimates

2 4 20
2k2 (W) [ llgte.) sl + 1o ool

d
[
Tl <d [(x B x)zi [ yﬂ dyde  if 0<7r <1,
[y
)

2 b
(Hr) [ @9l 1 fralloc + 173 loralo]
X [(x —a) + (b—=z) [(y — )’ + (d— y)ﬂ dydz if r>1.

Remark 3.8. Corollary will be reduced to Theorem 2 in [4], in the case r = 1.
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